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= found that Theon, or whoever was. the Editon of ke prefnt Greek 


PRE F ACE 


HE Opinions of the Moderns concernins the Author of the 
Elements of Geometry which go under Euclid's Name, are 


very difterent and contrary to one another: Peter Ramus aſcribes 
the Propoſitions, as well as their Demonſtrations, to T beon; others 
think the Propoſitions to be Euclid's, but that the Der TR I 
are Theon's; and others maintain hat all the Propoſitions and their 
Demonſtrations are Euclid's own. John Butco a; ad Sir Henry Savile 
are the Authors of greateſt Note Who aſſert this laſt, and the greater 


part of Geometers have ever ſince becn of this Opinion, as they 

thought it the moſt probable. Sir Henry Saviie, after the ſeveral 

Arguments he brings to prove it, makes this Concluſion (Pag. 
1 


Praclect. That exceptins a very few Interpolations, Explicati- 


48 — 
ons and Additions, T heon altered nothing in Euclid.“ But, by 
often conſidering and comparing together the Definitions and De- 
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| monſtrations as they are in the Greek Editions x e now has ET 1 


P 218 21e 
Text, by adding ſome things, ſuppreſſing others, and mixing his 
8 2 e = pot 9 of 5 
own with Euclid's Demonſtrations, U BY ch hanged more things to the 


worle than is commonly ſuppoſed, and thole not ot ſmall moment, 
eſpecally in the Fifth and Elevenih Books of the Elements, which 


this Editor has greatly vitiated. for igt! ance, by ſubſtituting a 


ſhorter, but inſufficient Demonſtration of the 1 84h Prop. of the 
5th Book, in place of the legitimate one which Euclid had given; 
and by taking out of this Book, beſides other things, the good De- 
nition which Endoxus or Euclid had given of Compound Ratio, 


and giving an abſurd one in place of it in the 5th Deſinition of the 


6th Book, which neither Euclid, Archimedes, Apollonius, nor any 


Geometer before Theon's Time, ever made vie of, and of which 


there is not to be found the leaſt appearance in any of their Writ- 


ings, and as this Definition did much embarraſs Roar, and is 
quite uſeleſs, it is now thrown out of the Elen ents, and another 
which without doubt Euclid had given, is put in its proper place 
among the Definitions of the 5; th Book, by which the Doctrine of 
Compound Ratios is rendered p plain and eaſy. Bldes, among the 
Definitions of the 1 1th Boov!:, there is this, Witch is the 10th, viz. 

8 Equal and ſunilar ſolid figures a are thoſe WI ich are contained by 
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PREFACE. 


© Omilar planes of the ſame number and magnitude. Now this 


pry is a Theorem, not a Definition, becauſe the equality of 


ligures of any kind muſt be demonſirated, and not aſſumed. and 
therefore, tho' this were a true Propoſition, it ought to have been 


demonſtrated, But indeed this Propoſition, which makes the 10th. 
Definition of the 11th Book, is not true univerſally, except in the 
caſe in which each of the ſolid angles of the 15 anb is con ained by 


no more than three Pane angles; for, in Other caſes, two ſolid fi- 


gures may be contained by ſimilar planes of the ſame number and 
magnitude, and yet be unequal to one another; as ſhall be made 


evident in the Notes ſubjoined to theſe E n 1s, In like nian- 
ner, in the Demon ſtration oft be Gt] p. rop. of the II th Eook, it 


0 3 x 
18 taken for granted, hat those ſolid angles are equal! to Oi A- 


os 


ther -w! nie 11 ale CO tas 100 bs olane E angles of the {ame Juni er and 
det, 


magnitude placed in the 1ame orde EL. b. it. i; lcither is this V3IVEr any 
tue, EXCEDL in the calc in Which the ic id angles ere cont; 1100 ACT iy 50 
more than three Pc ane Ar 9 8 -QOF of this caſe is there A1 Zeton- | 
ſtration in the Elements we now have, tho' it be qui neceſfary 


there ſnould be one. Now upon the Toth Definitic on of. this Rook 


Ce C 3 1 8 3 . 1 
L It 5 ana Upon the 2 51 1 


Zuth, 36th, 37th, an 40th of the ſame Book, and the 1 2th 
o the l2th Book de pends upon the 8th of th ie lame, and this 8th, 
and the Corollary of Propofition 17 th, and Prop. 1 Sth of the 1 2th 
Bock depend upon the th Definition = the 11th Book, which is 
not a right Definition, becanſe Fen may be ſolids con tained by the 


fu 4me number of 11 imilar plane Hgutes, Which are not ſimilar unto 


one another, in the true ſenſe of ſimilarity received by all Geome- 


ters, and all theſe Propoſitions have, for theſe reaſons, been inſuffi- 


ciently demonſtrated ſince Theon's time hitherto, Beſides, there 


are ſeveral other things, which have nothing of Euclid's s accuracy, 
and which plainly ſhew that his Elements have been much cor- 


rupted by unſkilful Geometers. and tho” theſe are not ſo groſs as 


the others now mentioned, they _— by no mans to remain un- 


corrected, 
Upon theſe Accounts | it 3 neceſſary, and I hope will prove 


acceptable to all Lovers of Accurate Reaſoning and of Mathemati- | 


cal Learning, to remove ſuch blemiſhes, and reſtore the principal 


Books of the Elements to their original Accuracy, as far as I was 


Able; el pecially Tae thele Elements are the foundation of a Sci- 
ence 


ts 


is 


PR EFA CE. 


ence by which the Inveſtigation and Dilcorery of uſeful Truths, at 
leaſt in Mathematical Learning, is promoted as far as the limited 
Powers of the Mind allow; and which likewiſe is of the oreateſt 
Uſe in the Arts both of Peace and War, to many of which Ceome- 
try is abſolutely neceſſary, This J have endeavoured to do by tak- 
ing away the inaccurate and falſe Reatonings which unſkilfol Edi- 


tors have put into the place of ſome of the genuine Demonſtrations 


of Euclid, who has ever becn juſtly celebrated as the moſt accurate 
of Geometers, and by reſtoring to him thoſe Things which Theon 
or others have ſuppreſſed, and which have theſe many ages been 
buried in Oblivion. 


In this ſecond Edition Ptolomy's Propoſition concerning a pro- 


4 


perty of quadrilateral figures in a circle is added at the end of the 


* ſixth Book. Allo the Note on the 29th Prop. Book 2 {t is altered, 
and made more explicit. And a more gencral Demonſtration is gi- 


ven inſtead of that which was in the Note on the 1 oth Definition of 
Book 11th, beſides the Tranſlation is much amended by the 
friendly aſſiſtance of a learned Gentleman. 
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Page 1 80. line 9. for that, read, than, 
P. 243. I. 19. for fold, read, ſolid. 
P. 318. I. 29. for as; read, at. 
P. 320, I. 30. for it, read, its. 
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DEFINITIONS. 
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| . = | | 
| A: Point is that which hath no parts, Or which bath! no o magnitude, See Notes. 
| line is length without breadth. 
=D . II. 
The extremities of Aa line are poirits, | 
A ſtraight line is that which lies evenly between its extreme points. 
A ſuperficies is that which hath only length and breadth. 
1 The extremities of a ſuperficles are > . g 
a A plane ſuperficies is that i in which any two points being taken, mes 
-_ line ber een them lies wholly 3 in that perfces 
8 VIII. 1 5 
13 A lane angle i is the inclination of two lines ro one another ina 
* plage, which meet together, but are not in the ſame direction.” 
A plane reftilineal angle is ei ab two ſtraight lines to one 
another, xhich meet together, but are not in the ſame ſtraight line. 


| — 


See 48e 


2 HE ELEMENTS 
Bock 1, 


B — C K | 


N B. When ſeveral Auges are at c one point B, any one of them i is 
* expreſſed by three letters, of which the letter that is at the vert 
© of the angle, that is at the point in which the ſtraight lines that 
* contain the angle meet one another, is put between the other two 
letters, and one of theſe two is ſomewhere upon one of thoſe ſtraight 
lines, and the other upon the other line. thus the angle which is 
contained by the ſtraight lines AB, CB is named the angle ABC, 
or CBA; that which is contained by AB, DB is named the angle 5 
Agb, or DBA; and that which is contained by DB, CB is called _ 
he the angle DBC, or CBD. but if there be only one angle at a point, 
* it may be expreſſed by a letter paced s at that point; as the angle "IF 
at t E. GE. 
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| x. 

When a ſtraight line ſtanding on another 
ſtraight line makes the adjacent angles 
equal to one another, each of the In. 

gles is called a right angle; and the 

ſtraight line which lands on the other 5 VNV 
is called a perpendicular to it, „„ 

F FTT 

An buf: angle is that which is greater than a right angle 
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An acute 5 is that which is leſs than: a right angle. _ 
XIII. 8 „„ 
3 — *At term or boundary, is the extremity of any thing.” —_ 
IV < 
: A Fgure is that which | is incloſed by one or more boundaries. 


OF EUCLID, : 
XV. | Book 1. 

A eircle! is a plane figure contained by one line, which } is called the SW 

circumference, and is ſuch that all ſtraight lines drawn from a cer- 


tain point within the ſigure to the circumference, are equal to 
one W | 


m is 
rtex 
that 
two 
ight 
ch is 
BC, 
2 And this point is called the center of the circle, 
mt, | 
nole XVII. 
5 TA Geber of a circle is a firaight line drawn thro! the center, and See N. 
: terminated both ways * the circumference. 1 SN, 
5 „„ 
A ſemicircle is the figure contained by a diameter and the part tof the : 
i drcamierence cut off oy the diameter, 
BA . of a cirdle is the figure contained by a Araight line and 
= de circumference it cuts off. 
; XX. 
5 Refflnea figures are thoſe which are contained by 88 lines. 
1 Trilateral Figures, or  wiangles, by three ſtraiglt lines 
3 Quadrilateral, by four Rtraight lines, - = 
= n 1 
bi Multilateral figures, or Polygons, by more than four fragt lines. : 
i N | 


_ of three ſided figures, an equilateral eagle is that which bas three 
Mc lides, 


—_ 0 : XXV. . | 5 | | 
. * iſolceles triangle, is that which has only two ſides equal. 
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4 2 THE nLaWEnts oF 


der NM. A chonboid 1 is that which has kts oppoſite ſides equal 1 9. 


Book 1 


„ 
N A ſxlene tr ;angle, 1 is that which has three” "unequal ſides. 
5 LEES * 4: 
1 right angled triangle, i is that which has a right angle, 
XXVIII. 
An obtuſe angled wriangle, i is that which has an obtuſe angle. 


— —— — 


xxix. 
An acute © angled wiangle, is that which has three a acute e angles, 
XXX. 
Of four ſided figures, a ſquare is that which has all its ſides equal, 
and all its angles a gs. | 


r 


XXXI. 6 

An oblong 1 is that which has all its N right angles, but has not 
MH its ſides equal. : EOS 1 
A ds 1 is that which has all its ſides equal, but its angles are 7 
not right angles, RES _ 


XXXIII. 


ther, but all its ſides are not equal, nor its angles right angles. 


3 not 
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OF EVCLID, nn © 


1 XXXIV. . Book I. 
All other four ſided figures beſides theſe, are called Trapeziums. 
+ . e 
3 Parallel ſtraight lines, are ſuch as are in the ſame plane, and which 

2 being produced ever 0 far both ways, do not meet. 


n. 


. 


5 | L.: T it be granted that a ſtraight line may be drawn from any 


one pe to any other point. 
N II. 


1 That a terminated ſtraight line mor be produced to any length AA 


Rraight line. 
III. 


5 | And that a circle may be deſcribed from any center, at any diſtance 


from that center. 


4 * * 0 M 8. 
4x: | 


1 4 T HING 8 which : are equal to the fame are equal to one an- 


other. | 
SO 


If equals be added to equals, the wholes are equal. 


=> th, 


; 3 f equals be taken from equals, the remainders are equal. 


IV. 


= 5 If equals be added to unequals, the wholes are unequal. 


CC i equays-be | ren from VISTAS; the remainders OO | 


I. 


3 | Things which are double of the ſame, are equal to one anof! fer a 


7 I'S 
> 


VII. 


| * hings which are halves of the ſame, are e equal to one another. : 


VIII. 


1 J Magnitudes which coincide with one another, th at 15 which ERA Al 7 


ful the lame f Pace, are equal to one another. 
4 3 
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6 THE ELEMENTS 


Book I, 7 | - r 
he whole is greater than its part. 


Two ſtraight lines cannot incloſe a ſpace, 


Xl. 


All right angles are equal to one another. | 


AL 


If a ſtraight line meets two ſtraight lines, fo as to make the twa 
interior angles on the fame fide of it taken together leſs than 


two right angles, theſe ſtraight lines being continually produc- 
ed ſhall at length meet upon that ſide on which are the angles 


* which are leſs than two right angles. 


* 29. of Book I.“ 


See the notes on Prop, 
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ſtance AB deſcribe * the circle 
* BCD, and from the center B, at 
the diſtance BA deſcribe the circle . 
AE; and from the point C in I 
which the circles cut one another 
draw the ſtraight lines > CA, CB \ 
do the points A, B. ABC hall be 

an equilateral triangle. 1 


auired to draw from the point A a Arne line equal to BC. 


| Z and produce © the ſtraight lines DA, ” 
Pz to E and F; from the center B, | / 


gat the diſtance BC deſcribe d the | 
Circle CGH, and from the center O, 
at the diſtance DG deſcribe the 
3 I © circle GKL. AL ſhall be ql. o 


2 
* 
By 

: ard 
77S, 
N 
72785 


or EVCLID. 5 


PROPOSITION I. PROBLEM. -* e . 


O deſcribe an equilateral triangle upon a VER fi- . 


nite ſtraight line. 
Let AB be the given ſtraight line, 3 it 1s is required to  deſer ibe an e- 


qullateral triangle upon it. 


From the center A, at the di- 
à. 3d Poſtu- 
r late 


b. 2d Poſt. 


Becauſe the point A is the center o the © Heck BCD, AC} is equal 


0 AB. and becauſe the point B is the center of the circle ACE, c. 15th De- 
BC is equal to BA. but it has been proved that CA is equal to finition. 
AB; therefore CA, CB are each of them equal to AB. but things 

Which are equal to the ſame are equal to one anothers; therefore g. a. 10. Axi- | 
Ca is equal to CB. wherefore CA, AB, BC are equal to one ano- om. 
© ther, and the triangle ABC is therefore equilateral, and it is deſcrib- 

- ad upon the g em fraight line AB. Which was e to be done. : 


PROP. : | PROB. 


\RO M a given point to draw a ſtraight line equal to 
a given ſtraight line 


Let A be the given point, and BC che giv en \ ſtraight line; it is re- 


Prom the point A to B draw * the 3 
ſtraight line AB; and upon it . e 
ſcribe b the equilateral triangle DAB, Os 


: Ls . Poſt, 


Aq 


8 | THE ELEMENTS 
Bock I, Becauſe the point B is the center of the circle CGH, BC is equal © 
UV to BG. and becauſe D is the center of the circle GKL, DL is equal 
©. 15. Def. to DG, and DA, DB parts of them are equal; therefore the remainder 
. 3- Ax, AL is equal to the remainder f BG. but it has been ſhewn that BC 
18 equal to BG; wherefore AL and BC are each of them equal to BG. 

and things that are equal to the ſame are equal to one another; there- 

fore the ſtraight line AL is equal'to BC. Wherefore from the given 


point A a ſtraight line AL has been drawn equal to the given Ty 
line BC. Which v was to be done. 


PROP. ill. PROB. 
ROM hs greater of two given frraight lines to cut 
off a part equal to the _ 


Let AB and C be the two gi- 
ven ſtraight lines, whereof AB is 
the greater, It is required to cut off / 
from AB, the greater, 2 part equal Low! 
5 to C the leſs. | 
A. 3. 1. . From the point A draw * the 
ſtreaigbt line AD equal to C; and 
tom the center A, and at the di- , 
b. 3. Poſt. ſtance AD deſcribe b the circle DEF. and beetle; A is 1 center of 
the circle DEF, AE ſhall be equal to AD. but the ſtraight line C 15 
likewiſe equal to AD. whence AE and C are each of them equal to 
© r. Ax. AD. wherefore the ſtraight line AE is equal to C, and from AB the 
greater of two ſtraight lines, a part AE has been cut off equal to & 
the els. Which was to be done. 


PROP. IV. THEOREM. | 
F two triangles have two ſides of the one equal to two 
ſides of the other, each to each; and have likewiſe the 
angles contained by thoſe ſides equal to one another: they ; 
ſhall likewiſe have their baſes, or third fides, equal; and 
the two triangles ſhall be equal; and their other angles b 
ſhall be equal, each to each, VIZ. thoſe to which the equal 4 
ſides are oppoſite. 


Let ABC, DEF be two wianales which hm the two has AB, 
AC . to the two ſides DE, DF, each to each, Viz. ABt to DE, 
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the baſe EF; and the triangle 
> AKC to the triangle DEF; 
op and the other angles, to which 

« the equal ſides are oppoſite, 
Mm nal be equal, each to each, 


0 F EUCLID. 


Mm and AC toDF; and the angle A D 8 Bock I. 


BAC equa! to the angle EDF. 
the baſe BC ſhall be equal to 


the angle ABC to the® 5 C = F 


# ng - DEF, and the angle ACB to DFE, 


For if the triangle ABC be applied to DEF fo that the point A 


may be on D, and the ſtraight line AB upon DE; the point B ſhall 
coincide with the point E, becauſe AB is equal to DE. and AB coin- 
1 ciding with DE, AC ſhall coincide with DF, becauſe the angle BAC 
is equal to the angle EDF. wherefore alſo the point C ſhall coincide 
wWioith the point F, becauſe the ſtraight line AC is equal to DF, but 
the point B coincides with the point E; wherefore the baſe BC ſhall 
coincide with the baſe EF. becauſe the point B coinciding with E, 
and C with F, if the baſe BC does not coincide with the baſe EF, 

two ſtraight lines would incloſea ſpace, which is impoſible*. There- a. 19. An. 

fore the baſe BC ſhall coincide with the baſe EF, and be equal to it, 1 

| Wherefore the whole triangle ABC ſhall coincide with the whole tri- 
angle DEF, and be equal to it; and the other angles of the one ſhall 
| coincide with the remaining angles of the other, and be equal to 


them, viz, the angle ABC to the angle DEF, and the angle ACB to 
DFE. Therefore if two triangles have two ſides of the one equal to 
two ſides of the other, each to cach, and have !ikewiſe the angles 
contained by thoſe ſides equal to one another; their baſes ſhall like- 
wiſe be equal, and the triangles be equal, and their other angles to 
which the equal ſides are oppoſite, ſhall be 8 cach to each. 


| Which was to be mende. 


PROP. 1 5 'THEOR. 


7 0 II E 8 at the baſe of: an Tſoſceles triangle are e- 
qual to one another; and if the equal Gdes be pro- 


duced, the angles upon the other hde of the baſe ſhall be 


equal. 


* ABC be an lſoſcels dank, of which the ſide AB is equal 


10 


THE ELEMENTS 


Bock 1. to AC, and let the ſtraight lines AB, AC be produced to D and E. 
d tke angle ABC ſhall be equal to the angle ACB, and the woe CBD 


to the angle BCE. 


In BD take any point F, and from AE, the greater, cut off AG 
equal a to AF, the leſs, and join FC, GB, 
Becauſe AF is equal to AG, and AB to AC; the two des FA, 


AC are equal to the two GA, AB, each to each; and they contain the 
angle FAG common to the two tri- | 


angles AFC, AGB; therefore the baſe ” A SL: 


FC is equal to the baſe GB, and the 
triangle AFC to the triangle AGB; 
and the remaining angles of the one 


the equal ſides are oppoſite; viz. the 
angle ACF to the angle ABG, and the 
angle AFC to the angle AGB. and be- 


whole AG, of which the parts AB, Ac a 
are equal; the remainder BF ſhall be equal * © to the remainder CG. 
and FC was proved to be equal to GB; therefore the two ſides BF, 5 
FC are equal to the two CG, GB, each to each; and the angle BFC 
zs equal to the angle CGB; and the baſe BC is common to the two 
triangles BFC, CGB; vherefore the triangles are equal?, and their 
remaining angles, each to each, to which the equal ſides are oppoſite. 
therefore the angle FBC is equal to the angle GCB, and the angle BCF 
to the angle CBG. and ſince it has been demonſtrated that the whole 
angle ABG is equal to the whole ACF, the parts of which, the angles 
CBG, BCF are alſo equal; the remaining angle ABC is therefore 
| equal to the remaining angle ACB, which are the angles at the baſe 

of the triangle ABC. and it has alſo been proved that the angle FBC 
is equal to the angle GCB, which are the angles upon the other ſide 

; of the baſe. Therefore the angles at the baſe, &c. Q. E. D. 
: Conorrakr. Hence erery equilateral triangle i is alſo equiangulr 


are equal * to the remaining angles 
of the other, each to each, to which 


cauſe the whole AF is equal to the D/ 


PROP. vi. THEOR. 


F two al of 4 WN be equal to one another, the 


7... f al kn  S HY „ Fs _eÞ. 


ſides alſo which ſubtend, or are oppoſe ite to, the om 2Y 


angles ſhall be equal tc to one © e 55 


OF EUVCL1D. 11 
Let ABC be a triangle having the angle ABC equal to the angle Book I. 


B Ac; the ſide AB is alſo equal to the ſide AC. CS, 


For if AB be not equal to AC, one of them is greater than the o- 


A ; ther, let AB be the greater, and from it cut * off DB equal to AC, the, a. 3: r. 
leſs, and join DC. therefore becauſe in the SW 


_ triangles DBC, ACB, DB is equal to AC; 
and EC common to both, the two ſides | 
Y : DB, BC are equal to the two AC, CB, 
each to each; and the angle DBC is equal 
© to the angle ACB; therefore the baſe DC 

is equal to the baſe AB, and the triangle 


D, 


DzC is equal to the triangle b ACB, the B VV C b. 4. 1. 


leis to the greater; which is abſurd. There- 


© fore AB is not unequal to AC, that is, it ĩs equal to it. | Wherefore 


| : : if two angles, &c. Q. E. D. 


Cor. Hence every equiangular triangle is alſo Gd” 


| : PROP, VII. THEOR. | 
PON the ſame baſe, and on the ſame fide of it, See N. 


6. there cannot be two triangles that have their ſides 
3 F, which are terminated in one extremity of the baſe equal 
FC to one another, and likewiſe thole which are terminated. 
wo. iin the other extremity, 
oy Il it be poſſible, let there bs two 8 ACB, ADB upon the 
5 | ſame baſe AB, and upon the ſame ſide of! it, which have their ſides 
ae | CA, DA, terminated in the extremity A of the baie, equal to one 
1 4 13 and likewiſe their ſides CB, 05 D 

ha A 0 DB that are terminated in 8B. : 

if Join CD; then, in the caſe in which 

3 8 8 ; | the Vertex of each of the triangles is 

de uithout the other triangle, becauſe Ac 


ar. 


al 


Y is equal to AD, the angle ACD is 7 
1 | equal * to the angle ADC. but the / 
"8 | gle ACD is greater than the angle 


* L 4 3 £45 


+ BCD, therefore the angle ADC is great- Ol. B | 
4 er alſo than BCD; much more then is 


3 a the angle BDC greater than the angle BCD. again, 1 CB] is 


20 5 
5 el 
28. 
2 
. 
Er, 
3 * 1 
2 
«8 4 2 
e 
2 PTA 


£4 


3 ; Br, to DB, the angle BDC is equal © to the angle BCD; but it has 


|  boey demonſtrated to be greater than! it; n! is . 85 
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Book I. ö 
Acz; produce AC, AD to E, F. therefore 


ACD, the angles ECD, FDC upon the o- 


er than the angle BCD, wherefore the angle 
_ FDC is likewiſe greater than BCD; much 
more then is the angle BDC greater than 


THE ELEMENT 8 
But if one of the Vertices, as D, be within the other mangle | | 


becauſe AC is equal to AD in the triangle 


ther ſide of the baſe CD are equal to 
one another; but the angle ECD is great- 


the angle BCD. again, becauſe CB is e- A 3 


qual to DB, the angle BDC is equal * to 


the angle BCD; but BDC has been proved to be greater than the 
{ame BCD, which 1 is impoſſible. The caſe in which the Vertex of 
one triangle is upon a ſide of the other, needs no demonſtration, + 
Therefore upon the ſame baſe, and on the fame ſide of it, there 
cannot be two triangles that have their ſides which are terminated 
in one extremity of the baſe equal to one another, and likewiſe 


thoſe which. are terminated i in the ether . QE.D RE 


PROP. vm. 'THEOR. 


IT two triangles have two fides of the one caval to two 


ſides of the other, cach to each, and have likewiſe their = 
baſes equal; the angle which is contained by the two fides 
of the one ſhall be equal to the angle contained by the twa o 


. des equal to them, of the other. 


Let ABC, DEF be two ies boring 2 the two ſides AB, AC: «- = | 


qual to the two ſides DE, DF, each to each, VIZ. AB to DE, and AC 


baſe BC equal to : K | 
the baſe EF. The | R 

angle BAC is e- 

: : qual to the * 5 \ ph 
. DF. os 


to DF; and alſo the * D 8 


5 dien to DEF ſo 


that the point B be on E, and the ſtraight line BC upon EF; the en 


© ſhall alſo coincide with the point F, becauſe BC is equal to EF. 


OF EV CLT1TD: | 271] 


b ; therefore BC coinciding with EF, BAand AC ſhall coincide with ED Book J. 
and DF. for if the baſe BC coincides with the baſe EF, but the ſides WY 


BCA, CA do not coincide with the ſides ED, FD, but have a different 


EA; the two ſides DA, AF are equal to 


tuation, as EG, FG; then upon the ſame baſe EF and upon the ſame 
ſide of it there can be two triangles that have their ſides which are 

© terminated in one extremity of the baſe equal to one another, and 

© Jikewiſe their ſides terminated in the other extremity. but this is im- 
poſſible.. therefore if the baſe BC coincides with the baſe EF, the a. 23. 
> ſides BA, AC cannot but coincide with the ſides ED, DF; where- 
fore likewiſe the angle BAC coincides with the angle EDF, and 18 
cuual b to it. therefore if tvro triangles, &c. . VVV 


pPpRO P. IX. PROB. 
O biſect a given rectilineal angle, chat is, to divide 
it into two equal angles. f 


Le BAC be the given rectilineal atigle, it is required to biſect! it. 
Take any point D in AB, and Evan AC cut * off AE equal tos. 5.4, 


3 . AD; joi DE, and upon it deſcribe d an A > Þ;4 x: 

gc equilateral triangle DEF, then join AF. W 

the ſtraight line AF biſects the oe 
BAC. = 


Becauſo AD is equal to AE, and AF. H { 
is common to the two triangles DAF, 


the rao fides EA, AF, each to each; and - 
the baſe DF is equal to the baſe EF; 


9 5 therefore the angle DAF is equal © to the PERS EAF. wherefore thee g 


given rectilineal angle BAC Is bilected by t the ſtraight line AF, 


Which was to o be done. 


4 55 
_ 2 
<> _ 


PROP. X. PROB. 


0 biſect a given finite ſtraight line, that Is, to divide 
it into two equal parts. 


"Tot AB be the given ſtraight line; ; it is requir 160 to divide it into 


o equal parts. 


Deſcribe a upon it an = equiliceral triangle ABC, and biſect b ben 1. 1. 
angle ACB by the ſtraight line CD, AB is cut into two equal parts b. v. 
. ; SE Lan . 


bs 
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Book L. Becauſe AC is equal to CB, and CD c 


common to the two triangles ACD, BCD; 


4. 1. baſe A0 is equal to the bak e DB, and 


43-2: DFE deſcribe the equilateral tri- 
x. angle DFE, and join FC. the 


4 5 De t. each of the angles DCF, Ec is a right angle. wherefore from the \ Z 
given point C in the given ſtraight line AB, FC has been nen at 3 8 


” he 


„ 


the two ſides AC, CD are equal to BC, 
CD, each to each; and the angle ACD is 
equal to the angle BCD; therefore the 


the ſtraight line AB is divided into tubWʃꝓõ.jüñũüöłÄé;ͤ 3 
equal parts in the — Which was to A e 
be done. N 
PROP. XI. PROB. 1 
O draw a ſtraight line at right angles to a given 
ſtraight line, from a given point in the ſame. bs 


See N. Let AB ben given ſtraight line, and Ca point given in it; it ie 8 
-..--, required to draw a RAR line from the point C at rignt angles to "Y 
AB | 


Ta! de any point Din AC, and make CE equal to ob, and upo 1 "0 


ſtraight line FC drawn from x 
the given point C, is at right 
angles to the given ſtraight line N 
AB; 

Becauſe De 18 equal to CE, D EE „„ 
and FC common to Fo two tri- A. 1 85 EB 
angles DCF, EC; the two ſides ; 
DC, CF are equal to he two EC, CF, each to each; and the baſe : 
Dp is equal to the baſe EF; therefore the angle DCF is equal®© to the _ 


qual to one another, each of them is called a right a angle; therefore 


5 right angles to AB. Which was to be done. 


Co. By help of this Problem it may be demonſtrated that two = | 


bright lines cannot have a common ſegment. 1 
If it be poſſible, let the two ſtraight lines ABC, ABD have the E 


| ſegment AB common to both of them. from the point B draw BE 


at right angles to AB; and becauſe ef is a \ Nraight. line, the woe Y 


angle ECF; and they are adjacent angles. but when the adjacent ; 
angles which one ſtraight line makes with another ſtraight line are e 


| OF EUCLID. 
: 5 CBE is equal * to 5 the angle EBA; 


1 in the ſame manner, becauſe ABD | F 1 
Is a ſtraight line, the angle DBE is | a. 10. Def. 
equal to the angle EBA. wheretore | 
tte angle DEE is equal to the | 
angle CBE, the leſs to the great · 5 

. erz; which is impoſlible. therefore = © 3 us 

8 two ſtraight lines cannot have a F MD i  O_ 
1 A B + 
common ſegment. * 5 


PROP. XII. P ROB. 


2 O draw a ſtraight line perpendicular to a given 
ven ſtraight line of an an imied length, from a given 
= point without it. 
it i: Let AB be the given ſtreight line, which may be le to any ” 


es to length both ways, and let C be a point without! it. It is required to 
rau a ſtralght line perpendicu- 


upon 7 lar to AB from the point Cc. co 
Laake any point D upon the : N e 
ene , 1. 
5 center C, at the diſtance CD, * 15 5 ö N. 5 N 
oy deſcribe che cirde EGF meet. — 3: Pol 
= ing AB in F, G; and biſect A : Emmy 5 


9 & in H, and join CF, CH, 1} „ 
1 | C6. the ſtraight line CH drawn from the given point Cc, is per- 

— 3 pendicular to the given ſtraight line AB. 

po 13 | 7 * Becauſe FH is equal to HG, and HC commen to the two triangles 

> baſe 7 FIC, GHC, the two ſides FH, HC are equal to the two GH, HC, 5 
o the each to each; and the baſe CF is equal a to the baſe CG; therefore d. 18. Dec. 
jacent 7 the angle CHF 3 18 equal © to the angle CHG; and they are adjacent "- 
1 4 angles. but when a ſtraight line ſtanding on a ſtraight line makes the- . 
refore adjacent angles equal to one another, each of them 3 is a right angle, 

m the 1 and the ſtraight line which ſtands upon the other is called a perpen- 

wh at. A dicular to it, therefore from the given point C a perpendicular CH has 

OE been drawn to the given ſtraight line AB, Which was to be done. 


at two 1 PRO P. XII. THE OR. 
e 1 HE angles which one ſtraight line makes with e ano- 
we the | | 
r BE 1 ther upon one ſide of it, are eitber two right angles, 


angle 3 or are together equal to two right an gles. 


16 


Book I. 


THE ELEMENTS 


Let the ſtraight line AB make with CD, upon one ſide of it, the 


angles CBA, ABD; theſe are either two right angles, or are toge- 1 I 


2, Def. - 0. 


Co 2. Az. 


4. 1. Ax. 


line AB, let the two ſtraight lines, 
BC, BD upon the oppoſite ſides 
of AB, make the adjacent angles 
ABC, ABD equal together to two 
right angles. BD is in the fame 
5 ſtreight line with CB. 


ther equal to two right angles. = 
For it the "ys CBA be th to ABD, each of them is a right * « = 


B F 


angle. but if not, from the point B draw BE at right angles Þ to CD. 
therefore the angles CBE, EB are two right angles*. and becanſe | | ; 
CBE is equal to the two angles CBA, ABE together; add the angle 
EBD to each of theſe equals, therefore the angles CBE, EBD are 
equal © to the three angles CBA, ABE, EBD. again, becauſe the 
angle DBA is equal to the two angles DBE, EBA, add to theſe e- 
quals the angle ABC; therefore the angles DBA, ABC are equal to 
the three angles DBE, EBA, ABC. but the angles CBE, EBD have © 
been demonſtrated to be equal to the ſame three angles; and things 
that are equal to the ſame are equal 4 to one another; therefore the 
angles CBE, EBD are equal to the angles DBA, ABC. but CRE, 
EBD are two right angles; therefore DBA, ABC are together equal 
to two right angles. Wherefore when a ſtraight line, Kc. * D. 


PROP. XIV. THE OR. 2 
F at a point in a ſtraight line, two other ſtraight lines, 1 


J upon the oppoſite ſides of it, make the adjacent angles 
e 4 equal to two right angles, theſe two o ſtraight lines 1 
ſhall be in one and the ſame a line. e 


At the point B in the ſtraight 


For if BD be not in EE fame 85 5 Ges — D 4 


= Araight line with CB, let BE be 


OF EUCLID: 1 


„th 53 the ſame ſtraight line with it. therefore becauſe the ſtraight line Book I. 
oge- | AB makes angles with the ſtraight line CBE, upon one ſide of it,. 
1 — he angles ABC, ABE are together equal to two right angles; but the a. 23. 1. 

ght augles ABC, ABD are likewiſe together equal to two right angles, 
therefore the angles CBA, ABE are equal to the: angles CBA, ABD. 

take away the common angle ABC; the remaining angle ABE is 
equal b to the remaining angle ABD, the leſs to the grezter, which b. 3. K. 
. = impoſſible, therefore BE is not in the ſame ſtraight line with BC. 
And in like manner, it may be demonſtrated that no other can be 
in the ſame ſtraight line with it but BD, which therefore is in the 

fame ſtraight line with CB. Wherefore if et a a point, &c. Q. E. D. 


vB 


PROP. XV. THE OR. 


cauſe F two ſtraight lines cut one another, the vertical, 0 
angle I 4 oppeſt ite, angles ſhall be equal. 

D are 

fs the Let the two ſtraight lines AB, CD cut one another | in the point 


. 3 5 b. the angle AEC hall be equal to the angie. DEB, and CEB to 

) harre Becauſe the ſtraight * ln ne AE makes with D the ie - il CEA, 

thing; 5 \ED, theſe angles are tog gether 

re the | un to two ri: ght angles. again, 

CBE, becauſe the ſtraight line DE 

equal Emakes with AB the angles AED, 

D. PEB; theſe alſo are together e- 
Adna to two right ang cles, and 22 

5 4 Ea, AED have ks demon- 

lines, —#ftrated to be equal to two right 

ngles angles; wherefore the angles | 

t lines 5 CEA, AED are equal to the angles AED, DE# B. 8 away the 5 

8 enn angle AED, and the remaining angle CEA is ; qual b b. 3. Kg. 
1 D the remaining angle DEB. In the fame manner it can be de- 

monſtrated that the angles CEB, AED are equal, therefore if wo 

| | Nraight lines, &c. Q. E. D. | 5 

'Con.'t; From this it is wann that if two ſiraiolar line 5 cut 

one another, the angles they make at the point Where they cut, are 

| * together equal to four 3 angles. 

n 2 3 Cor. 2. And conſequently dear all the angles Wade By any num- 

RR ber of lines meeting in one > point, are together eq ual to four ri 18 

—D se. _—_ —"PROP: 


. 13, 10 


LS; 8 . 


x. 16. 1. 


„ 


. 


4. re. x: 


and produce it to F, and make 
FC, and produce AC to G. 
are equal to CE, EF, each. 
to each; and the angle AEB 


becauſe they are oppoſite ver- 
tical angles. therefore the 


\ Let ABC be any triangle; any 
two of its angles together are leſs 
than two right angles. Y 


cauſe ACD is the exterior angle 


greater than the interior and _£< 


oppoſite angle ABC; to each of 1 = CG DX 


THE ELEMENTS 
PROP. XVI. THEOR, 


angle 1s greater than either of the interior oppoſite 


angles. 


Let ABC be a ciangle, and let its ide BC be produced to D. 


the exterior angle ACD is greater than either of the interior op. 
poſite angles CBA, BAC. . 


Biſect * AC in E, join BE _ A . 


EF equal to BE; join alſo 


Becauſe AE is equal to 
EC, and BE to EF; AE, EB 


is equal Þ to the angle CEF, 


baſe AB is equal © to the 


baſe CF, and the triangle AEB to the triangle cr, nd the re- 
maining angles to the remaining angles, each to each, to which tit 
equal ſides are oppoſite, wherefore the angle BAE is equal to the 
angle ECF. but the angle ECD is greater than the angle ECF, 
therefore the angle ACD is greater than BAE. in the ſame man- 1 

ner, if the ſide BC be biſected, it may be demonſtrated that th: 


angle BCG, that is d, the angle ACD, is greater than the angle 9 


5 ABC. therefore if one ſide, &c. QE. D. 


i PROP. XVIL THEOR. 5 
NV. two angles of a triangle are together leſs than 1 
two right angles. 1 


Produce BC to D; and be- 


of the tangle ABC, ACD is 


IF one fide of a triangle be produced, the exteriot 


riot 
ofite 

+ two right angles. in like manner it may be demonſtrated that BAC, 
Ac, as alſo CAB, ABC are leſs than two * angles. therefore 
x any two any, &c. bs D. 


to D. 
r op- 


FH 


he re 


ch the 


to the 


> ts 1 than the angle ACB; wherefire much more is the angle ABC great- 
N ger than ACB. therefore the greater lide, &c. Q_E. 8 


Which the ſide AC is greater 

than the ſide AB; the angle 
8 ABC is alſo greater than the 
angle BCA. 


Az, make AD equal to AB, ( 

and join BD. and becauſe ADB 

zs the exterior angle of the tri- 

angle BDC, it is greater Þ than the interior and oppoſite angle d. 16. 2, 

DC. but ADB is equal © to ABD, becauſe the fide AB is e- e. 1.15 
5 qual to the ſide AD; therefore the angle ABD is likewiſe greater 


OF EUCLID. 


"Mp theſe add the angle ACB, therefore the angles ACD, ACB are great- Bco' I. 


er than the angles ABC, ACB. but ACD, ACB are together equald WJ 


to two right angles; therefore the angles ABC, BCA are leſs than b. 13. 1 


PROP. XVI, THEOR, 


HE greater ſide o every triangle is oppoſite to the 
greater angle. 


Let ABC be a triangle of 


| Becauſe AC is s greater than 


3 


lat the Ss 


angle 


5 than | Y 


- OG 


23 


4 SL =, WT Va 5 EY . „ 4 a we'd 5 2 - by 2&4 1 21 1 : . wg 
3 2 1 2 8 7 2 $f Ie 9 S Woe is Se, wor IR es WE 

FI — 5 . F op „ * * e e EI; F - 5 PEO - 
ET SE os PR EO RE EE ee a gs ore Ge 


PROP. XIX. THE OR. 


HE greater angle of every triangle is ſubtended by 
the greater fide, or Ha greater fide oppoſite to its 


3 ABC be a triangle of which the angle ABC is greater than 
the angle BCA. the ſide AC 1s likew ile . chan the . de AS, : Gy 
For if it be not greater, AC - 9 
muſt either be equal to AB, or leſs 
than it. it is not equal, becauſe 
then the angle ABC would be e- 

qual * to the angle AcB; but it 

is not; therefore AC is not equal 
to AB. neither is it leſs; becauſe 
An the angle ABC would beleſs 


14 


d than _ 
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o than the angle ACB; but it is not; therefore the ſide AC is not 


less than AB, and it has been ſhewn that it is not equal to AB. 


0 $825 


See N. 


As 3» 1. 


b. I 1. 


Ser N. 


| Join DC. bs 
FD Becanſe DA 1s equal to: AC, 


therefore AC is greater than AB. wherefore the greater angle, &c. 
wed E. D. 


5 NO. XX. HE OR. 


NY two ſides of a triangle are together e chan 


the third ſide. 


1 ABC be a triangle; any two ſides of it together are great 


er than the third ſide, viz. the ſides BA, AC greater than the ſide 


BC; and AB, BC greater than AC; and BC, CA preater than AB. 
| Produce BA to the point DO, 
and make * AD equal to AC, and 


the angle ADC is likewiſe equal 
>" to AD., but the angle BCD LCL K 
is greater than the angle ACD; VV 


therefore the angle BCD is great- 
er than the angle ADC. and deten the angle BCD of the tri- 


angle DCB is greater than its angle BDC, and that the greater 
Hide is oppoſite to the greater angle, therefore the ſide DB is greater 
than the ſide BC, but DB is equal to BA and AC; therefore the 


PROP. XXI. THEOR. 


IF 1 he ends of the ſide of : a triangle there bs 1 1 
two ſtraight lines to a point within the triangle, theſe 
ſhall be leſs than the other two ſides of the triangle, but 1 
mall contain a greater angle. — .-.. 


| Let the two ſtraight lines BD, CD be PORE from B, C, ths ends 
of the ſide BC of the triangle ABC, to the point D within it. BD wo 
and DOC are leſs than the other two ſides BA, AC of the W 1 
but contain an angle BDC greater than the angle BAC. I 
Prroduce BD to E; and becauſe two ſides of a triangle are great- C 
er chan the N fide, the two ſides BA, AE of the triangle ABE bs: 


— — 2 — 


ſides BA, AC are greater than BC. in the ſame manner it may be | + 
demonſtrated that the ſides AB, BC are greater than CA; and BC, 
CA greater than AB, : therefore any tuo ſides, Kc. E. D. 


are 5; 


Gs OF EUCLID. 21 
2 1 BP are greater than BE. to each of theſe add EC, therefore the ſides Book I. 
"i BA, AC are greater than BE, A. A 
Es. again, becauſe the two 
' ſides CE, ED of the triangle 
C Eb are greater than CD, add 
| 2 DB to each of theſe; therefore 

hatt the ſides CE, EB are preater „ | 

++ than CD, DB. but it has been B —© 
Tg  ſhewn that BA, AC, are greater 55 
Ga. than BE, EC; much more then are BA, AC greater than BD, DC. 
An becauſe the exterior angle of a triangle is greater * 
dhe interior and oppoſite angle, the exterior angle BDC of the tri- 

D angle CDE is greater than CED. for the ſame reaſon, the Exterior. 
T _ angle CEB of the triangle ABE is greater than BAC, and it has 

1 been demonſtrated that the angle BDC is greater than the angle 

CEB; much more then is the angle BDC greater than the angle 
| 3 BAC. e if from the ends of, &c. E. D. 1 085 
C PROP, XXII. PROB. 
1 0 make a triangle of which the ſides ſhall be equal .. . 
ter to three given ſtraight lines; but any two whatever 
reater © of theſe muſt be greater than the thirda. A. 20. 1, 
re the 5 Let A, B,. C be the three given Arajoht lines, of which any two 
ay be 2 whatever are greater than the third, viz, A and B greater than C; 
d BC, A and C greater than B; and B and C than A, It is required to make 
. 8 . a triangle of which the ſides ſhall be equal to A, B, C, each to each. 

> Takea ſtraight line DE terminated at the Point D, but unlimited . 

towards E, and „%%% Col 2 | e 
rawn qual to A, FG to B, and V 
theſe G equal to C; and from 


5 but 


e ends 3 ; 


center G, at the diſtance 


the center F, at the diſ- 
2 tance FD deſcribe o the 3 
circle DKL. and from the D 5 


| ; b. 3: Poſt. 5 


. BD GH deſcribe o another 0 
jangle, circle HLK, and join KF, 


great - 
are 


VE 3 72 a 
. PL IS 


. "IN 88 * f Exe 
1 1 2 8. 4 - 
_ . . 
P 8 
N n 4.4 - > 


the triangle KFG 


4 has: its ſides equal to the three ſtraight 1 A, B. . 


Becauſe the 9 F is the center ol the circle DEL, FD is e- 
— 3 1 qual. 


22 


see N. 


. 22. 1. 


. b. 8. 1. 


T HE E L EME NT s 


Book I. qual to FK; but FD is equal to the ſtraight line A; therefors 
F is equal to A. again, becauſe G is the center of the circle LKH, 
c. 15. Def. GH is equal © to GK; but GH is equal to C, therefore alſo GK 


is equal to C. and FG is equal to B; therefore the three ſtraight 


lines KF, FG, GK are equal to the three A, B, C. and therefore 


the triangle KFG has its three ſides KF, FG, GK equal to the 


| thres har {tr aight lines A, B. C. Which was to be done. 


PROP. XxIII. PROB. 


Ta given point in a given ſtraight line to make a 


rectilineal angle equal to a given rectilineal angle. 


Let AB be the given ſtraight line, and A the given point in it, 


and DCE the given reclilineal angle; it is required to make an 


angle at the given point 


A in the given ſtraight GC A 
| line AB that ſhall be 0 | 5 
equal to the given 1 
_ fitineal angle DCE. 


Take in CD, CE, a- 


| ny points D, E, and j join My 
DE; and make * the 


triangle AFG the ſides 
of which ſhall be equal 


to the three ſtraight lines CD, DE, EC, Fa that CD be equal to AF, 
CE to AG, and DE to FG. and becauſe DC, CE are equal to 


FA, AG, each to each, and the baſe DE to the baſe FG; the 


angle DCE is equal Þ to the angle FAG, therefore at the g1v en TM 
point A in the given ſtraight line AB, the angle FAG is made e- 
5 qual o the given rectilineal angle DCE. Which was to be done. 


PRO P. XXIV. THE OR. 
Ir. two rriangles have two ſides of the one equa] to two 


ſides of the other, each to each, but the angle con- 2 
: ined by the two ſides of one of them greater than the 
angle contained by the two ſides equal to them, of the o 
ther; the baſe of that which has the greater angle ſhall 
be greater than the baſe of the other. 


Let ABC, DEF be two triangles which have the two ſides AB, = 3 


0 


AC 


it, 


O F EU CL 1D. * 


40d equal to the two DE, DF, each to each, viz, AB equal to DE, Book l. 
and AC to DF; but the angle BAC greater than the angle ED FH. 
tthe baſe BC is alſo oreater than the baſe EF. 


Of the two ſides DE, DF let DE be the ſide which is not greater 


5 than the other, and at the point D in the ſtraight line DE make * * 23. . 
the angle EDG equal to the angle BAC; and make DG IO bb. 3. 1. 
to AC or DF, and join EG, GG. 


Becauſe AB is equal to DE, and AC to DG, the two des 


Ba, AC are equal to the two ED, DG, each to each, nd. the * 
BAC is equal to the _ b 
angle EDG; therefore A. ” 'D 
the baſe BC is equal |\ BB 
to the baſe EG. and | 
becauſe DG is equal 
tc DP, the angle DFG | 
is equal d to the angle 
bor; but the angle 
D is greater than 9 8 
the angle EGF, there- 
fore the angle DFG is greater chan EGF; and much more is : 
dle angle EFG greater than the angle EGF, and becauſe the 
angle EFG of the triangle EFG is greater than its angle EGF, | 
and that the greater © ſide is oppoſite to the greater angle; the e. 19. 7, 
ſide EG is therefore greater than the fide EF. but EG is equal 
0 BC; and therefore alſo BC is greater r than EF. ther efore if w] 
: criangles, Ke. E. D. | _ 


PROP. XXV. THEOR. 


2 two triangles have two ſides of the one equal to two 


1 fides of the other, each to each, but the baſe of the one 
greater than the baſe of the other; the angle alſo con- 
tained by the ſides of that which has the greater baſe, 
| 3 ſhall be greater than the angle contained by the hides 
| EL equal to them, of the other. | 


Let ABC, DEF be two triangles which have the two 7 AB, 


| ; 1 equal to the two ſides DE, DF, each to each, viz. AB equal 
to DE, and AC to DF; but the baſe CB greater than the baſe 
1 Ef. the * BAC is likewiſe greater AY the oc od EDF. 


3 4 For 


24 VVV "Mp 

Book I, For if it be not greater, it muſt either be equal to it, or leſs. 

but the angle BAC is not equal to the angle EDP, becauſe ther 
the baſe BC would be 
. 4. 1. equal? to EF. but it 
is not; therefore the 

angle BAC is not e- 
qual to the angle 

EDF. neither is it 

leſs; becauſe then the 

baſe BT would be lefs | | 5 

b. 24. 1. Þ than the baſe EF; B 8 TW: * : 

but it is not; therefore . | th 

the angle BAC is not leſs than the angle EDF. and it was ſhewn B. 

nuns is not equal to it; therefore the angle BAC is greater tan 

tte angle EDF. Wherefore if two triangles, &c. Q. E. D. v 


PROP. XXVI. T HE OR. =. 

TE wo triangles have two angles of one equal to two 29 
angles of the other; each to 8 and one fide equal to 
one lie, viz. either the ſides adjacent to the equal angles, 
Of the ſides oppoſite to equal angles in each; then ſhal! , 
he other ſides be equal, each to Sache and AG the third Mx 
80 of 1 the one to the third angle of the other. . 


Let ABC, DEF be two triangles which _ the ang'es ABC, n 

BCA equal to the angles DEF, EFD, viz. ABC to DEF, and BCA 1 

to EFD; alſo one ſide equal to one ſide; and firſt, let thoſe ſides be e 

equal which are adjacent to the angles that are equal in the two tri 1 

angles, viz. BC to EF. the other ſides ſhall be equal, each to cach, 12 

Y vi; AB 16+ DE; and-- 5h ne” 8 . 
1 | AC to DF; and the D 4 1 
| third angle BAC to 1 ] 
the third angle EDF. 8 
For if AB be not 
equz al to DE, one of- 
them muſt be the 
greater, Let AB be B N "© 11.— — 1 
the greater of the two, ; „ 
and make BG 9 o DE, and j join GC. the crefore becauſe BG is 
equal 


25 1 /.... ͤ (k ³ A/ . One EL 
LIES I a MEE ESC — TIC OTA “ · 
N — = 
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ls. 
en 
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3 . ual to DE, and BC to EF, the two ſides GB, BC are e equal to the Book I. 
o DE, EF, each to each; and the angle GBC is equal to the angle V 
3 PDE; therefore the baſe GC is equal to the baſe DF, and the tri- a. 4+ 1. 
angle GBC to the triangle DEF, and the other angles to the other 

3 angles, each to each, to which the equal ſides are oppoſite ; therefore 
tue angle GCB is equal to the angie DFE ; but DFE is, by the hypo- 
> theſis, equal to the angle BCA; wherefore alſo the angle BCG is equal 

to the angle BCA, the leſs to the greater, which is impoſſible. there- 
fore AB is not unequal to DE, that is, it is equal to it. and BC is e- 

: qual to EF; therefore the two AB, BC are equal to the two DE, 
EF, each to each; and the angle ABC is equal to the angle DEF, | 
the bale therefore AC is equal to the baſe DF, and the third angle 
BAC to the third angle EDF. 


£ ; 3 equal angles in each 
3 1 triangle be equal to 
1 7 one another, viz, AB 
to DE; likewiſe in 
this caſe, the other 
r NS eu EEE 
Ac to DF, and BC to B „„ SD CE D 
Ex; aud alſo the third 5 
> angle BAC to the third EDF. 


25 


Next, let the ſides WG 
which are oppoſite to A 5 


For if BC be not equal to EF, let BC be te greater Fw them, and 


make BH equal to EF, and join AH. and becauſe BH is equal to 

Ef, and AB to DE; the two AB, BH are equal to the two DE, EF, 

dach to each; and "IR contain equal angles; therefore the baſe AH 

s equal to the baſe DF, and the triangle ABI to the triangle DEF. 
and the other angles ſhall be equal, each to each, to which the equa] 

des are oppoſite. therefore the angle BHA is equal to the angle 

EFD. but EFD is equal to the angle BCA; therefore alſo the angle 

BIA is equal to the angle BCA, that is, the exterior angle BHA oft 

. ; the triangle AHC is equal to its interior and oppoſite angle BCA; 

which is impoſſibleb. wherefore BC is not unequal to EF, that is, b. 16. 1. 

| E it is equal to it; and AB is equal to DE; therefore the two AB, BC 

1 2 are equal to the two DE, EF, each to each; and they contain equal 

I | angles; wherefore the baſe AC is equal to the baſe DF, and the third 

angle BAC to the third angle EF. therefore 1 2 two triangles, Kc. 


. 


” 3 prob.” 


5 therefore is parallel to CD. wherefore it a ſtraight line, Kc. QE. D. 


poſite upon the ſame ſide of the line; or makes the inte- 
rior angles upon the ſame ſide Feder equal to two right 
angles; the two rid lines mall be parallel to one an- ; 
A 

| Let the ſtraight line EF which falls upon the two o ſtraight lines - : 


qual to the angle GHD, and the 


EGB equal to the interior and op- N 
poſite angle GHD upon the ſame 

ſide; or make the interior angles * 

on the ſame ſide BGH, GHD to- 

gether equal to two right angles. 7 BE 

AB is parallel to CD, WO 
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26 
Book J. PROP. XXVII. THE OR. 5 
WF ſtraight line falling upon two other ſtraight line: 
makes the alternate angles equal to one another, theſe 8 
two ſtraight lines ſhall be parallel. 
Let the ſtraight line EF which falls upon the two ſtraight lines 
AgB, CD make the alternate angles AEF, EFD equal to one another; 
AB is parallel to CD. 
For if it be not parallel, AB and CD being produced ſhall meet ei- 
ther towards BD or towards AC. let them be produced and meet to- 
wards BD in the point G; therefore GEF is a triangle, and its e,. 
a. 26. x. terior angle AEF is greater * than the interior and oppolite angie 
EFG; but it is alſo equal to 
it, which is impoſſihle. there 7 
fore AB and CD being pro- A 3 7 
duced do not meet towards / 
BD. in like manner it may be / = 
_ demonſtrated that they do not (7 F — 
mcet towards AC. but thoſe 7 1 
ſtraight lines which meet nei- 
o. 38. Def. ther way tho' produced ever ſo far are parallel b to one another. AB 


PROP. XXVII. THE OR. 


Fa ſtraight line falling upon two other ſtraight lines 


makes the exterior angle equal to the interior and op- 


AB, CD make the exterior angle E, 


| Becauſe the angle EGB is e- 


ele 


es 


22 a 
Ci , 


ei- 
t9- 
ex- 


wid 


nes 


ple 1 | 


and the exterior angle equal to the interior and oppoſite 
upon the ſame ſide; and likewiſe the two interior angles 
1 ; 333 the ſame ſide together equal to two right angles. 


one of them muſt be greater than the | 2 
other; let AGH be the greater. and be- C 
© cauſe 25 angle AGH is greater than the 
angle GHD, add to each of them the 
* : angle BGH; therefore the angles AGH, BGH are cxeater than 8 an- 
| © gles BGI. GHD. but the angles AGH, BGH are equal * to two righta. 13 
 _ angles; therefore the angles BGH, GHD are leſs than two right an- 
gles. but thoſe ſtraight lines which with another ſtraight line falling 
vpon them make the interior angles on the ſame {ide lest than two right 
angles, do meet * together if continually produced; therefore the + 12. An. 
| 2 ſtraight lines AB, CD if produced far enough ſhall meet. but they See the 
never meet, ſince they are parallel by the Hypotheſis. 
mhle AGH is not unequal to the angle GHD, that is, it is equal to 
dt. but the angle AGH is equal ® to the angle EGB; therefore like-b. 15. 1. 
| VikEGBis 9 to GHD. add to each of theſe the * BGH, 

5 ther oh 
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3 wee EGB equal * to the angle AGH, the angle AGH is equal to Book I. 
nee th 


angle GHD; and they are the alternate angles; therefore AB is YN 
p alle b to CD. again, becauſe the angles BGH, GHD are equal © a. 18, 


t two right angles, and that AGH, BGH are alſo equal 9 to two * 1 
ri aht angles; the angles AGH, BGH are equal to the angles BGH, ; 
6 I. take away tie common angle BGH, therefore the1 remaining 

an zie AGH is equal to the remaining angle GHD; and they are al- 
ternate angles; 
"on en line &c. Q. E. D. 


By Hyp. 
"4.1 13. 1 


therefore AB is Parallel to CD.  wherefore if a 


PROP. XXIX. THE OR. 


73 ſtraight line falls upon two parallel ſtraight lines, See the: 


it makes the alternate angles equal to one — 


Let the ſtraight line EF fall upon the parallel ſtraight lines AB, 


3 cb. the alternate angles AGH, GHD are equal to one another; 
and the exterior angle EGB is equal to the | interior and oppoſite, 
upon the ſame fide, GHD; and the _ | 
uo interior angles BGH, GHD upon 
1 the ſame ſide are together equal to two 
light angles. 


For it AGH be not equal to GHD, A | G 8 N 


therefore the notes on this 
Propoſition, 


28 


. 27.1 


3 29. 1. 


ſtraight lines EF, CD, the angle 


and it was ſhewn that the wes 3 
AK is equal to the angle GHF; "ay ; 
therefore alſo AGK is equal ET 

GKD. and they are alternate an- y 

gles; therefore AB is parallel to CD. wherefore ſtraight lines 


5 AD; and at the point A in the ſtraight 5 . 7 "> 
23. 1. line AD make the angle DAE equal N 
do the angle ADC; and produce the ſtraight line For 
Becauſe the Aralght line AD which meets the two ſtraight 7 
lines BC, EF, makes the alternate angles EAD, ADC equal to ne 
"WP EF is FI > to BC. therefore the ſtraight line EAFis 27 

5 | drawn 


THE ELEMENTS 


Book i therefore the angles EGB, BGH are equal to the angles BGH, GHD 
but EGB, BGH are equal © to two right angles; therefore alſo 
c. 13. 1. BGH, GHD are 288 to two o right angles. wheretore if a ſtraignt 


line &c. Q. E. D 


PROP. XXX. THE OR. 
TxarGur lines which are parallel to the fame ftraight 
line, are parallel to one another. 


Let AB, CD be each of them parallel to EF; ABI 1 alſo parallel 


to CD. 


L et the ſtraight line GHK cut AB, EF, CD; and becauſe GHK . 
cuts the parallel ſtraight lines 1856 — 


Ef, the angle AGH is equal * . „ 
the angle GHF. again, becauſe Fr es "> 


ſtraight line GK cuts the parallel A- — we - —— 3 


GHF is equal * to the angle GKD. E —— 


&c. Q. E. D. 


YR . XXXI. PRO B. 


O draw a ſtraight line thro? a given point parallel & to 


a given firaight line. 


15 Let A be the given point, and BC the given e = ; It 13 
required to draw a ſtraight line thro? E A- E - 
the point A, * to the e 9 | 


line BC. 
In BC take any paint D, and j join 


HD: 


a0 


alght 


ight 


falle! to D. the exterior angle ACD is equal to the two interior and op- 


poſite angles CAB, ABC; and the three interior angles of the tri- 
i angle, vil. ABC, BCA, CAB are __— equal to two _ 
| angles. | 


HK 


„ 


ines and oppoſite angle ABC. but © 
ttuhe angle ACE was ſhewn to be equal to ) the angle B AC; Wehe 
| ie whole exterior angle ACD is equal to the two interior and op. e 
poſite angles CAB, ABC. to theſe equals add the angle ACB, and 
tte angles ACD, ACB are equal to the three angles CBA, BAC, 
Acg. but the angles ACD, ACB are cqual © to two right angles; © 33: 7: 
| *therefore alſo the angles CBA, BAC, ACB are + to two right 


4 . angles. wherefore if a ſide of a Se &c. * D. 


1 © the figure has ſides. . 

# For any rectilineal figure ABCDE EO 
- ? can be divided into as many trian- 
gles as the figure has ſides, by 


C 5 
4 8 2 2 = 1 8 TIES ; . 12 
n ee * 


0 F E eln. | | 29 


1 << Se the given point A n to the yen firaight line BC. Book I. 


* hich was to be done. e e 
= | PROP. XXXIL THEOR. 


PF a fide of any triangle be produced, the exterior angle T 
is equal to the two interior and oppoſite angles; and 


the three interior angles of every triangle are e to 
two right angles. 


Let ABC be a triangle, and let one of its Giles BC be dun TY 


Thro' the point C draw CE vera "to the graight line AB. and 4. 37. r. 


5 : becauſe AB is parallel to CE, 
ad AC meets them, the al- PE 
ternate angles BAC, ACE are : A 


equal b. again becauſe AB is * | ds 
; parallel to CE, and BD falls _ 
uVpon them, the exterior angle . 

Eb is equal to the interior! 


Con. 1. All the interior angles 
of any rectilineal figure, together 
Vith four right angles, are equal 
to twice as many right angles as 


— drawing ſtraight lines from a point * 
- b F within the figure to each of . 9 


30 


Bock 1. 


v. 2. Cor. 


| 15. 1. ; 
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angles. And, by the preceding Propoſition, all the angles of they | 
AYV triangles are equal to twice as many right angles as there are. 
angles, that is, as there are ſides of the figure. and the ſame ang: A 
are equal to the angles of the figure, together with the angles at le 
point F which is the common Vertex of the triangles; that is o 
gether with four right angles. Therefore all the angles of the figure, 


together with four right angles, are equal to twice as many righ 


angles as the figure has ſides. 


Co R. 2. All the exterior angles of any rectilineal hows are to 3 


| gether equal to four right angles, 


5. 13. 1. 


ABD is equal b to two right an- A 
gles; therefore all the interior 


angles of the figure, are equal tio OY 0 
twice as many right angles as D 55 B — \ i 5 


there are ſides of the figure, that 


Becauſe every interior angle 
ABC with its adjacent exterior 


together with all the exterior 


is, by the foregoing Corollary, 


they are equal to all the interior angles of the he, together vit 
four right angles. therefore all the exterior angles are equal to for 


rignht angles. 


PROP. XXXII. THE OR. 


HE ſtraight lines which join the extremities of two | 
equal and parallel ſtraight lines, towards the ſame 7 
parts are alſo themſelves equal and parallel. 


Loet AB, CD be equal and parallel firaight lines, and joined v 


wards the ſame parts by the ſtraight A: Es 3 


lines AC, BD; AC, BD are alſo. - 
: equal and parallel. „„ 


d. 4. 1. 


; rallel o CD, and Be meets then ĩð I 
5 the alternate angles ABC, BED GC DD * 


Join BC, and becauſe AB is pa- 


are equal; and becauſe AB is equal to CD, and BC common to 3 
| the two triangles ABC, DCB, the two ſides AB, BC are equal v 7 


the two DC, CB; and the angle ABC is equal to the angle BCD; 4 
therefore the baſe AC is equal b to the baſe BD, and the triang# 


_— ABCt to the * BCD, and the other les to the other wales = | 


OF EUCLID 31 


the! ach to ) each, to which the equal ſides are oppoſite. therefore the Book l. 
> rl 2 ngle ACB 1s equal to the angle CBD, and becauſe the ſtraight line — 
ng "BC meets the two ſtraight lines AC, BD and makes the alternate 

t hl angles ACB, CBD equal to one another, AC is parallel © to BD. e. 27. «- 
% and it was ſhewn to be equal to it. therefore Rraight lines Kc. 

gure, Q. E. D. 
rin 3 EL Sn Wy 

_ - PROP, AXXIV.. THEOR; 

re t 


| the oppo te 1 des are parallel, 
 fraight line foining 4200 of its oppoſite angles. 


. angles ABC, BCD are equal * to 
done another, and becauſe AC is 
E parallel to BD, 
"NY them, the alternate angles ACB, 
1 CBD are equal to one another. 
= Peers the two triangles ABC, 
b CBD have two angles ABC, BCA 
in one, equal to two angles BCD, CBD in the other, each to each. 
* and one ſide BC common to the two triangles, which 1 15 adjacent to 
their equal angles; 
do each, and the third angle of the one to the third angle of the 
Other ®, viz. the ſide AB to the fide CD, and AC to BD, and the b. 26. 8. 
: angle BAC equal to the angle BDC. . 
_*equal to the angle BCD, and the angle CBD to the angle AcB; 
: 4 the whole angle ABD is equal to the whole angle ACD. 
3 4 angle BAC has been ſhewn to be equal to the angle BDC ; therefore | 
me oppoſite ſides and angles of parallelograms are equal to one ano— 


# Har oppoſite ſides and angles of parallelograms are 


- equal to one another, and the diameter bilects them, 


| that | is, divides them into two equal parts. 


N. B. A Parallelogram is a four fided Eure of which 


and the diameter 1s the 


Let ABCD be a parallelogram, of which BC is a diameter, the 


I oppoſite ſides and angles of the hgure are equal to one another ; and 
the diameter BC biſects it. 


Becauſe AB is parallel to CD, and BC meets 3 the ale | 


— — 


and BC meets 


therefore their other ſides ſhall be equal, each 


and becauſe the angle ABC is 


and the 


tter. alſo, their diameter biſects them. for, AB being equal to 


0d, and BC common; 
9— — cs, each to each; and the gs ABC is oqual to the angle BOD; 


the two AB, BC are equal to the two DC, 


there- 


32 THE ELEMENTS 


Book I. therefore the triangle ABCi is equal © to the triangle BCD, and the Z A 
diameter BC divides the parallelogram ACDB 1 into two equal parts. 


L Ys D. 
PROP. XXXV. THE OR. 


See N. JAr ALLELOGRAMS upon the ſame baſe and between 


the ſame parallels, are equal to one another. 


See head Let the parallelograms ABCD, EBCF be upon the fame baſe BC 
| and 3d Fi- and between the fame parallels AF, BC. the on allclogram ACD . 


zures. ſhall be equal to the parallelogram EBCF, 


If the ſides AD, DF of the parallelograms ABCD, DBCF OpPO 


ſite to the baſe BC, be terminated in 

the ſame point D; it is plain that each N FED 9 F 
of the parellelograms is double of the | _, , 
triangle BDC; and they are therefore 
equal to one another. 

| But if the ſides AD, EF oppoſite. to fon. ds 

the baſe BC of the parallelograms ABCD, B C 
EBCF be not terminated in the fame _ 5 

point; then becauſe ABCD is a parallelogram, aD is equal 


4. 34. 1. 


Bc; for the ſame reaſon, EF is equal to BC; wherefore 5 s 
b. 1. Ax. equal b to EF; and DE is common; therefore the whole, or the 1 


"0.4.00 3; remainder, AE; 18 equal © to the whole, or the remainder DF; AB „ 


Ax alſo is dune to DC ; and the two EA, AB are therefore equal to 


ADB AE DF 


B 8 SB B — 0 


the two FD, De, each to each j and he exterior angle FDC ise A 
PT” 9. 1 qual d to the interior EAB; therefore the baſe EB is equal to the th 
baſe FC, and the triangle EAB equal © to the triangle FDC. take Z a 
the triangle FDC from the trapezium ABCF, and from the fam? © 
trapezium take the triangle EAB ; the remainders therefore are 
f. 3. Ax. equal f, that is, the parallelogram ABCD! is equal to the paralle- 


logram EBCF, therefore Fee N the ſame baſe Kc. D 
Q. E. D. eee ee P ROT. a. 


DArALLTLOG RAMs upon equal baſes and between the 
ſame . are Ek to one another. 


a 1 1 
en 


BC 


CD: = 


Po- 


Nez 


parallels AH, BG; the- 
perallelogram ABCD is e- 
aal to EEG 


cavuſe BC is equal to FG, 
; and FG to * EII, BC is B 
f equal to EH; and they EA 
are parallels, 124 joined towards the buns parts by the ſtraight lines 
BE, CH. but ſtraight lines which join equal and parallel ſtraight lines 
towards the ſame parts, are themſelves _— and parallel b; there- B. 
fore EB, CH are both equal and parallel, a: 


OF EUCL I D. 
PROP. KXXVIL THEOR. 


Let ABCD, EFGH be parallelograms upon equal baſes BC; 


2 F, and between the ſame A 


Join BE, CH; and be- 


E 
N 


8 


2 


4 a 


G 


d EBCH. is a parallelo- 
gram; and it is equal © to ABCD, becauſe it is upon the ſame baſe 


: 
Book 1. 


4 1 — 2 C 5 2 
0 C, and between the ſame parallels BC, AD. for the like reaſon 
0 the par allelogram EFGIT is equal to the fame EBCH. therefore alſo 
= F the parallelogram ABCD is equal to EFOH. W herefore parallelo- 
n grams, Sec. Q. E. D. 
al to — 
= PROP, XX XVI. THE OR. 
Tr E 8 upon the ſame baſe, and between the 
ſame parallels, are equal to one anothe 
: Let the triangles ABC, DBC be e upon the ſame bole BC and be⸗ 

1 tween the ſame parallels AD, 

B Ci. the triangle ABC i 13 equal E . . -F 
© : to the ningle OBC. | 
is e 2 Produce AD both ways to X / . 
o the de points E, F, and thro B 7% 4. 31.7 
take draw BE parallel to CA; NͤͤÄ§⁵˙ 4 
ſame and thro' C draw CF parallel r 
e are to BD. therefore each of the 3 5 O / 
ralle- 1 i figures EBCA, DBCF is a parallelogram; : = EBOA; is equal © to b. 35. 1. 
e &c. zer, becauſe they are upon the ſame baſe BE, and between the 


OP. * . BC, EF al the triangle ABC is the half of the pa- 


5 1 J 6 * + 
3 


LIST 


C 


rallelogram 


3 THE ELEMENTS 9 
Book I. ral! clogram EBCA, becanſe the diameter AB biſects © it; and the 3 I 
WHOA triangle DB is the half of the parallelogram DBCF, becauſe the 


c. 34 1. diameter DC biſects it. but the halves of equal things are equal 9; Z b 
4.9. Ax therefore the triangle ABC 1s equal to the triangle e. Where 


fore triangles, &c. No D. = 
po | > "tt 
PROP. xXXVIn. THEOR, Ip 

RIAN. ES upon equal baſes; and between the ſame : g 

| Tat 

parallels, are equal to one another. 15 


Let the triangles ABC, DEF be upon equal baſes BC, EF, and 
between the ſame parallels BF, AD. the triangle ABC is equal to 
the triangle DEF. | 1 

Produce AD both ways to the points G, H, and this? B draw BG | 


#. 31. 1. parallel to 56 A, and thro' F draw FH par allel to ED. then each of = 
the figures GBCA, au 1 a 
: DEFH is a parallelo- G — A 3 D _ | H : 
JJC | | 13 
b. 36. 1. equal d to one ano- T 
| Os becauſe they 'F 


re upon equal baſes 


BC, EF and between 4 - = = 5 t 

___ theſameparallelsBF, B GC: E F 5 

e. 34. 1. Gil; and the triangle ABC is the half of the parallelogram GBJ 
bw nite the diameter AB bife&s it; and the triangle DEF 1s the 


5 05 half e of the parallelogram DEFH, ets the diameter DF biſects 
C. 7. Ax. it. but the halves Of equal things are equal d; therefore the tri- 11 
angle ABC is equal to the tr angle DEF. W herefore triangles, XC," - 
QED, 40 
PROP. XXV IX. 'THEOR, 1 


EWA. triangles upon the ſame baſe, and upon the y 1 
tame ſidę of it, are between the lame parallels. : 


Let the equal triangles ABC, DBC be upon tho fame baſe BC, 5 

and upon the ſame ſide of it; they are between the ſame parallels. 

| | | Join AD; AD is par alle to BC; for if it is not, thro? the point | 
"8.37.75, A draw * AE Pare el to BC, and join EC. ths triangle ABC is 
8 equi! 


OF EVCLAID: 36 


the 1 Laval b to the triangle EBC, becauſe it is upon the ſame baſe Be, Book: I, 
the and between the ſame parallels BC, AE. = = N 
burt the triangle ABC is equal to the tri- 
ere 1 angle BDC; therefore alſo the triangle 
5 BDO 13 equal to the triangle EBC 
the greater to the leſs, which is im- 
5 poſſible, therefore AE is not paralle] SN 5 
to BC. in the ſame manner it can be 3 © SG 


My demonſtrated that no other line but AD is parallel to BC; AD 
© is therefore parallel to it, Wherefore equal triangles upon, c. 

and * 

U to 


PROP. XL. THEOR. 
B56 EQ AL. triangles 1 upon equal baſes: and towards the 


fame parts, are berween the lame parallels, 


Leet the equal las nales AE 0, DEF be upon equa b bales BC; EF; ; 
and towards the ſame parts; 
they are between the tame 
- parallels, 
Join AD; AD 18 pe 
„to BC. for if it is not, /thro' - 
A draw AG parallel to BF, 
e and join GF. the triangle B 5 


s the Az is equalb to the triangle | 

fects Ek, becauſe they are upon equal baſes BC, EF, and between the RF 
- Ut lame a e BF, AG. but the triangle ABC is equal to the tri- 
XC angle DEF; therefore alſo the triangle EF is equal to the tr i 


EF, the greater to the leſs, which is impoſſible. therefore AG is 
not parallel to BF. and in the fame manner it can be monſirite x. 

that there is no other parallel to it but AD, AD is therelore para JUS: 
to BF. Wherefore equal triangles, Ve. — . P. 


the 

R OP. XII. ; TH E © R. 
BC, + | TF a  paralle clogram and triangle be upon the fame baſe; 
lelss. and between the ſame parallels; che parallclogram mall 


point de double of the triangle. - . 


36 


Book * 


4. 37. 1. 


p. 34. 1. 


„ . $1» 1: 


equal * to the triangle EBC, becauſe \ A | 
they are upon the ſame baſe BC, and & „ E 


2. parallel to EC, and thro' C draw © 


cauſe BE is equal to EC, the tri- 

. angle ABE is likewiſe equal 4 to 
i the triangle AEC, ſince they are 
upon equal baſes BE, EC and be- 
tween the ſame parallels BC, AG; 
therefore the triangle ABC is don- 
ble of the triangle AEC. 


between the ſame parallels, 


2 ELEMENTS 


WS fame baſe BC, and between the ſame parallels BC, AE ; the paral- 
jelogram ABCD is double r A 
angle EBC. A — D Ly 

pein AC; then the triangle ABC HE / | 


between the ſame parallels BC, AE.  \ #/#NR \þ 
but the parallelogram ABCD is double Þ F FE: 
of the triangle ABC, becauſe the dia- 8 


meter AC divides it into two equal B 1 C 


parts; wherefore ABCD is alſo double of the triangle EBC. there 
fore if a par alleloy gram, &c. QE. D. 
A 


PRO P. XLII. PROB, 


-” To. deſcribe a parallelogram that ſhall be equal to a 


given triangle, and have one of its able equal to a 


- give en rectilineal angle. 


8 Cs given triangle, and D the given rectilincal angle, 
It is required to deſcribe a parallelogram that ſhall be equal to the 
given triangle ABC, and have one of its angles equal to D. 

Biſect a BC in E, join AE, and at the point E in the ſtraig[1 


. line EC make b the angle CEF equal to D; and thro' A draw © AC 


AF_G 


CG parallel to EF. therefore 
FECG is a parallelogram. and be- 


8 + * 


Let the parallelogram ABCD and the triangle EBC be ook the 


and the parallelogram FECG is likewiſe | 7 


double © of the triangle AEC, becauſe it is upon the ſame baſe, and | 3 


. therefore the parallelogram FECG is ; 


equal to the triangle ABC, and it has one of its angles CEF equa! = HF 


to che given n angle D. — there has been deſcribed a paralle- 1 
a Jogram By 


5 OF EUCLID 37 


the © logram FECG equal to a given triargle ABC, having one of its an- Book l. 
al- elles CEF equal to the given WO 12 D. Which was to be done, W 
- 
1 PROP. XLII. THE OR. 
"HE complements of the parallelograms which are 
about the diameter of 8 parallelogram, are equal 
to one another. 
Let ABCD be a parallelogram, of 2 the diameter 18 AC, 
5 and EH, FG the parallelo- H v 
re. grams about AC, that is, thro* * —— . 
which AC paſſes, and BK, KD Je | 7 * | 
1 the other parallelograms Which E „ | F 
make up the whole figure . 
ABCD, which are therefore 
52 called the complements; the {| 3 
| complement BK is equal to 8 8 . 
the complement KD, _ B 6 A C 
© Becauſe ABCD is a rparallelogram, and AC its diameter, the tri- 
gle. angle ABC is equal a to the triangle ADC. and becauſe EKHA is a 2 3 x; 
the parallelogram, the diameter of which is AK, the triangle AEK is 
cual to the triangle AHK. by the fame reaſon, the triangle KC 
git is equal to the triangle KFC. then becauſe the 8 AEK is 
A 5 equal to the triangle AHK, and the triangle KGC to KFC; the tri- 
angle AEK together with the triangle KGC is equal to the triangle 
AHK together with the triangle KFC. but the whole triangle ABC 18 
equal to the whole ADC; therefore the remaining complement BE 
is equal to the remaining complement KD. Whberefore the comple» 
— ments, Cc. RE, D. 
PROP. XIV. PROB. 
50 a given ſtraight line to apply a parallelogram , 
mT which ſhall be equal to a given triangle, and have 
and one of | its angles equal to a given rectilincal angle. 
18 Let AB be the given ſtraight line, and C the giv en tr iangle, an 
qual D. ſthe given rectilineal angle. It is required to apply to the ſtr aight 
alle i line AB a Parallelogram equal t. to the tr angle C, and har! ing an an le A 
ram 225 to PD. 


0 3 5 Make 5 


* THE ELEMENTS 
Bock I. Make * the 


0 OW parallelogram 5 . 5 6 
T 12.2. BEFGequal to =" y i 
5 the triangle C [= | © 
and having the 3 M 11 

angle EBG e- ET © 

qual to the an- NI Fon > 

ge D, fo that — mm — 11 

BE be in the 5 N A 3 F 

Jane ſtraight line with AB, and produce FG to H; and thro? 4 2 £ 

p. 33. r. draw Þ AH parallel to BG or EF, and join HB. then becauſe the g 
ſtraight line HF falls upon the parallels AH, EF, the angles AHF, . 

c. 39.2. IEE arc together equal © to two right ric ; wherefore the angles 7 
BIF, HFE are leſſer than two right angles. but ſtraight lines Which! | 

With an Other straight line make the Int ior angles upon the fame * 

d. 13, Ax. ſide leſs than two right angles, do meet“ if 2 od ced far enough. 5 
| ther efore HB, EE fall meet, if produced; let them meet in K, a nd . | 
thro K draw KL parallel to EA or FH, nd produce HA, GB to | 


the points L, M. then HLK F is a paralicloorom, of which the dia 
meter is HK, and AG, ME are the parailcloprams about HK; and * 
43. 1. LB, BF are the complements; therefore LB is equal © to BF. but 3 
BF is equal to the triangle C; wherefore LB is equal to the triangle 
C. and becauſe the angle GBE is equal f to the angle ABM, and 
likewiſe to the angle D; the angle ABM is cqual to the angle U. 
therefore the parallelogram LB is applied to the ſtraight line AB, 
equal to rhe triangle C, and has the angle AB 3M equal to the an de b. D. 
Which was to be 5 


* 


— 


47k 
$1441 
— 1 


PROP. XLV. PROB. 


0 deſeribe a rat logram equal to a given reQili- 


neal figure, and having an dangle equal to a 25 E 
rect liner angle. 


92 ABCD be the given  recilineal fo gure, * -nd E the given i recti- oY 
* angle. It is required to de! ſcribe a parallelogra m equal to 
ABCD and having an angle equal to E. 

Join DB, and elch ibe a the 8 FH equal to the triangle F 
ADB, and having the angle HEF equal to the angle E; and to the 

b. 44. 1. ſtraig at Inc on =pply b the parallclogram GO equal to the triangle 
N DLC 


A. 42. 1. 


IH. but FKH, 
EKHG are equal 
to two right an- 
; gles; 
alſo KHG, GHM 
are equal to two B 
2 right angles, 
the two ſtraight lines KH, HM upon the oppoſite fides of it make 
the adjacent angles equal to two right angles, KH is in the ſame 
5 and becauſe the ſtr aight line 11G meets 
dhe parallels KM, FG, the alternate angles MHG, HGF are equal ©; 
add to each of theſe the angle HGL ; 
IC are equal to the angles HGF, HGL. but the angles MHC, 
IL are equal © to two right angles; 
F, HG L are equal to two right angles: and FG is therefore in 
and becauſe KF is parallel to HG, 
and KM, FL are paral- 


4 ſtraight 4 line with HM. 


the ſame ftraight line with GL. 
and HG to ML; KF is parallel © to ML. 
lels; wherefore KFLM is a parallelogram. and becauſe the trina nole 
| ABD is equal to the parallelogram HF, and the triangle DEC to 
the parallelogram GM; the whole rectilineal figure ABCD is equal 
to the whole parallelogram KFLM. 
 KFLM has been deſcribed equal to the given rectilinea al figure 
Aged, having the angle FRM equal to the g en angle E. Which 
Was to be done. 


OF EUCLID, 


7 DBC having the angle GHM equal to the angle E. and becauſe the Book 1. 
angle E is equal to each of the angles FK H, GHM, the angle FEH A= 
is equal to GHM; add to each of theſe the angle KHG ; therefore 
the angles FKH, , 1 

E are equal to A —— D 


F. GI, 


the angles KHG, 


therefore 


0 R H M 


and becauſe at the point H in the ſtraight line GH, 


therefore the angles MHG, 


therefore the parallelogram 


Cor. From this it is s manifeſt 3 to s A giren ftraioht 11 ae to ap- 


ly a parallelogram, which ſhall have an angle equal to a given recti- 

Uneal angle, and ſhall be equal to a given reftilineal figure, viz. ub 
I applying b to the given ſtraight Hoe: a parallelogram equal to th 
frſt triangle ABD, and having an angle equal to the given angle. 


PROP, 


"TI 


Wherefore allo "the angles 


IV 


C. 29. I, 


d. 14. 1. 


e. 30, 1. 


„ IS ee. Io 


e. 29. 1. 


Araight line AD meeting the parallels 
AB, DE, the angles BAD, ADE are e- 


a right angle, therefore alſo ADE is a 


THE oy 


PROP. XLVI. ROB. 
L T 0 deſcribe a ſquare \ upon a given ſtraight line. 


"Let AB be the given fraight line ;. It is 8 8 to deſeribe 4 
ſquare upon AB. 

From the point A draw * AC at right angles to AB; and make 
b AD equal to AB, and thro' the point D draw DE parallel W 


and thro' B draw BE parallel to AD. therefore AEB is a paralle- 
logram; whence AB is equal d to DE, and AD to BE. but BA is 


equal to AD ; therefore the four Cl 
Kraight lines BA, AD, DE, EB are e- Þ 
qual to one another, and the parallelo- _ } 
gram ADEB 1s equisateral. likewiſe all D — — E 
its angles are right angles; becauſe te 55 


qual © to two right angles; but BAD is 


right angle. but the oppoſite angles of A — — 


een e are equal d; therefore each of the 6b e angles - 
ABE, BEDis a right angle; wherolore the figure ADEB is rectangu- 
lar. and it has been demonſtrated that it is equilateral ; it is therefore 


a ſquare, and it is deſcribed upon the given ſtraight line AB, Which | 


was to be done. | 
Con. Hence every parallelogram that has one right angle has all 
its angles right angles. 


Rr. XLVIL. -THEOR. 


Þ* any right angled triangle, the ſquare which 1s de- 


ſcribed upon the fide ſubtending the right angle, is 


equal to the ſquares deſcrived upon the ſides which con- 
tain the right e angle. x; 


Let ABC be a right angled 3 having the db gk BAC; 


the ſquare deſcribed upon the ſide BC, is equal to the {quares de- 
ſcribed upon BA, AC. 


rn 


On BC deſcribe * the ſquare BDEC, and on 1 BA, , AC the ſquares 
GB, 


., 
ile. 


= the point A the adjacent angles 
* equal to two right angles 


Y ſtraight line 4 with AG. for 


OF EUCLID. 


Cs, HC; and thro' A draw d AL parallel to BD or ck. and join Bock I. 

| 3 AD, FC. then becauſe each of the angles BAC, BAG is a | right * 

angle, the two ſtraight lines | 
AC, AG upon the oppoſite _C . 8 ver 


ſides of AB, make with it at 5 H 


therefore C A is in the ſame 


the ſame reaſon, AB and AH 
are in the fame ſtraight line. 
and becauſe the angle DBC is 
equal to the angle FBA, each 
of them being a right angle, 
add to each the angle ABC, 47 
and the OR angle DBA 1s 

equal © to the - whole FBC. and becauſe the two fades AB, BD a 
equal to 1 two FB, BC, each to each, and the angle DBA . 


do the angle FBC; therefore the baſe AD is equal f to the baſe FC, 
and the triangle ABD to the triangle FBC. now the parallelogram 


BL is double s of the triangle ABD, becauſe they are upon the fame | 


baſe BD, and between the ſame parallels BD, AL; and the ſquare 


x 


41 


b. 31 


d. 14. 1. 


CL 2. Ax. 


1 4. . 


GB is double of the triangle FBC, becauſe theſe 110 are upon the 


fame baſe FB, and between the ſame parallels FB, GC. but the 
doubles of equals are equal h to one another. therefore the paralle- 
logram BL is equal to the ſquare GB. and in the ſame manner, by 
joining AE, BE, it is demonſtrated that the parallelogram CL is 


h. 6. Ax. 


equal to the ſquare HC. Therefore the whole ſquare BDEC is equal 
to the two ſquares GB, HC. and the ſquare BDEC is deſcribed | 
upon the ſtraight line BC, and the {: quares GB, HC upon BA, AC. 
Wherefore the {quare upon the fide BC is equal to the ſquares upon 


the ſides BA, AC. Therefore | in iy: right mn. N Kc. 


Q E. p. 


PROP. XLVIIL. 'THEOR. 


Ir the 3 deſcribed upon one of the ſides of a tri- 
angle, be equal to the ſquares deſcribed upon the o- 
ther two ſides of it; the angle contained by theſe two 
ſides is a right angle. © 285 


4. TH? ELEMENTS 
Book I, Tf the ſquare deſcribed upon BC one of he ſides of the triangle Th 
Ac be equal to the {quares upon the other ſides BA, AC; the L 
angle BAC eis a right angle. 5 
. 11. 1. From the point A draw * AD at right angles to AC, and make 
AD equal to BA, and join DC. then becauſe DAi is | equal to AB, 
the ſquare of DA is equal to the ſquare D 
of AB; to each of theſe add the ſquare of me 
AC, therefore the ſquares of DA, AC are 
equal to the ſquares of BA, AC. but the 5 
b. 47.1. ſquare of DC is equal® to the ſquares of DA, Hh 
AC, becauſe DAC is a right angle; and the 
{quare of BC, by Hypotheſis, is equal to the 
| ſquares of BA, AC; therefore the ſquare of 
DC is equal to the ſquare of BC; and there- B . * = 
fore alſo the ſide DC is equal to the fide BC. and becauſe the fide : 
DA is equal to AB, and AC common to the two triangles DAC, 
| BAC, the two DA, AC are equal to the two BA, AC; and the 
baſe DC is equal to the baſe BC; therefore the angle DAC is e- 
, 8. 1. 


BA is a right angle. Therefore if the ſquare, &c. Q. E. D. 


qual © to the angle BAC. but DAC is a right angle, therefore alſo 
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| 3 5 mon. Thus the parallelo- 
gram HG together with 
the complements AF, FC 


5 R n 
7 CAA 
* » 


OFF EUCLID, 


THE 
E LEFEMENTS 
5 : 
og t, my” 
* BOOK It 


D EFINITIONS. 
* 


angles. . 
0 1 


* every belegen, any of che parallelograms about : a diameter, 


together with the two com- 


plements, 18 called a Gno- A 2 8 


is the gnomon, which is 


| 
* more briefly expreſſed by 2 „%% gs K 
C 


I; * the letters AGK, or EHC B 5 G 25 — 1 8 Cr 


which are at the oppoſite | 
— of the e paraliclog rams which make the gnomn,” 


PROP. 4, THEOR. 


= F there be two ſtraight lines, one of which is divided 

1 into any number of parts; the rectangle contained by 
dhe two ſtraight lines, is equal to the rectangles contained 
by the undivided line, and the ſeyeral parts of the divided 
„ 


1225 
22 

by 

ho photons 
. 
2 8 4 

SI 

* 0 


Bock II. 


VERY Hoke angled parallelogram 1s ſaid to be contained by 
any two of the {tr aight Ines hien contain one of the right 


/ 


42 


Book I. 9 
— ABC be equal to the ſquares upon the other ſides BA, AC; the M0 
angle BAC is a right angle. 4 : 

From the point A draw * AD at right angles te to AC, and make A 7 


A. 11. 1. 


b. 47. I, 


the ſquare of DA is equal to the ſquare D 
of AB; to each of theſe add the ſquare of 


cqual to the ſquares of BA, AC. but the 
ſquare of DC is equal® to the ſquares of DA, 


De is equal to the ſquare of BC; and there- B = 


DA is equal to AB, and AC common to the two triangles DAC, | 
BAC, the two DA, AC are equal to the two BA, AC; and the 


qual © to the angle BAC. but DAC is a right angle, therefore alſo 
BAC is a right angle. Therefore if the ſquare, &c. Q. E. D. 


= 
= 
= 
_— 
_ 
Rr 
8 =. 
_ 


If the ſquare defcribed upon BC one of che ſides of the triangle 


AD equal to BA, and join DC. then becanſe DA is equal o AB, 
AC, therefore the ſquares of DA, AC are 


AC, becauſe DAC is 2 right angle; and the 
ſquare of BC, by Hypotheſis, is equal to the 
ſquares of BA, AC; therefore the ſquare of 


fore alſo the fide DC is equal to the fide BC. and becauſe the ſide 


baſe DC is equal to the baſe BC; therefore the angle DAC is e- 


I. 


Tur il 


«DS 0 oy 1 | 


Une. 
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THE 


E 15 E M E. N 7 ” 


or 


TR r ⏑ 


BOOK I. 


DEFINITIONS. 


3 ERV right angled parallelogram is ſaid to be contained by 


any two of the Rraight,: lines which contain one of the right 
angles. 8 
* 

m every parallelogram, any of the parallelograms about a diameter, 


4 together with the two com- 85 
: ; plements, is called a Gno- * © GS 5 


mon. Thus the parallelo- 
*gram HG together with 


is the gnomon, which is ET | F b 3 K 
C 


'* more briefly epreſſed bö 7j! ih 
2 the letters AGK, or EHC RB 6 TN one 
which are at the oppoſite 


7 : 5 angles of the eee which make the gnomon.” 


PROP. 1. THEOR. 


F there be two ſtraight lines, one of which i is divided | 
into any number of parts; the rectangle contained by. 


© the two ſtraight lines, is equal to the rectangles contained 


= the undivided line, and the leveral Parts of the divided 


Let 


44 
Book IT. 


THE ELEMENTS 


Let A and BC be two ſtraight lines; and let BC be divided into 1 


es any parts in the points D, E; the rectangle contained by the {traight 


to that contained by A, DE; and 
alſo to that contained by A, EC. 


right angles to BC, and make B86 — Ln dn 
equal b to A; and thro' G draw © {| R 1. | HM 


lines A, BC is equal to the rect- 
angle contained by A, BD; and B TORT RE NI D z C 


From the point B draw * BF at EL 5 J 


H parallel to BC; and thro' D, Fl IG N 
E, C draw © DK, EL, CH paral- 


lel to BG. then the rectangle BH is equal to the rectangles BK, 


DL, EH; and BH js contained by A, BC, for it is contained bj 
GB, BC, and GB is equal to A; and BK is contained by A, BD, 
for it is contained by GB, BD, of which GB is equal to A; and : 
. DL is contained by A, DE; becauſe DR, that is d BG, is equal to 
| A; and in like manner the rectangle E H is contained by A, EC. 
therefore the rectangle contained by A, BC is equal to the ſeveral 1 
rectangles contained by 1 A, BD, and by A, DE, and alſo by A, EC, 5 


Y Wherefore if there be two fir aight lines, dec. QE. D. 


| a. 46. 1, 
v. 31. 1. 


N of AB. 


PROP, H. IH 3 


F a ſtraight line be divided into any two parts, the 


rectangles contained by the whole and each of the 


parts, are together equal to the ſquare of the whole line. 


| Let the ſtraight line AB be divided into A | Cc p 1 
any two parts in the point C; the rectangle -! - t: 
contained by AB, BC together with the 


rectangle * AB, AC ſhall be equalf to 9 4 


Upon AB 1 : the fanare ADEB, 7 
and thro' C draw > CF parallel to AD or BE, | | 
then AE is equal to the rectangles AF, CE; 


* N. B. To avoid repeating the wad Contained too — Fg N 3 


: contained by two * lines AB, AC: is ſomctimes * called the rectangle [td 
a AC. | | | 


1  reftang EV: 


and AE is the ſquare of AB; and AF is the D I E 


aight 


| 


and 


8 : *thro' A draw > AF parallel to CD or as ob 
7 BE. then the rectangle AE is equal too 5 
che rectangles AD, CE; and AE is 
1 the rectangle contained by AB, BC, | | wo = > 
for it is contained by AB, BE, of which | N 
; BE | is equal to BC ; and AD is con- So EO 3 
tained by AC, CB, be CD is equal to F. 55 . E ö 
e B; and DB is the ſquare of BC. 2 = 
therefore the rectangle AB, BC is equal to the rains gle AC, CB 
together with the {quare of BC. If therefore a fraight line, &c. 


. 4 
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into 2 | ectangle contained by BA AC; for it is contained by DA, AC, of Book II. 


Which AD is equal to AB; and CE ; is contained by AB, BC, for BE NJ 


0 x | equal to AB. therefore the rectangle contained by AB, AC toge- 


ther with the rectangle AB, BC, is op to the ſquare of AB. If, 
| — a ſtraight Wn, + &c. * D. 15 


PROP. U. THEOR. 


I a ſiratght line be divided into any two parts, the 


rectangle contained by the whole and one of the parts, 


is equal to the rectangle contained by the two parts, toge- 
; ther with the — of the torefaid pare. 


Let the ſtraight line AB be divided into any two parts in the 


Upon BC deſcribe * the ſquare 


*CDEB, and produce ED to F, and A 0 —— 3 ö 


PROP. Tv. 'THEOR, 


Ir a Ktaight line be . into any two parts, the : 


ö : point C; the rectangle AB, BC is equal to the W AC, CB _ 


1al to together with the ſquare of BC. 


ſquare of the whole line is equal to the ſquares of the 


Let the Rraight line AB be divided 3 into any two par ts in C; the 


* | que of AB is equal to the ſquares of AC; CB and to twice the 
e contained by AC, CB. 


Upon 


| } two parts, together with twice the rectangle contained by 5 
ce parts... 5 5 


46 THE ELEMENTS I, 
Bock II. Upon AB deſcribe * the ſquare ADEB, and join BD, and thry 
KW) C draw o CGF parallel to AD or BE, and thro'G draw HK paralle; 

2. 46, 1. to AB or DE. and becauſe CF is parallel to AD, and H) falls upon * 

b. 31. 1. them, the exterior angle BGC is equal © to the interior and oppo. © 
| 3 Fd 55 ſite angle ADB; but ADB is equal d to the angle ABD, becauſe 
ha is equal to AD, being ſides of a ſquare; wherefore the angle 0 
Cg is equal to the angle GBC, and J*ö;—⁵⁰ð¹àb'!. | 1 
e. 6. 1. therefore the ſide BC is equal © to the — | 


£.34. 1. ſide CG. but CB is equal alſo f to GK, | e A 

and CG to BK; wherefore the figure H Sling G HK 4 
CGKB is equilateral. it is likewiſe 1 | 50 
rectangular; for CG is parallel to BE, | - - - 
and CB meets them, the angles Kc l {| of 

GCB are therefore equal to two right . | 4 


angles; and KBC is a right angle, D F FEE b] 
Wherefore GCB is a right angle; and therefore alſo the angles * 7 

CC, GKB oppoſite to theſe are right angles, and CGKB is rectan- be 

_ gular, but it is alſo equilateral, as was demonſtrated ; wherefore i: ea 

is a ſquare, and it is upon the ſide CB. for the ſame 8 HF alſo t 

is a ſquare, and i it is upon the ſide HG which is equal to AC. there _ eq 

fore HF, CK are the ſquares of AC, CB. and becauſe the comple. be 

. 43. 1. ment AG is equal 5 to the complement GE, and that AG is the : be 
rrectangle contained by AC, CB, for GC is equal to CB; therefore th 
GE is alſo equal to the rectangle AC, CB; wherefore AG, GE are #0 
equal to twice the rectangle AC, CB. and HF, CK are the ſquares © 
of AC, CB; wherefore the four figures HF, CK, AG, GE are £9 
equal to the {quares of AC, CB and to twice the rectangle AC, CB. D 
but HF, CK, AG, GE make up the whole figure ADEB which is r 
the ſquare of AB. therefore the ſquare of AB is equal to the ſquare 4 
of AC, CB and twice the e AC, CB. Wherefore if a ſtraignt 19 
line, K. E 0 
Cox. From the demonſtration it is > ranifel}; that the parallelo- | 85 
do grams about the diameter of a ſquare are likewiſe ſquares. Z 


| : 
E 


oles ©. 


ct an 


ore it 
0 allo. 
here- 


mple. 


8 the 


refort 
E are 


Juares 


E are 
„CB. 
| oon CMG; 


ich 15 
Juares 


raigni | 


allelo- ; | 
© ®the ſquare of CB. 


Ira ſtraight line be divided into two equal parts, and 


1 b DHG parallel to CE or BF; 
"CB or EF; and alſo thro' A drow AK parallel to CL or BM. 
"becauſe the complement CH 18 equal © to the complement HP, to c. 25.2 
each of theſe add DM, 
therefore the whole CM is 
equal to the whole DF; 


5 becauſe AC is equal to C; 
| "therefore allo AL is equal 
to DF, to each of theſe add 
CH, and the whole AH is 
3 equal to DF and CH, 


OF EUCLID. _ 47 
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PROP. v. THE OR. — 


alſo into two unequal parts; the rectangle contained 


by the unequal parts, together with the ſquare of the line 
between the points of ſection, is | equal to the ſquare of 
5 = the line. ; 


; Let the ftraight line AB be divided into two a parts in the 
point C, and into two unequal parts at the point D; 


4 AD, DB together with the 1 bi of CD, is equal to the ſquare 
Df CB. 


the rectangle 


VU pon CB deſcribe * the ſquare CEFB, join BE, and thro? D draw a. 46. 1. 
and thro' H draw KLM parallel to b. 31. 1. 
8 


DB 
III M d. 36 3. 


— 


but CM is equal d to Fx 


—_ 


E G F 
but AH is the rectangle contained by AD, 
DB, for DH is equal © to DB; and DF together with CH is the e. Cor. 4. 2. 

therefore the gnomon CMG is equal to the rectan- 
to each of theſe add LG, which is equal © to the 
f I quare ky CD, N the gnomon CMG together with LG is equal 


bk to the rectangle AD, DB together with the ſquare of CD. but the 


gnomon CMG and LG make u p the whole figure CEFB, which is 
therefore the rectangle AD, DB together with 
the ſquare of CD is equal to the ſquare of CB, Whe refore Fi 


| [2 3 Nraight line, XC, b D. 
R O?, | 


PROP. 
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: PROP, VI. THE OR. 


wales | a ſtraight line be biſected, and produced to any point; 2M 

the rectangle contained by the whole line thus produ- ; 
ced, and the part of it produced, together with the ſquare a0 
of half of the line biſected, is 8 to the ſquare of the 
ſtraight line which is made up of the half and che Part 0 
produced. * 


Let the iraight line AB be piſected in C, and wk to the ge 
point D; the rectangle AD, DB together with the N of CB, | ol 
is equal to the ſquare of CD. 1 

2. 46. 1. Upon CD deſcribe * the ſquare CEFD, join DE, and theo B | to 
b. 31. 1. draw b BHG parallel to CE or DF, and thro' H draw KLM parallel“ to 
800 40 or EF, and alſo thro' A draw AK parallel to CL or DM. and | tec 
c. 36. 1. becauſe AC is equal to CB, the rectangle AL is equal © to CH; but | es 


d. 43. 1. CH is equal d to HF; there 4 es 

fore alſo Al. is cquat to HF. A. — C —— =, f Tt! 

to each of theſe add CM, | | 7 e N 25 $5 =: 

therefore the whole AM ise- | Lo 4—== -M 2 

qual to the gnomon CMG. K 5 „„ 

and AMis the rectangle con- OS CE - 

tained by AD, DB, for DM is 4 Oo | 3A 

+. Cor. a. equal © to DB. therefore the CT CW 

gnomon CMG is equal to 1 E. L F. 


the rectangle AD, DB. add to each of theſe EG, which is equal 0 N 
the 8 CB; therefore the rectangle AD, DB together with þ 
the ſquare of CB is equal to the gnomon CMG and the figure LG. 
but the gnomon CMG and LG make up the whole figure CEFD, þ 
which is the ſquare of CD; therefore the rectangle AD, DB toge- Þ P 

ther with the ſquare of CB, is _ to the ſquare of CD. Where BY 

tore if a firaight line, &c. QE. D. = „ 


PROP. VIL OR. | 
2: I. a he line be divided into any two parts, t the © 
ſquares of the whole line, and of one of the parts are 
equal to twice the rectangle contained by the whole and 
that part, rogether with the ſquare of the other part. 


Let the ſtraight line AB be divided into > any two ok in 1 | 0 


1 3 Foint C; the f. quares of AB, B C are equal to twice «the rectangle Bool. II. 
f | AB, BC together with the ſquare of AC. . 


c equal to the ſquare of AC; therefore the gnomon AKF together with 
the {quares CK, HF is equal to twice the rectangle AB, BC and the 
- -{quare of AC. but the gnomon AKF together with the ſquares CK, 9 
Hf make up the whole figure ADEB and CK, which are the = 
* ſquares of AB and BC. therefore the ſquares of AB and BC are | 
equal to twice the rectangle AB, BC together with the ſquare of 
” 0 * AC Wherefore if a ene line, &c, 8 D. . 


| one of the parts, together with the ſquare of the other 
| part, is equal to the ſquare of the ſtrai, ght line Which! is 
made up of the whole and that par . 


W point C; four times the rectangle AB, BC, t together with the Juare 


ö ; of AC, is equal to the {quare of the ſtraight line mage up of AB and 
| + BC together, 
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Upon AB deſcribe * the ſquare ADEB, and conſtruct the figure a. 46. 1. ; 


8 es! in the preceeding Propoſitions. and becauſe AG is equal b to GE, b. 43. 1. 
add to each of them CK, the whole AK is ther efore equal to the 

i whole CE; therefore AK, CE are 
1 double of AK. but AK, CE are the ,_ > nn „ | j 
1 : gnomon AKF together with the ſquare A. ID EG C — B | N 
xk; therefore the gnomon AKF to- —.— FL 
T gether with the ſquare CK is double H = 
of AK, but twice the rectangle AB, 
C is double of AK, for BK is equal © 
to BC. therefore the gnomon AKF | 
together with the ſquare CK is equal 


CY 


K | 


c. Cor. 4. 217 


to twice the rectangle AB, BC. to D I "E 
each of theſe equals add HF, which is 5 


PROP. vi. THE OR. 


Ir. a ſtraiglit line be dirided into any two barts, four 
times the rectangle contained by the whole line, and 


Let the ſtralght Jos AB be divided | into any two parts ia the 


Produce AB to D 4 that BD be equal to CB, 200 upon AD de- 


| ſcribe the ſquare AEFD; and conſtruct two ſigures ſuch as in by = 
S preceeding, Becauſe CB is equal to BD, and that CB is equal“ to = Le 
3 | GK, and BD to KN; chercko ic GR 18 equ BY 0 KN. for 1116 55 


tr 


D . re. ſon 


$9 


Book it, 
b. 36. I. 
E, 43. 1. 


: i 
1 , 
n 


1 ectangles BN, CK, GR, RN, are therefore equal to one another, 


H. Cor. 4.4 


CG is equal to GP. and becauſe M | 5 G K IN 


"8: . 


EKR, that is to CG; and CB equal N c B : 


F H E ELEMENTS 


reaſon PR is equal to RO, and becauſe CB is equal to BD, and s 
(K to KN, the rectangle CK is equal b to BN, and GR to RN. but 
CK is equal © to RN, becauſe they are the complements of the pa. 


rallelogram CO; therefore alſo BN is equal to GR. and the four 


and * are quadruple of one of them CE. again, becauſe CB 1s equi 
to BD, and that BD is equal 9 to 


to GK, that a is to GP; therefore R 


_ is eq 65 to GP, and PR to Ro, = = | 
e recta! e AG 1 is equal to MP, X. P R 0, 


11 PL to „ Rr but MP 15 equal? 


to PL, becauſe they are the con | 
plements of the parallelelogram E | 1] 
ML; wherefore AG alſo is equal F Tr: 5 © L F 


to RF, therefore the four rectan- 


gles AG, MP, PL, RF are equal 


to one another, and fo are quadruple of one of them AG. Andi i 


was demonſtrated that the four CK, BN, GR, RN are quadruple of ot | 
1 therefore the eight rectangles which contain the gnomon ACH, 
are quadruple of AK, and becauſe AK is the rectangle contained by | 


AB, BC, for BK is equal to BC; four times the rectangle AB, BC 


is quadruple of Ak. but the gnomon AOH was demonttrated to be 


quadruple of AK ; therefore four times the rectangle AB, BC 1s 


equal to the gnomon ACH. to each of theſe add XH, which is | 
equal d to the far guare of AC; therefore four times the rectangle | 

\B, BC together with the Guare of AC is equal to the gnomonÞ 
AO Hand the ſquare KH, but the gnomon AOH and XH make upp 
the figure AEFD wi cn is the e of AD. | _ therefore: four-time [1 


th = 5 4 60 
* 


We 11 ne, Wher cjore i. if a Riraight Une, Kc. N D. 


PROP, 


- 8 


e of AD, ae” 5 of AB and BO added rogeher in one! 


- a Nennen 8 
5 OLED 8 7 9 E 5 g 


LESS? 9 


F 


And it 


ple of | 
AOH, F- 
1ed by b | 
B, BCE 
| to be 
BC is 
nich 8Þ 


tangle 
nomon 
ake up 


r times Þ 
jual to, 
in one! 


þ 


2 rn 
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OF EUCLID, 


PROP. IX. THEOR: 


5 Fa ſtraight line be divided into two equal, and alſo 
I into two unequal parts; the ſquares of the two une- 
ual parts, are together double of the 1 of half the 
ſine, and of the ſquare of the line between the points of 

5 * 


et the graight 3 AB be divided at the point C into two cqua al, 


and at D into two unequal parts. the ſquares of AD, DB are to- 
| pether double of the ſquares of AC, CD. 

From the point C draw * CE at right angles to AB, and make it 
| equal to AC or CB, and join EA, EB; th ro D arav/ DF parallel 
to CE, and thro F draw FG parallel to AB; and join AF, then 
becauſe AC is equal to CE, the angle EAC is equal © to the angle 
AEC; and becauſe the angle ACE 1s a right angle, the two others 
. AEC, EAC together make one right angle 4; and they are equal to 
one another; each of them therefore is half of a right angle. fx 
the ſame reaſon each of the angles 
CEB, EBC is half a right an- 
ple; and therefore the whole AEB 
15 a right angle. and becauſe the 
angle GEF is half a right an- 
gle, and EGF a right angle, for it 
3s equal? to the interior and oppo- 
Nite angle ECB, the remaining an- Re . 
gle EFG is half a right angle; therefore the angle GEF is equal 
to the angle EFG, and the fide EG equal f to the fide GF. again, 
becauſe the angle at B is half a right angle, and FDB a fi ight an- 


gle, for it is equal © to the interior and oppoſite angle! ECB, the re- 


ma ning ano! le BFD 15 half a right angle; the efore the angle at 


| Bis equal to the angle BFD, and the {ide DP to* the fide DB, and 


— — 3 


1 2 * th 412 — $ W. eng 102+ ”% 'S E 4 Ye « „ TREATY 
PLOW ilw ak, S: 44 149 wb Twi 01 1 12 N 4 1 


* 


E (9 are double of the { LG UTE wh 4 wn Due 10 Gare: Ot E F. is e- 


1 9 2” aua! 
— my | 9 


[$i 


Book II. 


d. 32 11 


becauſe AC is equal to CE, the ſquare of AC is-equal to the-fonare | 
| Ot CE; thereto! the ſquares of Ac CE are double of the ſduare of 

Ac. bat the ſquare of EA is equal 5 to the ſynares of AC, CF, he-. 
as ACE is a right an | 
el the ſquare of AQ. again, becauleo EC is equal to GF, the ſguar 


0 E81 15 equal to t the e qu; GALT Ci Ce; rt Orea uares of | A the 


I» * 


. = THE ELEMENTS 


Book II. qual to the ſquares of EG, GF; therefore the ſquare of EF is. 1 
Wa double of the ſquare GF. and GF i 1s equal b h to CD; therefore the L 1 


h. 34. 1. ſquare of EF is double of the 
9 NN of CD. but the ſquare of 
AE is likewiſe double of the ſquare 
of AC; therefore the ſquares of 
AF, EF are double of the ſquares 
of AC; CD. and the lquare dd hodih.NC 
. 47. 1. AF is equal s to the ſquares of CER N29 Þ 
AE, EF becauie AEF is a right A | C | D D; 
an gle; ; therefore the ſquare of AF is double of the Hier of Ac, 
CD. but the ſquares of AD, DF are equal to the ſquare of AF; 
becauſe the angle ADF is a right angle; therefore the ſquares of 
AD, DF are double of the ſquares of AC, CD. and DF is equi. 
to DB; therefore the ſquares of AD, DB are double of the {(quare 
of AC, CD. K therefore a en Une, &C. QE. D | 


PROP. * TRE OR. 


F* 1 fraight ls be biſected, and productd to any p pol, 1 


1 the ſquare of the whole line thus produced, and the, 
9 quare of the part of it produced are together double 0. 


the ſquare of half the line biſected, and of the ſquare Gil 


the line made e up of the half and the Part produced. 


Let that rich t line AB be - biſeQted 3 in C, 5 produced to o 


CD. 


. 1 1 From the point C draw * CE at kh angles to AB, and make! S 
b. 31. 1. equal to AC or CB, and join AE, EB; thro' E draw > EF para“ 
to AB, and thro” D draw DF pate to CE. and becauſe tut 
ſtraight line EF meets the parallels , , the angles CEF, EFF 


Wi oy . are equal e to two right angles; and therefore the angles BEF, EI 
are leſs than two right angles. but ſtraight lines which with ano 
ther ſtraight line make the interior angles upon the ſame fide ki 


4. 12. Ax. than two right angles, do meet d if produced far enough. ther for 8 
FP, FD ſhall meet, if produced, toward BD. let them meet inch 


. and j join AG, then becauſe AC is equal to CE, the angle CEA 
” E g. 1. equal to the 1 885 EAC; and the angle ACE is a right 7 
WELL IN ther clore cach 07 che angles CE. \, EAC! 15 half a right * 


point L D; the ſquares of AD, DB are double ot the a of Ac, E 


48 by. OE 
oy ; 8 
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MW OF EVIL Ip. 
Wie 1 reaſon, each of the angles CEB, EB cn is half a right 1 


L right angle, DBG is alſo f half a right angle, for they are vertical- 


CL y oppoſite; but BDG is a right angle, becauſe it is equal © to the 


: | Pleernate angle DCE ; therefore the remaining angle DGB is half a 


83 


Pool II. 


| | wow therefore AEB is a right angle. and becauſe EBC is half aa. 


f. 15. I. 


C. 29. I. 


I right angle, and is therefore equal to the angle PBG; WwWherefore 


alſo the fide BD is equal s to o the ice DG. again, becauſe EG F is g. 


. 1 half a right angle, and 
* tdtuhat the angle at F is a. 


B : right angle, becauſe it is 
f ac! equal b to the oppoſite 
f ap. angle ECD, the remain- 
0 Ing angle FEG is half A 
os al | A right angle, and equal 
<q to theangle EG F; where- 


* | 3 for e alſo the ſide GF is 


cgqual 's to the ſide FE. And becauſe EC is equal to CA, the ſquare 


9 of EC is equal to the ſquare of CA; therefore the ſquares of EC, 


8 CA are double of the ſquare of CA. but the ſquare of EA is equal i i 
Don, to the ſquares of EC, CA; therefore the ſquare of EA is double of 


d tie, the ſquare of AC. again, beanie GF is equal to FE, the ſquare of : 


JC l, G is equal to the ſquare of FE; and therefore the ſquares of GF, 


FE are double of the ſquare of EF. but the {quare of EG is equal i 
73 to the ſquares of GF, FE; therefore the ſquare of EG is double of 
the ſquare of EF. and BF i is equa] to CD, wherefore the ſquare of 


Ire oi 


Eis double of the ſquare of CD. but it was PIR IRS e, that 


1. 4 % 


p 1 the {quare of EA is double of the ſquare of AC; therefore the ſquares 
one of AE, EG are double of the ſquares of AC, CD. and the ſquare | 

. of AG is equal i to the ſquares of AE, EG; therefore the ſquare 
oped 3 of AG is double of the ſquares of AC, CD. but the ſquares of 
—_— : Ab, DG are equal i to the ſquare of AG; therefore the fines of. 
15 | AD, DG are double of the ſquares of AC, CD. but DG is equal 

Pp. FFD B to DB; therefore the ſquares of AD, DB are double of the ſquares 
ch 3 I! 1 of AC, CD. Mherelore in a ſtraight line, &c. 18 8 D. 
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0 divide a given Kraight line into two par ts, ſo that ® 
the rectangle contained by the whole, and one f 
che parts, mall e to the ſquare of the other part. 


- 5 Won 3 r BY = 
2 uh EIS GOO 0 
7 e e 5 RE 


n 8 8 
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Let AB be the given ſtraight line; it is required to divide i. 
into two parts, ſo that the rectangle contained by the whole, and 
one of the parts, ſhall be equal to the ſquare of the other part. 
4. 48. 1. Upon AB deſcribe * the ſquare ABDC, biſect d AC in E, and 
join BE; ts CA to F, and make © EF equal to EB; and upon 
AF deſcribe * the ſquare FGHA, and produce GH to K. AB is ci. 
vided in H fo, that the rectangle AB, BH 1s equal to the ſquare 
of As, | 
Hhecanuſe the ti aioht 1 line AC is biſccted in u E. and produced 0 
. 12 point F, the rectangle CF, FA, together with the ſquare of | 
d. 6. 2. AL, is equal d to the ſquare of EF. but EE 13 8 EB; therefore . 
the rectan ole CF, F A, together with FE 
the ſquare of AL is ee to the ſquare 
of EB. and the ſouarcs of BA, AF are 


Fad. 7 2 = 
SAI CS TOR 


e. 4. 1. equal © to the bre of EB, becauſe the + ES 
angle EAB is a right angle; therefore 1 H Bü 
the rectangle CF, Fa, together Wing +1 ll 
the ſquare of AE is equal to the ſquares | | 3 
of BA, AE. take WY the ſquare of E ® ; 
AE, which is common to both, there- | 2 +-1 
fore the remaining rectangle CF, FA is | 1 
equal to the Kauer of AB--and che . ni Þ 
gure FK is the rectangle contained by KK K D 


"JE, TA; for AF is equal ro FG; and e Wi 
AD is the ſquare of AB; ee FR is equal to AD. take away 1 
the common part Ak, and the remainder FH is equal to the re-. 
mainder HD, and HD is the rectangle contained by AB, BH, for 
AB is equal to BD; and FH is the ſquare of AH. therefore the 


W 


. rectangle AB, BH is equal to the ſquare of AH. wherefore the“ 
"oh WF -.-:- rang ht line AB is divided in H, fo that the rectangle AB, EII b 
. 4 equal to the ſquare of AH. Which was to be cg | 


PROP. 


that 
le "Y | 


rt. 


ide it 
, and © 


25 281 5 
| Upon | 
| 15 Cl. | 
uare | 


ced to 
are of | 


refore | 8 


Mz OT 


D 


e away Þ 
the re- [ : 
H, for Þ 2 
re the 15 
re the * 
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PROP, xn. THEOR. 


$3 
Book II. 


Ur obtuſe angled triangles, if a perpendicular be drawn. 


from any of the acute angles to the oppoſite fide pro- 
: duced, the ſquare of the ſide ſubtending the obtuſe angle, 
| is greater than the ſquares of the ſides containing the ob- 
| taſe angle, by twice the rectangle contained by the ſide 
upon which when produced the perpendicular falls, and 
the ſtraight line intercepted without the triangle between 


the e and the obtuſe angle. 


Let ABC be an obtuſe ang! ed: triangle, having the obtuſe ge 


: ACB, and from the point A let AD be drawn * perpendicular to 


4 produced. the {quare of AB is greater than the quar es on AC, OB 
by twice the rectangle BC, CD. 


| Becauſe the ſtraight line BD is divided into two parts in the point 
C, the ſquare of BD is equal b to _— 


the ſquares of BC, CD, and twice 
the rectangle BC, CD. 
theſe equals add the ſquare of DA; 
| and the ſquares of BD, DA are 1 
BB to the ſquares of BC, CD, DA, and 
twice the rectangle BC, CD. but 
dhe ſquare of BA is equal e to the 
ſquares of BD, DA, becauſe the B Es .C D 
angle at D is a right angle; nes Ts 5 
a. quare of CA is equal © to the ſquares of < CD, DA; 
2 ſquare of BA is equal to the 3 1uares of. ] BC, CA, ind twice the 
- > reCtangle BC, CD; 
© {quares of BC, Ca, by twice the rec Tangle BC, O. Therefore in 
Obtuſe angled triangles, &c. WE D. 


to each of 


and the. 
ther FI e the 


that 1s, the {quare of BA is greater than the 


23 


A. 14. 1. 


b. 4. 2. 


e. 47. Is 


PROP, 


36 
Book II. 


A. 12. 1. 


the angle B, is leſs than the ſquares of CB, 


parts in the point D, the ſquares of 
. CB, BD are equal & to twice the 
rectangle contained by OB, BD, 
and the ſquare of DC. 


* 


| 17 cauſe the an: gle at D is a right an- | 
d. 16. 1. 


right angle; 
therefore the ſquares of CB, BA are equal to the ſquare of 
AC, and twice the rectangle CB, BD; 
chan the ſquares of CB 


B, ED. 
ſquare of ' BC, and the _ of BY 


THE ELEMENTS 


PROP. XIII. 


Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC one of the ſides containing it let fall the perpen- 
AD from the oppoſite angle. ihe ſquare of AC oppoſite to 


dicular * 


lc $6 1. Is D. 


Firſt, Let AD fall within the triangle ABC; 


ſtraight line C3 is divided into two 


to each of 
theſe equals add the ſquare of AD, 
therefore the ſquares of CB, BD, 


DA we equal to twice the rectan- 
gle CB, BD, and the ſquares „ N 


AD, DC. but the ſquare of AB is 


equal © to the ſquares of BD, DA, becauſe 3 BDA! is 2 
and the ſquare of AC is equal to the ſquares of AD, 


DC. 


alone is leſs 
CB, BD. 


Secondly , Let AD fall with- 35 


out the triangle ABC then be- 


gle, the angle ACB i is greater I than 


a right angle and dheretee tae 
ſquare of AB is equalẽto the ſquares 


of AC, CB and twice the rectangle 
to theſe equals add the 


STE THEOR. 1 
ban PY erery triangle the ſquare of the ſide ſubtending any 
= of the acute angles, is leſs than the ſquares of the 
Hides containing that angle, by twice the rectangle con- 
tained by either of theſe ſides, and the ſtraight line inter- 
cepted between the perpendicular let fall upon it from the 
oppoſite angle, and the acute angle. 


« r . 
3 1 3 
= Re SACS 07 Hs 


—_ @ 


us > 


BA by twice the rectan- 


and becauſe the | 


t 

2 
that is, the ſquare of AC | 
BA by twice the rectangle Þ e 
c 
2 


— 
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| Y AB, BC are equal to the { ſquare of AC, and twice the {quare of 
A 2 and twice the rectangie BC, CD. but becauſe BD is divided 


57 
Bock II. 


c. 47. I, 


See N. 


a. 45. L. 


my into two parts in C, the rectangle DB, BC is equal * to the rectan- £. 3. 2 
the Pole BC, CD and the ſquare of BC. and the doubles of theſe are 
on- 3 equal. thereiore the ſquares of AB, BC are equal to the ſquare of 
ter. AC, and twice the rectangle DB, BC. therefore the ſquare of Ac 
the Fane, Is leis than the ſquares of AB, BC, bY twice the rectangle - 
La Fro Let the fide AC be perpendicular to = | 
cute BC; then is BC the ſtraight line between the per- | | 
pen- | pendicular and the acute angle atB. and it is ma- 
te to nifeſt that the ſquares of AB, BC are equal to 
an- the ſquare of AC, and twice the ſquare of BC. 
Therefore in every triangle, &c. Q. E. D. 1 
B C 
UC R OP. XIV. P R 0 B. 
0 deſcribe a ſquare that ſhall be equal to a given 
rectilinea! figure. = 
„ Let A be the given reckilineal figure; : it 1s required to deſcribe 
| a ſquare that ſhall be equal to A. 
Fy -Þ ©  Defſcribe* the rectangular parallelogram BCDE equal to the recti 
MM Uncal figure A. If then the ſides of! it BE, ED are ou to one ano- 
is after, it is a ſquare, 
AD, and what was re- 
re of | quired is now done. 
FAC | butif they are not / 
angle equal, produce one C  * 
Iof them BE to F, X 
and make EF equal 
A l ] qual 


0 Eb, and biſect mn AE: 

By in G; and from the center 6, at . diſtance. GB. or GF & 
ſcribe the ſemicircle BHF, and produce DE to H, and join GH. 
N _ therefore becauſe the ſtraight line BF is'divided into two equal parts 
in the point G, and into two unequal at E, the rectangle BE, EF, 
| together with the ſquare of EG, is equal b to the ſquare of GF. Tot - 
ß is equal to GH; therefore the rectangle BE, EF, together with 
the ſquare of EG, is e to the 1 5 of GH. but the ſquares 


f 


Tt. THE ELEMENTS * 
Bock II. of HE, FG are equal © to the ſquare of GH. therefore the retangle 'Y 


av BE, EF together with the bo os of EG is 5855 to the ſquares dl 3 
c. 47. 1. HE, EG, take a- 
way the ſquare of 
EG, which is com- 
mon to both; and / 
the remaining rect- & 
angle BE, EF is e- 
qual to the ſquare 
of EH. but the | 
rectangle contained by BE, EF is 'the alli BD, beck 4 
EF is equal to ED; therefore BD is equal to the {ſquare of EH. 
but BD is equal to the rectilineal figure A; therefore the rectilinel 
figure A is equal to the ſquare of EH, wherefore a {quare has bce | 
made equal to the given rectilineal figure A, viz. . the ſquare delcri- | 
bed upon EH. Which was to be done. e | 
: 
T Hf * 
C 
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E y # E M 2 N T ” 
\; | . 0 * ED | 1 
It! 8 


e BOO K III 

EA. „ | p 

Hine!“ . oa ur C | | | 

8 bee! DEF IN 1 ＋T 1 N N 

rn BE I. 1 : 
B 8 AL circles are thoſe of which the diameters are equal, or 4 


20 from the centers of W hich the ſtraight lines to the circumfe- : 
rences are equal, 
I This is not a Definition but a Theorem, the truth of which is 
© evident; for if the circles be applied to one another, ſo that their 
© © centers coincide, the circles muſt likewiſe coincide, ſince the 
8 ſtraight lines from their centers are eq wal, 5 5 
171 * A firaight line is ſaid to wk 
5 Circle, when it meets the cir- 
cle and being produced der 
not cut | 
= - „„ 
ercles are ſaid to touch one 
another, which meet but do 
not cut one another. 
. IV. 
: Straight | lines are faid t to be equally diſtant 
from the center of a circle, when the 
perpendiculars drawn to them from the 
center are equal. 
And the ſtraight line on which the greater 
| 2 pendicular falls, i ls laid to be farther ” 
Lem the center. 


60 THE ELEMENTS 
Book III. VI. 
— A ſegment of a circle is the figure con- 

tained by a ſtraight line and the cir- 
INS] it cuts off. 
VII. 
8 The angle of a ſegment is that which i 13 contained by the Araight | 
line and the circumference.” 
55 „ 
An angle in a ſegment is the angle con- 
tained by two ſtraight lines drawn 
from any point in the circumference 
of the ſegment, to the extremities of 
the ſtraight line which is the baſe of 
the ſegment. 


3 4 


IX. = 

And an angle is ſaid to inſiſt or ſtand 
upon the circumference intercepted be- 
tween the ſtraight Hes * that contain 
the angle. . | 


The ſector of a circle is the figure con- 
tained by two ſtraight lines drawn from 
the center, and the circumference be- 
tween them. 


Similar ſegments of a circle, 
are thoſe in which the an- 
gles are equal, or which 
contain OE angles. 


PROP. L 'PROB. 15 
» F 0 find the center of a given circle. 


e Let ABC bs the given circle; it is ani to find its center. 
2. 1. 1 Draw Within it any ſtraight line AB, and biſe& * it in D; from 
the point D draw b DC at right angles to AB, and produce it to E, 
and bilect CE in F. the point F is the center of the circle ABC. 

For 


. b. 11. 1. 


aioht | 


= without, as AEB; find D the center . 
the circle ABC, a join AD, DB, and | 
| produce DF any ſtraight line meeting the 
3 circumference AB, to E. then becauſe DA 

i equal to DB, the angle DAB is e- 


O F EVCETD. | 61 
For if it be not, let, if poſſible, G be the center, and join GA, Book III. 


3 80 D, GB. then becauſe D A is equal to DB, and DG common HY 
3 to the two triangles ADG, BDG, the 
N to ſides AD, DG are equal to the 
1 ' two BD, DG, each to each; and the 
baſe GA is equal to the baſe GB, be- 
cauſe they are drawn from the center 
6. therefore the angle A DG is equal © 
do the angle GDB. but when a ſtraight 
line ſtanding upon another ſtraight line, 
makes the adjacent angles equal to one 
1 another, each of the angles is a right an- 
gle d. therefore the angle GDB is a right angle. but FDB! is like · d. 10 Del r. 
Vuoiſe a right angle; wherefore the angle FDB is equal to the angle 
6 GDB, the greater to the leſs, which is impoſſible. therefore G is 
| Not the center of the circle ABC. in the ſame manner it can be 
ſhevyn, that no other point but F is the center; that 1 is, F 15 the cen- 
ter of the circle ABC. Which was to be found. | 


C. 8. I 


Cox. From this it is manifeſt, that if in a cir cle a leicht line bi- | 
ſect another at right angles, the center of the cir Nele is in the line 


: which biſcets -_ other. 


Ob. n. HE OR. 


: JF any two points be taken in the Srouniference. of a 


circle, the ſtraight line which Joins them ſhall fall | 


„ within the circle. 


Let ABC be a circle, and A; Ban y two points in he circumfe- 


rence; the ſtraight line drawn trom . "wh : 
B ſhall fall within the circle. BE os 


For if it do not, let it fall, if poſlible, 


5 . ſe 


| qual b to the angle DBA; and becauſe * E B b. 5. 1. 


N. B. Whenever the 1 te rai ght nes from the center” or drawn 


= from the center” mare it is to be underſtood that they are dra to > the cir- 
Pp eumterence, | | 


AE 
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Book III. AE a fide of the triangle DAE is produced to B, the angle DEP ; is | . 
AN greater © than the angle DAE; but DAE is equal to the angle DB, 4 
c. 16. 1. therefore the angle DEB is greater than the angle DBE. but to the 2 'f * 
J. 19. 1. greater angle the greater ſide is oppoſite d; DB is therefore grew.» | 1 
than DE. but DB is equal to DF; wheres DF is grearcr t!. 
DE, the leſs than the greater, which is impoſſible. therefore 
ſtraight line drawn from A to B does not fall without the circle. 1 
the ſame manner, it may be demonſtrated that it does not fall u Don 
the circumference. it falls therefore within it. Wherefore if any = 
two Pts &c. * 2 D. | | . 
PROP. II. THOR. | 7 
1 a ſtraght line drawn thro? the center of a circle, bi. 
ſe& a ſtraight line in it which does not paſs thro” the? 
center, it ſhall cut it at right angles. and If 1 it cuts it at | 
right angles, it ſhall biſect it. 


Let ABC be a circle; ; and let CD a ſtraight line drawn thro! ! 

the center biſect any ſtraight line AB, which does not pads thro' | 

| the center, in the point F. it cuts it alſo at right angles. _—_ | 
4. 1. 3. Take E the center of the circle, and join EA, EB. then be-“ 


cauſe AF is equal to FB, and FE common to the two triangles AFF, Þ © 
BFE, there are two ſides in the one equal to two lides in the other, | 
and the baſe EA is equal to the baſe BBB; . 3 


b. 8. 1. therefore the angle AFL is equal b to the 
TY angle BFE. Fu when a ſtraight line 
ſtanding upon another makes the adjacent 
„ angles equal to one another, each of them 
o. 10. Def. 1. is a right © angle. therefore each of the 
angles AFE, BFE is a right angle; where- \ _ 
fore the ſtraight line CD drawn thro' the N 
center biſecting another AB that does not 4X 
_ paſs thro' the center, cuts the ſame at 1 
| right angles. 5 | 1 
ut let CD cut AB at right ane; co alſo bilets 3 it, that is | 29 
AF is equal to FB. 3 
a The ſame conſtruction being made, becauſe EA, FB & om the 
Cat: center are equal to one another, the angle EAF is equal a to the 
angle EBF; and the right angle AFE is equal to the right angle 
BFE. therelore in the two wlangles E AF, EBF there are two al 


pie) 


Il 
pon 
5 any 


> 


YN the 
to the 
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Wo an- 
gle e5 
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P R O P. IV. THE OR. 


F in a circle two ſtraight lines cut one another which 
do not both paſs thro” the center, they do not biſect 


cach the other. 


Let ABCD be a circle, and AC, BD two ſtraight lines in it 


* Which cut one another in the point E, and do not both h thro? 
* the center. AC, BD do not biſect one another. 


For, if it is poſſible, let AE be equal to EC, and BE to ED. if 


dne of the lines paſs thro the center, it is plain that it cannot be bi- 


q ſected by the other which does not paſs _ 


cauſe FE a ſtraight line thro' the cen- , 
ter, biſects another AC which does 
not paſs thro” the center, it ſhall cut it 
at right b angles; wherefore FEA is a 
light angle. again, becauſe the ſtraight | 
ine FE biſects the ſtraight line BD which 05 es not paſs thro' the 
Center, it ſhall cut it at r icht b angles; wherefore FEB is a right 
angle. and FEA was ſhewn to be a right angle; therefore FEA is 
equal to the angle FEB, the leſs to the greater, which is impoſ- 
| ſible, therefore AC, BD do not biſect one another. Wherefore it 
nin a circle, Kc. a ek D. 13 = 


thro' the center, but it neither of them 
I Paß thro' the center, take * F the cen- 


ter of the circle, and join EF. and be- 


PROP. v. THEOR. 


IF two circles cut one another, they mall not have the 
lame Center. 


Let the two drdis ABC, CDG « cut one another in the points 


+ B, CE; , they have not the lame 3829 


; For, 


63 


I in one equal to two angles! in "tha other, and the fide EF which Book III. 
3 oppolite to one of the equal angles in each; is common to both; LYN 
erer the other ſides are equal ©, AF therefore is equal to FB. e. 28. x5 
Werle f a ſtraight line, &c. Q. E. D 
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Book Il. For, if it be poſſible, let E be their center; join EC, and draw oy 
AV any ſtraight line EFG meeting As 
them in F and G. and becauſe E 


* 4 * * 1 * * 

Z RSS 
W 5% rn ES. 1 
3 1 — 4 

r 


is the center of the circle ABC, 2 
CE is equal to EF. again, becauſe b 

E is the center of the circle CDG, { 
CE is equal to EG. but CE was 3 
 ſhewn to be equal to EF; there- 3 
fore EF is equal to EG, the leſs 2 
to the greater, which is impoſſi- 2 


ble. therefore E is not the cen- ” 1 F 
ter of the cir cles ABC, ec DG. Wherefore if two circles, &, | * 


QE. b. 5 BR | 
PROP. v. THEOR: 


3 
Ir two circles touch one another internally, they fall not Þ a 
| have the lame center. EF; 


Let the two cries ABC, DE touch one another internally in 
5 che point C. they have not the ſame center. + 
For if they can, let it be F; join FC, and draw any fragh ET: 

line FEB mecting them in E 5 B. ub EE 


and becauſe F is the center of the 1: 

circle ABC, CF is equa! to FB. alſo c 

: becauſe F is the center of the circle 3 

CDE, CF is equal to FE, and CF t 

was ſhewn equal to FB; therefore t 

FE is equal to FB, the leſs to the | b 

greater, which is impoſſible. where- | tt 

fore F is not the center of the circles e t! 

Wl. 7 ABC, CDE. TL herefore if two dude, Kc. QE. D. * 
1 bl 0 | F< 
* hi „ ö 4 
PROP 

8 0 

| fr 

tl 


by EVCLID.. 9 
raw % 5 | | 5 5 Bf — 5 | | Book fl; | 
= FRO. VI. THEOR: 


Tr any point be taken in the diameter of a circle, which 
+ js not the center, of all the ſtraight lines which can be 
drawn from it to the eireumferente, the greateſt | is that 
in which the center is, and the other part of that diameter 
zs the leaſt; and of any others, that which is nearer to the 
: line which paſſes thro? the center is always greater than 
one more remote. and from the fame point there can be 
* | drawn only two ſtraight lines that are equal to one ano- 
+: ther, one upon each fide of the mhorteſt line. 


let ABCD be a circle, and AD its diameter, in which let any 
I Point F be taken which is not the center. let the center be E; of 
not Þ all the ſtraight lines FB, FC, FG, &c. that can be drawn from F 
I to the circumferenee, FA is the greateſt, and FD the other part of 
dme diameter AD is che leaſt; and of the others, FB 1s greater than 
ally n FC, and FC than FG. Ta „ 
Fein BE, CE, GE ; and becauſe two fides of a triangle I 
raight greater * than the third, BE, EF are greater than EF; but E 
= Equal to EB, therefore AE, EF, that EY | 
b AF, is greater than BF, again, be- 
cauſe BE is equal to CE, and FE , 
common to the triangles BEF, EF; 
| the 3 EF are equal to 
ide two CE, EF; but the angle 
BE is greater 55 the angle CEF, 
therefore the baſe BF is greater b than 
| the baſe PC. for the me reaſon, * 3 1” 
| CF is greater than GF. again, be- | Wo 
| cauſe GF, FE are greater * than EG, and EG is equal to ED; 
_ GF, FE are greater than ED. take away the common part FE, 
>ROP, and the remainder GF is greater than the remainder FD. there 
. fore FA is the greateſt, and FD the leaft of all the ſtraight lines 
from F to the circumierence ; and BF 18 greater than F, and CF.-: 
Win GF, 3 1 
Allo there can be drawn only two equal Kral. oht lines from the 
* to the cir cumterence, one upon each ſide of the Morteſt line 


„ I PF 


— — 
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Book III. FD. at the point E in the ſtraight line EF, make © the e angle FER 
Cg cqual to the angle GEF, and join 
c. 23. 1. FH, then becauſe GE is equal to 
E, and EF common to the two tri- 
angles GEF, HEF ; the two ſides 
GE, EF are equal to the two HE, 
EF; and the angle GEF is equal to 
e angle HEF, therefore the baſe 
4. 4. 1. FG is equal to the baſe FH, but 
beſides FH no other ſtraight line can 
be drawn from F to the circumfe- 
rence equal to FG, for if there can, let it be FK, and becauſe FR 
is equal to FG, and FG to FH, FK is equal to FH, that is, a line 
nearer to that which paſſes thro' the center is equal to one which 
is more remote; which is impoſſible. Therefore if any point be 
taken, &c. . D. 


PR OP. VIII. THE OR. 


I any point be taken without a circle, and ſtraight lines 
1 be drawn from it to the circumference, whereof one 
7415 thro' the center; of thoſe which fall upon the con- 
cave circumference the greateſt is that which paſſes thro 
the center; and of the reſt, that which is nearer to that 
thro” the center is always greater than the more remote, 
but of thoſe which fall upon the convex circumference, 
the leaſt is that between the point without the circle, and 
the diameter; and of the reſt, that which is nearer to the 
leaſt is always leſs than the more remote. and only two 
equal ſtraight lines can be drawn from the point unto the 
- circumference, one e Upon cach fide of the leaſt, 


| Let ABC be a _ and D any point without it, from which 
let the ſtraight lines DA, DE, DF, DC be drawn to the circumfe- 
' Fence, oc DA paſſes thro' the center. of thoſe which fall upon 
the concave part of the circumference AEFC, tne greateſt 15 AD 
which paſſes thro” the center; and the nearer to it is always great 
than the more remote, viz. DE than DF, and DF than DC. but 


e thoſe Which al upon the convex circumference HLKC, the leaſt 
' 


5 O F EUCLID. 
0 F* DG between the point D and the diameter AG; 
| | DL than DH. 


ö Take * M the center of the circle ABC, and join ME, MF, MC, 
| MK, ML, MH. and becauſe AM is equal to ME, add MD to each; 


3 therefore AD is equal to EM, MD; but EM, MD are greater b than 
again, becauſe ME is 
equal to MF, and MD common to the triangles EMD, FMD; EM, 


5 ED, therefore alſo AD is greater than ED. 


Mb are equal to FM, MD; but the 
angle EMD is greater chan the an- 
gle FM, therefore the baſe ED 
is greater © than the baſe FD. in 
like manner it may be ſhewn that 
Fb is greater than CD. therefore 
2 DA is the greateſt ;.and DE greater 
than DF, and DF than DC. and be- 
E cauſe MK, KD are greater b than 
MD, and MK is equal to MG, the 
| remainder KD is greater 4 than the 
E temainder GD, that is, GD is len: -- 
; than KD, and becauſe MK, DK are 
drawn to the point K within the tri- 
| angle MLD from M, D the ex- 
| tremities of its fide MD; MK, KD 
re leſs © than ML, LD, whereof 
Mis equal to ML, therefore the remainder DK { 18 leſs t than the re- 
mainder DL. 


| DH. Alſo there can be drawn only two equal ſtraight lines from 
| the point D to the circumference, one upon each ſide of the leaſt, at 


| . the point Min the ſtraight line MD, make the angle DMB equal to 
g the angle DMK, and join DB. and becauſe MK is equal to MB, and 
Mb common to the triangles KMD, BMD, the two ſides EM, MD 


yhich WP arc equal to the two BM, MD; and the angle KM is equal to the 
imte. angle BMD, therefore the beſo DE is equal f to the baſe DB, bin 
po bclides DB there can be no ſtra icht line drawn from D to the cir- 
A cumference equal to DK. for if there can, let it be DH; and be- 
_ cauſe DK is equal to DN, and alſo to DB, therefore DB is equal to 
War DN, that is the nearer to the leaſt Qt qual 0 the more remote „ Which 


b iwpolUble, ut therefore any point, &C, E. D. 


| in like manner it may be ſhewn that DL is leſs than 
| DH. therefore DG is the leaſt, and DK leſs than DL, and DL than 


e FRO. 
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and the nearer Book II. 
do it is always leſs than the more remote, VIZ. DK than DL, and. ul 


a 1 3. 


b. 40. 1 


d. 8 Ax. 


e. 21 1. 
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Book III. „„ 
CONS PROP. IX. THEOR. 


F a point be taken within a circle, from which there 
fall more than two equal ſtraight lines to the circum- 
ference, that point is the center of the circle. 


Let the point D be taken within the circle ABC, from which to 
the circumference there fall more than two equal ſtraight lines, viz, 
DA, DB, DC. the point D is the center of the circle, 

For if not, let E be the center, 
join DE and produce it to the cir- 
cumference in F, G; then FG is a 
diameter of the circle ABC. and be- 
cauſe in FG the diameter of the 

circle ABC there is taken the point 4 

D which is not the center, DG ſhall 

be the greateſt line from it to the NE A 
N circumference, and DC greater * than ; A ; B 
155 DB, and DB than DA. but they %%% 

are likewiſe equal, which 3 is impoſſible. therefore E is not the cel. 

ter of the circle ABC. in like manner it may be demonſtrated that 

no other point but D is the center; D therefore is the center 

Wherefore it 2 point be taken, &c. k D. 


PROP. X. THEOR, 


NE eircumfercnce of a circle cannot cut another i In 
more than twWo Fete 


If ; it : be th ble, let the e 
rence ABC cut the circumference ; 
DEF in more than two points, viz, in 
B, G, F; take the center K of the 
circle ABC, and join KB, KG, KF. 


and becauſe within the cirele DEF 
there is taken the point K from which 
to the circumference DEF fall more 
than two equal ſtraight lines KB, KG, 
WH ze KF, the point K 1 is | the center of the 


re 


VIZ, 


(en- 
that 
nter 4 
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which is impoſſible Þ b, Therefore one circumference of a circle can- 


t cut another in more than two points. QE. P. 


PROP. XI. THE OR. 


1 two cireles touch each other internally, the ſtraight 
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2 circle DEF, but K is alſo the center of the circle ABC; therefore Book III. 
tte ſame point is the center of two circles that cut one another 


b. 5. 3 


line which joins their centers being een thal 


| paſs through the point of contact. 


Let the two circles ABC, ADE touch each other internally in 


z the point A, and let F be the center of the circle ABC, and G the 


center of the circle ADE. the ſtraight 


line which joins the centers F, G be- 

ing produced paſſes thro? the point A. _ 

| For if not, let it fall otherwiſe, if H 

| poſſible, as FG DH, and join AF, AG. & 

| and becauſe AG, GF are greater 0 F | 
than FA, that is than FH, for FAis \ (Q 
| equal to FH, both being from the „ 

| ſame center; take away the common 5 8 


| part FG, 1 the remainder AG 
| is greater than the remainder GH. but AG is equal to GD, there: 
| fore GD is greater than GH, the leſs than the greater, which is im- 


poſſible. therefore the ſtraight line which joins the points F, G 


cannot fall otherwiſe than upon the point A, that! is, it muſt paſs 
| thro'it, Therefore if two circles, „ 


PROP. XII. THEO R. 


Ip. two circles touch each bes externally, the ſtralght | 


line which j x Joins. their centers thall pats thro” the point 
q of contact. 


. $6, 3 


| Let A ABC, ADE touch each other externally in 
| the point A; and let F be the center of the circle ABC, and G the 


E F | FA, 


center of ADE. the ſtraight line which j Joins the points F, G ſhalt 
| paſs thro' the point of contact A. 


For if not, * it paſs otherwiſe, if poſſible, as F CDG, and join 5 
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| Book IH. FA, AG. and becauſe F is the center of the circle ABC, AF is 
— equal to FC. alſo becauſe e 53 
G is the center of the cir- B 
cle ADE, AG is equalto / _ 
GD. therefore FA, AG 
are equal to FC, DG; 
wherefore the whole F G 
is greater than FA, AG, 
2. 20. 1. but it is alſo leſs*; which 
is impoſſible, therefore the graight line which j joins the points F, 
G ſhall not paſs otherwiſe than thro the point of contact A, that 
is, it muſt paſs thro' it, Therefore if two circles, &c. Q. E. D. 


PROP. XII. THE OR. 


ge N. ON E circle cannot touch another in more points than 
one, whether it touches it on the inſide or outſide. 


For: if it t be poſſi ble, let the circle EBF touch the circle ABC in 
more points than one, and firſt on the inſide, in the points B, D; 
4. 10. 17. 1. join BD, and draw * GH biſecting BD at right angles. 8 
becauſe the Points B, D are in the circumference of each of the 


1 
A 


To 
* 3˙ 3. circles, the Araight line BD falls within Þ ach of them. 5 their 
c. Cor. 1.3. centers are © in the ſtraight line GH which biſects BD at right an- 
| d. 1. ©” gles; therefore GH paſſes thro' the point of contact d. but it does 
Not paſs thro' it, becauſe the points B, D are without the ſtraight 


line GH, which 1 is abſurd. therefore one circle cannot touch another 
on the inſide in more points than one. 


Nor can two cir cles touch one other on the outſide i in more 


un 


— — — meds — ay — — & © 


S e 


22 


their 


t an- 
does 
night 
ther 


more 


than 


| of the circle ACK, the {traight line AC 


| out the circle ABC, and therefore the 
ſtraight line ACis without this laſt circle ; 


| ſtraight line AC mult be within b the 


one circle cannot touch another on the 


FB, and AB double of AF. for the ſame 


OF EUCLID. 


or 


than one point. for, if it be poſſible, let the clicks ACK touch the Book III. 


circle ABC in the points A, C, and join AC, 
two points A, C are in the circumference 


which joins them ſhall fall within b the 
circle ACK. and the circle ACK is with- 
but becauſe the points A, C are in the 


circumference of the circle ABC, the 


ſame circle, which is abſurd. therefore 


outſide in more than one point. and it has 


been ſhewn that they cannot touch on the inſide in more points than 


one. therefore one circle, &c. E. D. 


PROP. xIV. THEOR. 


EQ ſtraight lines in a cirele are 205 diſtant 


therefore becauſe the Cy 


from the center; and thoſe which are equally diſtant : 


from the center, are equal to one another. 


Let the ſtraight lines AB, CD i « circle ABDC be equal to 


one another; they are equally diſtant from the center. | 
Take E eee of the circle ABDC, and from it dra; aw EF, 
EG perpendiculars to AB, CD. then becauſe the ſtraight line EE 8 


ſing thro! the center cuts the ſtraight line AB, which docs not pats 


thro' the center, at right angles, it alſo 
biſects 2 it. wherefore AF is equal to 


reaſon CD is double of CG. and AB is 
equal to CD, therefore AF is equal to 
CG. and becauſe AE is equal to Ec, 
the ſquare of AE is equal to the ſquare 
of EC, but the ſquares of AF, FE are 
equal Þ to the ſquare of AE, becauſe the 
angle AFE is a right angle; and for the 
like reaſon the ſquares of EG, GC are —_ to the Pare of EC. 


erefore the ſquares of AF, FE are equal to the tquares of ot Co, 


* 8 Gi, 
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Book III. GE, of which the ſquare of AF is equal to the ſquare of CG, be. 


kv cauſe AF is equal to CG; therefore the remaining ſquare of FE is 


c. 4. Def. 3. the center arę equal ©, therefore AB, 


dee N. 


_ 30. 1. 


if FE be equal to EGG; AB is equal to 


made, it may, as before, be demon- 


And becauſe BC is nearer to tlie cen- 


equal to the remaining ſquare of EG, and the ſtraight line FE i; 
therefore equal to EG. but ſtraight lines in a circle are ſaid to be e: 
qually diſtant from the center, when 
the perpendiculars drawn to them from 


CD are equally diſtant from the center, 
Next, if the ſtraight lines AB, CD be 
equally diſtant from the center, that is, 


CD. for, the fame conſtruction being 


ſtrated that AB is double of AF and CD 

| double of CG, and that the ſquares of EF, FA are equal to the 
ſquares of EG, GC; of which the ſquare of FE is equal to the 
ſquare of EG, bee FE is equal to EG; therefore the remaining 
ſquare of AF is equal to the remaining 8 of CG; and the ſtraight 
line AF is therefore equal to CG. and AB is double of AF, and CD 
double of CG; wherefore AB is equal to CD, Therefore — 
_Nraight Ines, Kc. QE. „„ 


PROP. XV. THEOR. 


"HE diameter is the greateſt ſtraight line! in a circle; 


and of all others, that which is nearer to the center 


18 always greater than one more remote; and the greater 
is ncarer to the center than the leſs. 1 


Let ABCD be a cir tha: of which this diameter is AD, and cente 


E; and let BC be nearer to the center than FG. AD is great f 


than any ſtraight line BC which is not 5 
a diameter, and BC greater than FG, = B 
From the center draw EH, EK per- „ 97 Oh 
pendiculars to BC, FG, and join EB, 
EC, EF; and hecauſe AE is equal to 
EB, and ED to EC, AD is equal to EB, 
EC, but EB; EC, ze greater a 
BC, wherefore alſo AD is greater than VG 


3 * 
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| meets the circumference. and be- 


| DAC is equal * to the angle ACD; 
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ter than FG, FH is leſs b than EK. but, as was demonſtrated ! in Bock III. 
the preceding, BC is double of BH, and FG double of FK, and te. 
ſquares of EH, HB are equal tq the ſquares of EK, KF, of which b. s. Def, 3. 
the ſquare of EH is leſs than the ſquare of EK, becauſe EH is leſs 

man EK; therefore the ſquare of BH is greater than the ſquare of 
FK, and the ſtraight line BH e than FK; and therefore BC 
is greater than FG. ; 

Next, let BC be greater than FG; BC is nearer to the center 

than FG, that is, the ſame conſtruction being made, EH is leſs than | 

EK. becauſe BC is greater than FG, BH likewiſe is greater than 

FR. and the ſquares of BH, HE are equal to the ſquares of FK, 

KE, of which the {quare of BH is greater than the ſquare of FK, 

becauſe BH is greater than FK; therefore the ſquare of EH is leſs 

than the ſquare of EK, and the ſtraight line EH Te than EK, 
Wherefore the diameter, &c. k. D. 


PROP. XVI. THEOR. 


"HE ſtraight line drawn at right as to o the Aa See N. 
meter of a circle, from the extremity of it, falls _ 


| withour the circle; and no ſtraight line can be drawn be- 


tween that ſtraight line and the circumference from the 
extremity, ſo as not to cut the circle; or, which is the 
ſame thing, no ſtraight line can wake ſo great an acute 
angle with the diameter at its extremity, or ſo ſmall an 
angle with the ſtraight line which is at right angles to it, N 
as not to cut the eirele. 


125 ABC be a circle the center of which is D, and the diameter 


Ag; the ſtraight line drawn at right angles to AB from i its extr emity 5 


A, ſhall fall without the circle. 
For if it does not, let it fall, if poſ- 
ible, within the circle as AC, and / 
draw DC to the point C where it . 


cauſe DA is equal to DC, the angle 


4. 3 1 4 


but PAC is a right angle, therefore 
HD is a * wy: and the angles DAC, ACD are therefore | 
© 
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equal to two right angles; which is impoſſible b. therefore the 


WAY ſtraight line drawn from A at right angles to BA does not fall within 


d. 17. 1. 


C. 12. 1. 


. 1. 


\ | 11 0 

iin : 

"of PTE”! 1 : ” + © 
744 — x 8 4 
A RB Ry 


fore DH is greater than DG, the leſs 
than the greater, which is impoſſible. 


_ drawn from the point A between AE 
not cut the circle. or, which amounts 


acute angle a ſtraight line makes with — 
the diameter at the point A, or however ſmall an de it nies with 


the circle. in the ſame manner it may be demonſtrated that it does 
not fall upon the circumference z ; therefore it muſt fall without the 
circle, as AE. | | 

And between the ſtraight line AE and the circumference no 


ftraight line can be drawn from the point A which does not cut the 
circle. for, if poſlible, let FA be between them, and from the point 
D draw © DG perpendicular to FA, and let it meet the circumfe- 


"rence in H. and becauſe AGD is a right angle, 8 and DAG leſs Þ than 
a right angle, DA is greater 4 than 
DG. but DA is equal to DH; there- 


therefore no ſtraight line can be 


and the circumference, which does B x 


to the ſame thing, however great an 


AE, the circumference paſſes between that ſtraight Tine and the per- 


pendicular AE, And this is all that is to be underſtood, when in 
the Greek text and tranſlations from it, the angle of the ſemicircle 


is faid to be greater than any acute rectilineal angle, and the re- 
* maining angle leſs than any rectilineal angle. 
Con, From this it is manifeſt that the ſtraight line which | is drawn 
at right angles to the diameter of a circle from the extremity of it, 
touches the circle; and that it touches it only in one point, becauſe it 
it did meet the circle in two, it would fall within it?. Alſo it i 
* evident that there can be but one Araight line which touches the 

* Cir cle i in the time > punk, 


PROP. XVII. PROB, 


: To draw a ſtraight line ſeams a given point, either 


without or in the circumference, which ſhall touch 
a | given Eire. _ 


Fir, Let A be a given point \ without the girea circle BCD; 
13 


the 


| 10 


rde 


1 


rawn 
Of it, 
uſe it 
o it i5 
s the 


ther 
ouch 


D; it 


1 


e 


FE, ED, and they contain the 


to the baſe AB, and the tri- 
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is required to draw a ſtraight line from A which hall touch the Book III. 


car cle | 
Find * the center E of the circle, and join AE; and from he cen- 
ter E, at the Ciztance EA deſcribe the circle AFG; from the point 


D dia DF at right angles to EA, and j join EBF, AB, AB touches 
the circle BCD, 


Becauſe E is the center of 
the circies BCD, AFG, EA 
is equal to EF, and ED to 
EB; therefore the two ſides _ 
AE, EB are equal to the two 


angie at E common to the 
two triangles AEB, FED; 
therefore the baſe DF is equal 


angle FED to the triangle 


AEB, and the other angles to the other angles ©, therefore te 
_ angle EBA is equal to the angle EDF. but EDF is a right angle, 


wherefore EBA is a right angle. and EB | is drawn from the center ; 


a. 1. 3. 


b. 1. 1. 


e. 4 1. 


but a ſtraight line drawn from the extremity of a diameter, at right 


But if the given point be in the circumference of the circle, as 


| DE; DF touches the circle d. d 


PROP. xvIII. TH E OR. 


angles to it, touches the circle d. therefore AB touches the circle; 4.Cor.16.3. 
| anditis drawn from the given point A. Which was to be done. 


| (he point D, draw DE to the center E, and DF at right angles to 


| I.. ſtraight ling rouches a circle, the ſtraight ins drawn 


pendicular to the line in che circle. 


| to DE. 


| DE ; and. becauſe FGC is a right angle, GC is b an acute angle; 
and 0 the greater — the greateſt ade is oppoſite, therefore FC 
| IS 


from the center to the point of contact, ſhall be ber- 


Let the FILTER line DE touch ths circle ABCi in the point c, lis 
the center F, and draw the gt line FC; FC is perpendicular 


For if it be not, from the point F FIRE FBG 3 to 


b. 17. 1. 
c. 19, 1. 


Book III. is greater than FG; but FC is e- 
wv qual to FB; therefore FB is greater 


4. 18. 3. 


dee N. 


is not perpendicular to DE. in 
the ſame manner it may be ſhewn, 
that no other is perpendicular to 
it beſides FC, that is, FC is per- 


| but ACE is alſo a right angle; there- 
fore the angle FCE is equa] to the 


which is impoſſible. wherefore F is 5 

not the center of the circle ABC. in *F 1 e 

the ſame manner it may be ſhewn D L * : . 
that no other point which is not in CA, is the center; that! is, the 
center is in CA. Ther efore it a len line, &c. N D. 
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than FG, the leſs than the greater, 
which is impoſſible. wheretore FG 


pendicular to DE. Therefore if a 
ſtraight line, &c. Q. E. D. 


PROP, XIX. THE OR. 


IFa ſtraight line touches a circle, and from the point of 
contact a ſtraight line be drawn at right angles to the 
ronching line, the. center of the circle ſhall be in that 


line. 


Let the ſtraight line DE touch the circle ABC in C, and from C 
let CA be drawn at Ng. mw to DE; the e center of | the circle is 
in CA. 5 | 
©: For if not, let F be the center, if poſlible, and j Join CF, Becauke 
DE touches the circle ABC, and FC 


is drawn from the center to the point 
of contact, FC is perpendicular * to 
DE; therefore FCE is a right angle. 


angle ACE, the leſs to the greater, 


PROP, * HE OR. 


-P I E angle at the center 7 a circle is double of the 
2 angle at the circumference, upon the ſame bale, 
that i is, upon the ſame Part of the circumference. | = 


Let 


„ . O mme ants $a... 4&4 


IM 


the 
ale, | 


Let 


EBA; therefore the angles E AB, EBA 


angle BEF is equal b to the angles EAB, 
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Let ABC be a circle, and BEC an angle at the center, and B AC Rook III, 
an angle at the circumference, which have the ſame circumference — 

BC for their baſe; the angle BEC is double 
of the angle BAC. 

Firſt, Let E the center of the circle be 
within the angle BAC, and join AE, and 
produce it to F. Becauſe E A is equal to 
EB, the angle EAB is equal to the angle 


are double of the angle FAB; but the 


EBA ; therefore alſo the angle BEF 
double of the angle EAB. for the Ane . the ve 1 FEC is 


double of the angle EAC. therefore the whole angle BEC! is double 
of the whole angle BAC. 


Again, Let BDC be inflefted to 
the circumference, ſo that E the cen- 
ter of the circle be without the angle 
BDC, and join DE and produce it to 
6. It may be demonſtrated, as in the 
firſt caſe, that the angle GEC is double 
of the angle GDC, and that GEB a 
nart of the firſt is donble of GDB a 
part of the other ; therefore the re- 
maining angle BEC is double of the 1 
remaining angle BDC. Therefore the angle at the center, Kc. Q. E. DP. 


NE. 
PROP. "XXL; THE OR. 


Tur, 3 in the ame ſegment of a circle a are equal See N. 
to one another. g 

Let ABCD be a cir cle, and B AD, 
BED angles in the ſame ſegment 
BAE D; the angles BAD, BED : are 
equal to one another. 

Take F the center of the cirde : 
ABCD, and, firſt, let the ſegment 
BAED be greater than a ſemicircle, 
and join BF, FD. and becauſe the _ 
angle BFD is at the center, and the 
j gn 

. . 1 . e That 


7 8 
Book III. 


N. 20. Zo 


r 
$i: : 


By TM | 


| b. 31. 3. 


BAD, BED be angles in it; theſe 


C, and join CE. therefore the ſegment 
BAC is greater than a ſemicircle; 


reaſon, the angles CAD, CE are 


is equal to the whole angle BED. 
 Wheretore the angles in the lame ſegment, Kc. Q. E. D. 


cauſe they are in the ſame ſegment 
BAC; and the angle ACB is equal 
to the angle ADB, becaufe they are in A 


Whole angle ADC is equal to the angles 
CAB, ACB. to each of theſe equals | | 
add the angle ABC, therefore the angles ABC, CAB, BCA are equal 
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that they have the ſame part of the circumference, viz. BCD fo 


t their baſe, therefore the angle BFD is double of the angle BA. 


for the ſame reaſon, the angle BFD is double of the angle BEL, 


therefore the angle BAD is 2 to the angle BED. 


But if the ſegment BAED be not greater than a ſemicircle, let 


. E 


alſo are equal to one mother. draw 
AF to the center, and produce it to 


and the angles in it BAC, BEC are e- 
qual, by the firſt caſe, for the ſame 


equal. therefore the whole angle BAD 


PROP. XXII. THE OR. 


THE i angles of any quadrilateral figure de- 


[cribed 1 in a circle, are | tOFETUEL equal to two right 
angles. 


: Let ABCD be a quadrilateral figure in the circle ABCD ANY 


two of its oppoſite angles are together equal to two right angles. 


Join AC, BD; and becauſe the three angles of every triangle are 


_ equal * to two icht angles, the three angles of the triangle CAB, viz, 
the angles CAB, ABC, BCA are equal 


to two right angles. but the angle 
CABi is equal b to the angle CDB, be- 


the ſame ſegment ADCB. therefore the 


to the angles ABC, ADC, but ABC, CAB, BCA are equal to two 


right angles; therefore alſo the angles ABC, ADC are equal to two 


right angles. in the fame mauner the angles BAD, DCB may be 
ſtevn 
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one of the ſegments mult therefore fall 
| within the other; let ACB fall within 


and join CA, DA. and becauſe the ſeg- : 


| CFD, 


| ment AEB be ap- 
| Plied to the ſeg- 
| Ment CFD, ſo as 


| the point A be-on A - e B ce Er eng D 


OF EUCELD. 


| ſhewn to be equal to two right angles, Therefore the oppolite Book lil. 
5 angles, &c. QE. D. BE WV Ra 
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PROP. XXIII. THE OR. 


'TPON the ſame ſtraight line, and upon the ſame ſide See N. 
of it, there cannot be two fimilar ſegments of circles, 


not coinciding with one another, 


If it be poſlible, let the two Gather ſegments of circles, viz. ACB, 
ADB be upon the ſame ſide of the {ame ſtraight line AB, not coin- 


ciding with one another, then becauſe the circle ACB cuts the circle 
| ADB in the two points A, B, they can- 


not cut one another in any other point *, 2. 10. 8. 


ADB, and draw the ſtraight line BCD, 


ment ACB is ſimilar to the ſegment ADB, 


| aud that ſimilar ſegments of circles contain b equal angles ; *e. rr. Def. 
angle ACB is equal to the angle ADB, the exterior to the interior, 


which is impoſſible e. Therefore there cannot be two ſimilar ſeg- e. 26. 2. 


ments of a circle upon the ſame ſide of the fame line, which do nor 
| comcide, Q. E. D. 


PRO P. XXIV. 7 HEOR. 


Call AR ſegments of 0 upon equal fraighe lines, See R. 
are re equal to one another. 


Let AEB, 2 FD be ſimilar ſegments of circles upon the equal 
ſtraight lines AB, CD; the IO AEB is ; equa] to the e 


For if the bg. 


C, and the ſtraight 


ie AB en &D, the point B ſhall eolacide with the point D, be- 


cauſe 


. 6 


10 THE ELEMENTS 4 
Bock III. cauſe AB is equal to CD. therefore the ſtraight line AB coinciding | © 


NY with CD, the ſegment AEB muſt * coincide with the ſegment 7 E 
4. 23. 3. CFD, and therefore i is equal to it; Wherefore — 4 — Kc. t 
— 5 is 
PROP. XXV. PROB. m 

N ; Seqment of a cirele being given, to deſcribe the R p 
Fer circle of which 1 it is the SOON | m 
Fi 


Let ABC be the given ſegment of a cirde; it is required to de-. 

feribe the circle of which it is the ſegment. 

. 10. 1. Ziſect AC in D, and from the point D draw DB at right 
b. 11. 1. angles to AC, and join AB. Firſt, let the angles ABD, BAD be 
e. 6. 1. equal to one another; then the ſtraight line BD is equal © to Da, 


2 and therefore to DC. and becauſe the three ſtraight lines DA, DB, 
4.9.3. DC are all equal, D is the center of the circle l. from the center 
D , at the diſtance of any of the three DA, DB, DC deſcribe a 
circle; this ſhall paſs thro? the other points; and the circle of which I at 
ABC is a ſegment is deſcribed. and becauſe the center D is in AC; e 
2 1 © 


the ſegment ABC is a ſemicircle. but if the angles ABD, BAD are 
| not equal to one another, at the point Ain the ſtraight line AB make 
© 23. 1. the angle BAE equal to the angle ABD, and produce BD to E, art 
Ioqin EC. and becauſe the angle ABE is equal to the angle BAE, 
the ſtraight line BE is equal © to EA. and becauſe AD is equal to WWF is 
DC, and DE common to the triangles ADE, CDE, the two fides b⸗ 
AD, PE are equal to the two CD, DE, each to each; and the th 
angle ADE is equal to the angle CDE, for each of them is a right WW ec 
. 4. 1. angle; therefore the baſe AE is equal f to the baſe EC, but A ec 
2 Ws ſhewn to be equal to EB, wherefore alſo BE is equal to EC; In 
- and the three 1 lines AE, EB, EC are + therefore equal 5 | is 

| | anot a; 


1 8 ? 7 
4 us, 
he 


ſtraight lines drawn from their centers are equal; therefore the two 
des BC, GC; are 0006-6 to the two EH, HE; and the angle at G 5 


OF EUCLID, 


another; ; wherefore AE is the center of the circle, from the center Book III. 
E at the diſtance of any of the three AE, EB, EC deſcribe a circle, 1 
ſttis ſhall pals thro' the other points; and the circle of which ABC d. 9. 36 
i a ſegment is deſcribed. and it is evident that if the angle ABD 

be greater than the angle BAD, the center E falls without the ſeg- ; 

I ment ABC, which therefore is leſs than a ſemicircle. but if the 

* angle ABD be leſs that BAD, the center E falls within the ſegmert 

ABC which is therefore greater than 2 ſemicircle. wherefore a ſeg- 
ment of a circle being given, the circle is deſcribed of which it is 


a ſegment. Which was to be done. 


PROP. xXVI. THEOR; 


| P equal eirele, equal angles ſtand upon equal circum- 


ferences, whether they be a at the enters, or circuni- 


ferences. 


E Let ABC, DEF be equal circles, and the equal angles BGC, EHF 
| at their centers, and BAC, EDF at their circumferences. the cir- 
cumference BKC is equal to the circumference ELF. 


Join BC, EF; and becauſe the circles ABC, DEF are equal, the 


I is equal to the angle at H; e the boſs 501 18 s equal to it's . . ts.” 
| baſe EF. and becauſe the angle at A is equal to the angle at D, 
the ſegment BAC ls fimailar b to the ſegment EDF; and they: ire upon b. 21. Def 3. 
equal ſtraight lines BC, EF; but Gmilar ſegments of circles. upon 
equal ſtraight lines are aca © to one another; therefore the ſeg- c. 24. 2. 

ment BAC is equal to the ſegment EDF. but the whole circle ABC 
| 1s N to the whole DEF, ther efore the n r BRC 
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82. THE ELEMENTS 
Book nt. is equal to the remaining ſegment ELF, and the circumference 
BIC to the circumference ELF, Wherefore in _ circles, &c. 


Q. E. D. 


PROP. XXVII. THEOR. 
IN equal circles, the angles which ſtand upon equal cir. 
cumferences, are equal to one another, whether they 
be a at the centers, or circumterences. 


Let the angles BGC, EHF at he's cohters; and BAC, EDF at the 
eircumferences of the equal circles ABC, DEF ſtand upon the equal 
_ circumferences BC, EF. the angle BGC is equal tc to the wy] ENF, 

and the angle BAC to the angle EDF. 
4. 20. 3. If the angle BCC be equal to the angle EHF, it is manifeſt* 
that the angle BAC is alſo equal to EDF. but if not, one of them 


1 


„ & the greater, let BGC be the greater, and at hs point G, in the 
6. 53. 1. frraipht line BG, make b the angle BGK equal to the angle EHF; 
4. 26. 3. but equal angles ſtand upon equal cireumferences ©, when they ar 
| at the center; therefore the circumference BK is equal to the cr 
cumference EF, but EF is equal to BC, therefore alſo BK is equal 

10 BC, the leſs to the greater, which is impoſſible. therefore thc 

8 angle BGC is not unequal to the angle EHF; that is, it is equal to 

zt. and the angle at A is half of the angle BGC, and the angle t 

| D half of the angle EHF. therefore the angle at A is equal to the 

angle at D. Wherefore in equal circles, &c. Q. E. DP). 


PRO! 


OF EUCLID: 64 


ie i 3 | ; 8 Book Ill. 
*% PROP. XXVII. THEOR. ELSE 


IN equal circles, equal ſtraight Tines cut off equal cir- 
I cumferences, the greater equal to the gener, and the 
| ie to the leſs. 
diem = 

ey Let ABC, DEF be equal circles, and BC; EF cult ſtraight lines 

nnn them, which cut off the two greater circumferences BAC, EDF, 

and the two leſs BGC, EHF. the greater BAC is equal to dhe 
greater EDF, and the leſs BGC to the leſs EHF. . 
Take K, L the centers of the circles, and join B K, K C, EL, * 7 ED 

LF. and becauſe the circles are equal, the ſtraight lines from their 


the 
qual 
HF, 


feſt 
them 


4 centers are equal, . Bk, KC, are equal to EL; I; and 

| the baſe BC is equal to the baſe EF; therefore the angle BKC | . 

| equal®to the angle ELF. but equal angles ſtand upon equal e circum- b. 8. 3, 
ferences, when they are at the centers; therefore the circumference e. 26 1 | 
BGC is equal to the circumference EHF. but the whole circle ABC 
is equal to the whole EDF ; the remaining part therefore of the 

| circumference, viz. BAC is mo to the remaining part EDF. F There- 

4 fore in 9 circles, &c. "Fs D. 85 


in the 
EHF; 
ey are 
ne cir- 
; equal 
Te the 
qual to 
angle At 
to the 


"FN oP. . THEOR: 


IN cqual circles equal circumferences are ; ſubtended by ; 
L equal ſtraight lines. 


Let ABC, DEFbe equal crates” and let the cir cumferences BGC 
5 EHF allo be equal; and j — BC, EF, dhe —.— line BC 1 is equa? 
| to the * line EF, 
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84 THE ELEMENTS 
Book III. Take K, L the centers of the circles, and join BK, KC, EL, 
F. and becauſe the circumference BGC is . to the crcumfe. | 


4. 1. 3. 


a «a 


b. 27. 3. tence Er, the angle BKC i is equal b b to the uk ELF. and be- 


cauſe the circles ABC, DEF are equal, the ſtraight lines from theit 
centers are equal; therefore BK, KC are equal to EL, LF, and | 
c. 4. 1. they contain equal angles. therefore the baſe BC is equal © to the 

bag EF. Therefore! in * circles, &c. Ro D. | 
PROP. þ c PRO B. A 
10 biſe& a given circumference, that To 2 divide t 
85 into [200 equal parts. 5 3 ; 
Ee Let ADB be the piven circumference; j it is required to biſect ii. 
4.10. 1. Join AB, and biſect à it in C; from the point C draw CD at s 
7 right angles to AB, and join AD, DB. the circumference ADB | 5 f 
85 biſected! in the point + 3 | 3 : 
Hhghecauſe AC is equal to CB, and c common to the lange C - 

ACD, BCD, the two ſides AC, CD are „„ | 
equal to the two BC, CD; and te E 8 
angle ACD is equal to the angle BED, , L x 
bpbecauſe each of them is a right angle;  { | _I ml ; 
b. 4.2. therefore the baſe AD is equal b to the | A e C 55 : 

dblaiſe BD. but equal ſtraight lines cut off e . 
5 . 28. 3. equal e circumferences, the greater equal to the geber and the less y 
to the leſs, and AD, DB are cach of them leſs than a ſemicircle; WW $ 
* Cor. 1. 3: becauſe DC paſſes thro” the center d.  wherefore the circumference 1 
A is equal to the circumference DB. therefore the given circum 5 


erence ! is  bilefted | in D. "Which was to be done. | 
DE: R 07. 


OF EUCLID: 85 

= 5 5 Bock 111, 

= © FP RO P. XXXI. THE OR. WY. 
L [N a circle, the angle in a ſemicircle is a right angle; but 
the angle in a ſegment greater than a ſemicircle is leſs 


than a right angle; and the angle in a ſegment leſs than 
a ſemicircle 1 is greater than a right angle. 


Let ABCD by a circle, of which the diameter is BC, and center 
E; and draw CA dividing the circle into the ſegments ABC, ADC, 
and join BA, AD, DC. the angle in the ſemicircle BAC is a right 


ba angle; and the angle in the ſegment ABC, which is greater than a 

en ſemicircle, is leſs than a right angle; and the angle in the ſegment 

d ADC which is leſs than a ſemicircle is greater than a right angle. 
Join AE, and produce BA to F; and becauſe BE is equal to 


the 


EA, the angle EAB is equal? to EBA; alſo, becauſe AE is equal a. f. 1. 
to EC, the angle EAC is equal to * 5 
ECA; wherefore the whole angle 
Bac is equal to the two angles 
it ABC, ACB. but FAC the exterior 
WF angle of the triangle ABC, is e- 
qual b to the two angles ABC, Ac; 
Ah. therefore the angle BAC is equal to N 
Da dle angle FAC, and each of them is 
_ Q therefore a right © angle. wheretore 
the angle BAC in a ſemicircle | is a 
right angle. | | | | 
And decuſe the two angles ARC, BAC of the _ ABC are 
together leſs 4 than two right angles, and that BAC is a right angle, 
ABC muſt be leſs than a right angle; and therefore the angle in a 
ſegment ABC preater than a ſemicircle is leſs than a right angle. 
And becauſe ABCD is a quadrilateral figure in a circle, any t SDS 
} of i its oppoſite angles are equal © to two right angles; therefore the e. 23. 3. 
q angles ABC, ADC are equal to two right angles; gd ABC is le 18 „ 
than a right angle, wherefore the other ADC i gre: cater thay a 
| right —_ 1 
Hheſides, it is manifeſt, that the circumference of 4 the greater ſeg- 
ment ABC falls without the right angle CAB, but the cucumfe- 
| rence of the leſs ſegment ADC falls within the right angle CAF. 
* And this 1 1s all that ! 18 meant, when in the Greek text, and the 


— 


. . _ © tranſlations.” 


C. 10. Def. 1. 


4 „% 


= 


ge 


THE ELEMENTS 


Bock III. tranſlations from it, the angle of the greater ſegment is ; ſaid to be 
LOS greater, and the angle of the leis ſegment is nid to be leſs than 


+) 


F. 19. 


. 


the center of the circle is b in BA; 
ther eforc the an ole ADB in a . 
.- circle is a right angle, and conſe- 
quently the other tw]ẽ O angles B BAD, 


Ar ight angle. 


Cor. From this it is manifeſt, that if one 1e angle of a hin be 


equal to the other two, it is a right ag, becauſe the angle adjacent 


to it is equal to the ſame two ; and When che adjacent angles are 
qual, ey are right angles. 


PROD. XXXII. THE OR. 


IFa ſtraight line touches a circle, and from the point of 


contact a ſtraight line be drawn cutting the circle, the 


angles made by this line with the line touching the circle, 
| mall be equal to the angles \ which are in the alternate leg: 


ments of the circle. 


Let the firaight line EF nh 7 the ule ABCD in B, and from 
the point B let the ſtraight line BD be drawn cutting the circle. the 
angles which BD makes with the touching line FF ſhall be equal to 


the angles in the alternate ſegments of the circle; that is, the angle 


FBD is equal to the augle which is in the ſegment DAB, and the 


angle DBE to the angle in the ſegment BCD. 


From the point B of raw = BA at right angles to EF, and take any 
point Cin the circumference BD, and join AD, DC, CB; and becaule 


the ſtr aight line EF touches the circle 
_ ABCD in the point B, and BA is 


drawn at right angles to the touch- 
ing line from the point of contact B, 


ABD are equal d to a rig zht angle. 85 


but ABT is likewi fe a right angle; N ON. B 1 F 


therefore the angle ABF 1s equal to 


the angles BAD, ABD, take from theſe equals the common angle 


Ah D, therefore the remaining angle DB F is equal to the angle 
BAD which is in the alternate ſegment of the circle; and becauſe 


AO is a quadrilateral figure in a circle, the oppoſite angles BAD, 


3 C. D are eq wal © to two 0 right angles; 1 therefore the — DBF, 
| _ DBE, 


8 


ä 
2 17 


I © rods” Nee 


ST .£VCLL1Dd::: 87 


3 N 
; DBE, being likewiſe equal f to two right angles, are equal to the Book 111. 

15 angles BAD, BCD; and DBF has been proved equal to BAD; EN 

— therefore the remaining angle DBE is equal to the angle BCD in the f. 13. 1 
be Þ alternate ſegment of the circle. Wherefore if a ſtrajght line, &c, 
ent .. P. 
12 PROP. XXXIIL PROB, 

Tp ON a given ſtraight line to deſcribe a teren of see N. 

_ ) a circle, containing an angle equal to a given recti- 
of lineal angle. 
he | 
le, 1 Let AB be the given ſtraight line, and the angle at C the given 
w- | rectilincal angle; it is required to deſcribe upon the given 8 

nine AB a ſegment of a circle, con- | | 

taining an angle equal to the angle C. 

3 Firſt, Let the angle at C be a right 
5 angle, and biſect AB in F, and from . 10. 1. 
Po the center F, at the diſtance FB de- e 
1 ſcribe the ſemicircle AHB; therefore „%% 8 
$4 the angle AHBina ſemicircle „e: 5 3% ro ye gb; 
N qual to the right angle at Co. | 5 

5 Hut if the angle C be not a a right angle, at the point Ain the 
= ſtraight line AB make © the angle BAD To to the an; ule ©, and e. 23. 1. 


from the point A draw d AE at 5 3 l 10 
right angles to AD; biſect? AB : | 
in F, and from F draw a FG at 
) night angles to AB, and join 
h. and becauſe AF is equal 
C Þ to FB, and FG common to the 
— WM triangles AFG, BFG, the two __ 
des AF, FG are equal to the \C. 
two BF, FG; and the angle 
AFG is equal to the angle BFG; 


therefore the baſe AG is equal* D\ „„ ied Wes 
to the baſe GB; and the circle deſcr tbed from the center 0, ab 

diſtance GA ſhall paſs thro the point B; let this be the circle AHB. 

| and becauſe from the point A the extremity of the diameter AE, AD 

is drawn at right angles to AE, therefore AD touches f the circle ; . Obr. 16.3 


; and becauſe AB drawn from the point of contact A cuts the cir ts. 


. TS the 


63 


Book III. 


angle in the alternate ſegment gx 
AB. but the angle DAB is © 
equal to the angle C, therefore 

alſo the angle C is equal to 

the angle in the ſegment AHB. _— 
Wherefore upon the given 


T HE *E L EMENT 8 
. the angle DAB is equal to the 


ſtraight line AB the ſegment 
AHB of a circle is deſcribed 
which contains an angle equal to the given angle at 805 Which Was 
to 2 be done. 


PROP. XXXIV. PROB. 


0 cut off A bannt from a given circle which ſhall 
contain an angle equal to a given rectilineal angle. 


Let ABC be the given circle, and D the given rectilineal angle; 


it is required to cut off a ſegment from the circle ABC that ſhall 


contain an angle equal to the angle D. 


. 


5 b. 23. 1. 


the circle ABC, and BC is | 


„ $-3d 3+ 
„ alternate ſegment BAC of | „ 
by the circle. but the angle FBC is 01 to the * D: therefore 
the angle in the ſegment BAC is equal to the angle D. wherefore 
the ſegment BAC is cut off from the given circle ABC containing 
an angle equal to the given angle D. which was to be done. 


the ſtraight line EF touches 


drawn from the point of 
contact B, the angle FBC is 3 
equal © to the angle in the _ FE * * 


' Draw * the | Nraight line EF touching the circle ABC in i the point 
., and at the point B. in the 
ſtraight line BF, make Þ the 
angle FBC equal to the 
angle D. therefore becauſe | 


vas 


ore 


| ED. 
center, fo that E is the center; it is evident, 


- rectangle AE, EC is likewiſe equal to the nag 
$ rectangle BE, ED. | | 


2 equal © to the ſquare of FA; therefore 
the rectangle BE, ED together with the ſquare of EF i 1 ; equal to _ 


OF EUCLID. 


PROP. XXXV. THEOR. 


5 17 two ſtraight lines within a circle cut one another, the 


rectangle contained by the ſegments of one of them, is 


a o the rectangle contained by the ſegments of the 
: otner. 


8g 


Book a, 


Sce N. 


Let the two ftraight lines AC, BD within the circle ABCD, cut 


one another in the point E; the rectangle contained Dy AE, EC 
is equal to the rectangle contained by BE, 


If AC, BD paſs cach of them thro” the. 


that AE, EC, BE, ED being all equal, the 


But let one of them BD paſs thro the c center, 100 cut the ather ; 


AC, which does not paſs thro” the center, at right angles, in the 


point E. then if BD be biſected in F, F is the center of the circle 
ABCD; and to it from A draw AF. and becauſe BD which paſſes 
thro the center cuts the ſtraight line AC which does not pals thro! : 


the center at right angles in E, AE, 
EC are equal a to one another. and 
becauſe the ſtraight line BD is cut in- 

to two equal parts in the point F, 
and into two unequal in the point 
E, the rectangle BE, ED together \ 
with the ſquare of EF, is equal b to A \< 
the ſquare of FB; that is, to the ſquare _ 
of FA; but the ſquares of AE, EF are 


| a. 3. 3+ 5 


1 5 1 


e. 41. 


the ſquares of AE, EF. take away the common ſquare of EF, and 
the remaining rectangle BE, ED is equal to the remaining ien of IE 


| AE; that is, to the rectangle AE, EC. 


Next, Let BD which paſſes thro' the center, cut the other AC, 35 


| circle, Join AF, and from F draw FG 3 to AC; there 


| which does not paſs thro! the center, in E, but not at right angles. ; 
| then, as before, if BD be biſected in F, F is the center of the 


d. | 12. 1. | 


fore 
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Book Il. fore AG is equal to GC; wherefore the rectangle AF, PO 1 toge. 
SY ther with the ſquare of EG is equal b to the ſquare of AG, to each 


2 3.3. 
bd. 5. 2. 


GF. but the ſquares of EG, GF are 
equal © to the ſquare of EF; and the 
| ſquares of AG, GF are equal to the A ck 
ſquare of AF, therefore the rectangle ** 
AE, EC together with the ſquare of EF 
is equal to the ſquare of AF; that is, | 
to the fquare of FB. but the ſquare of FB is qual o to the rectangt 


c. 47. 1 


of theſe equals add the ſquare of GF, therefore the e 
EC together with the ſquares of EG, 
GF is equal to the ſquares of AG, D 


BE, ED together with the ſquare of EF; therefore the rectangle 


AE, EC together with the ſquare of EF, is equal to the rectangle 
BE, ED together with the ſquare of EF, take away the common 
 {quare of EF, and the remaining rectangle AE, EC is therefore -_ 
to the remaining rectangle BE, ED, 
_ Laſtly, Let neither of the ſtraight lines AC, BD paſs thro the 
center. take the center F, and thro = | 
E the interſection of the ſtraight lines 5 
AC, DB draw the diameter GEFH. 
and becauſe the rectangle AE, EC is 
equal, as has been ſhewn, to the 


% 


rectangle GE, EH; and for the 


: tame reaſon, the rectangle BE, ED £3 
is equal to the ſame rectangle GE, 


EH; therefore the rectangle A E, | 


EC is equal to the rectangle BE, ED. Wherefore 5 two Araigh 
lines, &c. W D. r 


PROP. XXXVI. 'THEOR. 


F from any point without a circle two ſtraight Jag 


be drawn, one of which cuts the circle, and the other 


3 it; the rectangle contained by the whole line 


which cuts ha circle, and the part of it without the circle, 
mall be equal to the ſquare of the line which touches it. 


{Lan D be any point wah the dierte ABC, and DCA, DBt tuo 


| Araight lines drawn from it, of which DCA cuts the circle, and 
' DB 


i F or 
Hot ' DB Jocks the ſame. the e rectangle AD, Do is equal to the . Bock III. 
ach Lot DB. © - 
W. | ; Either DCA paſſts thro the center, or it Jouk not ; firſt, let it 
| 7 paſs thro' the center E, and join EB; 1 the ale EBD1 is a 
rightangle. and hecauſe the {traight line 1 a. 18. 3. 
* AC 18 piſecled ! in E, and pr 7 WM to the 7 EE 
point O, the ret aigle AD, DC toge- 
ther wich the ſouare of EC is equal b to 
te Guare of ED. and CE is equal to 
EB, therefore the rectangle AD, DC 
together with the ſquare © ©8 is equal 
Z to the {quare of ED. but the ſquare of 5 
ED is equal © to the ſquares of EB, BD, 
becauſe EBD is a right angle. therefore 
the rectangle AD, DC together with 
| the ſquare of EB is equal to the ſquares | 
3 of EB, BD, take away the common 


b. 6. 2. 


c. 47; 1. 


the ſquare of EB, therefore the remaining reftangle AD, DC is equal | 
od the N of the tangent DB. 
But if DCA does not paſs thro? the center of the circle ABC, taked 4. 1. 3. i 
1 | the center E, and draw EF perpendicular © to AC, and join EB, e. 12. 1. 
Fc, ED; then EFb is a right angle. and becauſe the e me: 
0 EF which paſſes thro' the center, cuts 
the ſtraight line AC, which does not 
. | paſs thro' the center, at right angles, it 


ſhall likewiſe biſect f jt; therefore AF is 
| | <qualto FC. and becauſe the ſtraight 
aight ine AC is biſected in F, and produced to 
D, the rectangle AD, DC together with B 
the ſquare of FC is equal b to the ſquare 
of FD. to each of theſe equals add the {| 


| fquare of FE, therefore the rectangle \ , = 
hob 1 AD, DC lber with the ſquares of A\ 3 
ine CF, FE is equal to the ſquares of DF. 


| FE. but the ſquare of ED is equal to N 
| the {quares of DF, FE, becauſe EFD is a FEY 1 „ TY FR | 


it. quare of EC is equal to the ſquares of CF, FE; therefore the rect - 
- angle AD, DC together with the ſquare of EC is equal to the ſquare 

: = | ED. and CE is equal to EB, therefore the rectangle AD, DC to- 
aſl 


4 gether with the N of EB, is * to the Cos of ED. but the 
1 K bs 
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ſquares of EB, BD are equal to the ſquare © of ED, becauſe EBD 


AAT Is a right angle; therefore the rectangle AD, DC together with 
c. 47. 1. the ſquare of EB is equal to the ſquares of EB, BD. take away the 


out a circle there be drawn two 
ſtraight lines cutting it, as AB, 


qual to one another, viz, the 
rectangle BA, AE to the rect- 
angle CA, AF. for each of them 
is equal to the ſquare of the ſtraight 
line AD which touches the circle, 


common ſquare of EB, therefore the remaining rectangle AD, DC 


is equal to the ſquare of DB. | Wherefore if from any point, Ke. 
Q. E. D. 
Cor. If from any point with- 


AC, the rectangles contained by 
the whole lines and the parts of 
them without the circle, are e- 


PROP. Xv. THEOR, 


F from a point without a circle there be drawn two 


ſtraight lines, one of which cuts the circle, and the 


other meets it; if the rectangle. contained by the whole 
line which cuts the circle, and the part of it without the 
circle be equal to the ſquare of the line which meets it. 


the line which meets ſhall touch the circle. 


Let any point D be taken without the circle ABC, and from it 


let two ſtraight lines DCA and DB be drawn, of which DCA cuts 
the circle, and DB meets it; if the rectangle AD, DC de W to 


OS As 
5 b. | 18. 3. | 


the ſquare of DB; DB touches the circle. 


Draw the ſtraight line. DE touching the circle AB * fad its 


center F, and j join FE, FB, FD; then FED is a right » angle. and 
| becauſe DE touches the circle ABC, and DCA cuts it, the rectangle 


Ab, DC is equal to the ſquare of DE. but the rectangle AD, DC 


is, by Hypotheſis, equal to the ſquare of DB; therefore the ſquare 


of DE is * to the — of DB, and the ſtraight line 8 
42 5 „ . 


— 
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| equal to ite ſtraight line DB. and FE | 18 ; equal 0 FB, wherefore Book III. 
PDE, EF are equal to DB, BF; and "> SRL. 

| the baſe FD is common to the two D 

| ' triangles DEF, DBF; therefore the 
| angle DEF is equal 4 to the angle 
PBG, but DEF is a right angle, there- 
fore alſo DBP is a right angle. and 

I Pz, if produced, is a diameter, and 

| the ſtraight line which is drawn at 

| right angles to a diameter, from the 
extremity of it, touches © the circle. 
therefore DB touches the circle ABC. 
Wherefore it from a point, Kc. 
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BOOK IV. 
DEFINITIONS. 6 


a Rectilineal ſigure is ſaid to be inſcribed i in another reQtlined ; ( 
8 A figure, when all the angles of the inſcribed 92885 are n E 

the ſides of the ä in which 1 it is inſcribed, 55 

each upon: each. 


rr 


„ 

5 in like manner a Sens is ſaid t to be deſeribed a- 
bout another figure, when all the ſides of te # 
circumſcribed figure paſs thro' the angular „„ 13 
Points of the hare about which i it 1s deſcribed, each thro each = 


5 1 


N FT 


III. 
A reftilineal figure ; is ſaid to be inferived f n 
a circle, when all the angles of the in⸗ 
ſcribed figure ar are upon the circumfer ENCE 
of the circle. : 


: A rectilineal figure is ſaid t to ohe deſcribed about a circle, when each 
| ſide of the circumſcribed figure touches the r- 
circumference of the circle. 3 
„ OE, 
in like manner a circle is ſaid to be inſcribed = 
in a rectilineal figure, when the circum- | 
ference of the cucle touches each ſide of 
_ the figure, | 


nea? 
pot 


each 


OF FUE. 


lineal figure, when the circumference of 
the circle paſſes thro” all the angular points 
ol the figure about which it is deſcribedt. 


VII. 


95 


i v1. — — 
= A dire is {aid to be deſcribed about a refti- / | 


A ſtraight line is fail to be placed in a circle; when the extremities 


of it are in the circumference of the circle. 


PROP. I. PROB. 


IN a given circle to place a ſtraight line, equal to a gi- 


ven ſtraight line not greater than the diameter of the 7 


circle. 


Let ABC bs the given circle, and D the given ae line, not 


greater than the dia meter of the circle. 


Draw BC the diameter of the circle ABC; then, it BC 13 equal 


to D, the thing required is done; for in the arge; ABC a ſtraight 


4 Nh BC is placed equal to D. but 


f it is not, BC is greater than 
D; make CE equal“ to D, and 
from the center C, at the di- 

ſtance CE deſcribe the circle 
AEF, and join CA. therefore 
becauſe C is the center of the 
circle AEF, CA is equal to CE; 


but D is equal to CE, therefore D is equal to CA. wherefore in 
the circle ABC a ſtraight line is placed equal to the given firaight 


line D, which is not gr cater than the e diameter of the Cir rcle. Which 


1 Vas to | be done, 


PROP, II. pROB. 


IN a given EVE o inſcribe a trian gle equiangalar to 2 


| given triangle. 


96 


Book w. 


5 O required to inſcribe in the circle ABC a triangle equiangular to the 


THE ELEMENTS 
Let ABC be the given circle, and DEF the given triangle ; ; itic 


7 triangle DEF, 


A. 17. Jo. 


HAG touches the cir- 
cle ABC, and AC is 
_ drawn from the point 


4. 33+ 3. 


Draw * the ſtraight line GAH touching the circle! in the point A, 


and at the point A, in the ſtraight line AH, make b the angle HAC 


equal to the angle DEF and at the A, in the Krarght lin 
AG, make the angle 


 GAB equal to the 
angle DFE, and join 


BC. therefore becauſe 


of contact, the angle 
HAC is equal © to the 


angle ABC in the al- 
ternate ſegment of the circle. but HAC is equal to the mak DEF, 


therefore alſo the angle ABC is equal to DEF. for, the ſame reaſon 


1.32.1. 


the angle ACB is equal to the angle DFE ; therefore the remaining 
angle BAC is equal 4 to the remaining angle EDF. wherefore the 


triangle ABC is equiangular to the triangle DEF, and i it is inſcribed 
l the circle ABC. Which was to be done. at 


PROP. III. PROE. 


B ov T a given cirele to deſcribe a rriangle equian- 


- gular i to a given triangle. 


Let ABC be the given circle, and DEF the given triangle; it is 


required to deſcribe a triangle about the circle ABC 8 to 


the triangle DEF. 


Produce EF both ways to the points G, H, and find the center K 


| of the circle ABC, and from i it draw any ſtraight line KB; at the 


4 AF. 1. 


point K in the ſtraight line KB, make * the angle BKA equal to the 
angle DEG, and the angle BKC equal to the angle DFH; and thro' 
: the points A, B, C draw the ſtraight lines LAM, MBN, NCL touch- 


ing b the circle ABC. therefore becauſe LM, MN, NL touch the 


circle ABCin the points A, E, C to which from the center are drawn 
z. KA, KB, KC, the angles at the points A, B, C are right © angles. 


and becauſe the four angles of the quadrilateral figure AMBK are 


8 equal 


in 


ine 


EF, 
ſon 
ung 
the 
bed 


an- 


it 15 
r to 


er K 
the 
the 
thro 
uch- 
the 
a 
gles. 
are 


equal 


re like wiſe equals 
to two right an- 


| angles AKB, AM 


equal to DEG; wherefore the remaining angle AMB 18 equal t to the 


| monſtrated to be equal to DFE ; 


| MIN is equal © to the remaining angle EDF. wheretfore the tri- £. 35:4; 
angle LMN is equiangular to the triangle DEF, and it is 5 deſcribed 
about the cirele ABC. Which was to be dons. 
PROP. IV. PR OB 
| To ribs a circle in a given triangle. die No 


| in ABC. 


triangles EBD, FBD have two L* | 
| ages of the one equal to two 
| males of the other, and the ſide 
| BD, which is oppoſite to one of | _ N 


o EUCLIP. 97 


3 equal 1 to four right angles, for it can be divided into two triangles; Book IV. 
and that two of them KAM, KBM are right ages, the other two LAY 
AEB, AMB are 
equal to two right 
| angles. but the an- 


des DEG, DEF 


gles therefore the . 


are equal to the 
angles DEG,DEF, 
of which AKB is 


remainirig angie DEF. in like manner the angle LNM may be de- wet” 


and therefore the remaining angle 


Let the given  triangſe i be ABO ;-4t is regu red to inſer ibe 2 a circle 


Biſect che angles ABC, BCA by the ftraight lines BD, CD a.g.: 


meeting one another in the point D, from which draw Þ DE, D F, "$1. 1. bu. 
| PG perpendiculars to AB, BC, CA. A Sa 
and becauſe the angle EBD is e- <> 


qual to the angie FBD, for the 
| angle ABC is biſected by BD, and 


| that the right angle BED is equal . = : : 1 
to the right angle BFD, the „VCC00 I ad 74 


1 8 A 
Y & 


the equal angles in each, is com- 


non to both; therefore their other ſides hall be e equal ©; ; Where- c. 22. 1. 
G fdbiore 
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Book IV. fore DE is equal to DF. ſor the ſame reaſon, DG is equal to DF 1 
WOAL therefore the three ſtraight lines DE, DF, DG are : equal to one 


A. 16. 3. 


another, and the circle deſcribed 
from the center D, at the diſtance 


extremities of the other two, and 


CA, becauſe the angles at the 1 


of any of them, {hall paſs thro” the 
touch the ſtraight lines AB, BC, 


points E, F, G are right angles, 
and the ſtraight line which is 
drawn from the extremity of a di- * TE: 
ameter at right angles to it, touches B F 0 


d the circle. therefore the ſtraight. 
lines AB, BC, CA do each of thenk touch the circle, and the circ!: 


EFG is inſcribed in the triangle ABC, Which was to be done. 


PROP.V. PROB. 


8 8 O deſeribe a circle about a giv en triangle. 


Let the given triangle be ABC; it is required 0 deſcr ibe : a circk 
about ABC. | 
Biſect * AB, AC in the points D, E, ad from clicks points dray 


3 ns EF at right angles b to AB, AC; DF, EF produced meet on? 


another, for if they do not meet they are parallel, wherefore AB, 


Ad which are at right angles to them are parallel; which is abſurd, 


RE them meet in F, and join FA; alſo, if the point F be not in BC, 


9, 4. 1 "8 


join BF, CF, then becauſe AD is equal to DB, and DF common, 
and at right angles to AB, the baſe AF j is equal © to the baſe FB. in 


Uke manner it may be ſhewn that CF is equal to FA; and therefore 


BF is 8 to FC; 0s. FA, FB, FC are therefore . to one 


anothel. 


"4 5 
28 

"SETS 

3 


I 


One 


Arche 


ea 
CIC 


draw 


et one 


in ABCD. 


ter, and that EA is common, and at right 


0 F EUCLID. | 


another. 


Ss the Arie deſcribed from the center F. at the Book iv. 


29 


diſtance of one of them, ſhall paſs thro? the extremities of the other MY 


two; and be deſcribed Oe the triangle ABC. Which was to be 
done. 

Cor. And it is ; manifeſt that when the center of this circle falls 
within the triangle, each of its angles is leſs than a right angle, each. 


of them being in a ſegment greater than a ſemicircle. but when the 


center is in one of the ſides of the triangle, the angle oppoſite to this 


fide, being in a ſemicircle, is a right angle. and if the center falls 
without the triangle, the angle oppolite to the ſide beyond which it 
is, being in a ſegment leſs than a ſemicircle, is greater than a right 
angle. Wherefore, if the given triangle be acnie angled, the center 
of the circle falls within it; if it be a right angled triangle, the cen- 
ter is in the ſide oppoſite to the right angle; and if it be an obt! ale 8 
angled triangle, the center falls without the triangle, beyond the {ide 
oppolite to the —— angle. 


"PROP. "vt... PRO; 


EK T 0 inſeribe a ſquare ! in a giv en circle, 


Let ABCD be the given circle ; it is 1 to insert e a ſquare 
Draw the diameters AC, BD a: right angles to one another; and 
join AB, BC, CD, DA. becauſe BE is equal to ED, for k Eis the ccu- 


angles to BD; the baſe BA is equal 2 
to the baſe AD. and for the ſame rea- 
ſon, BC, CD are each of them equal to 
BA or AD; therefore the quadrilateral 
figure ABCD is equilateral, It is alſo 
rectangular ; for the ſtraight line BD 
being the diameter of the circle ABCD, 
BAD is a ſemicircle ; vherefore the | 
angle BAD is a right» anole, for the fame reaſon each of the angles 

ABC, BCD, CDA is a right aro! 2 therefore the quac drilateral fi- 


gure ABCD is vie and it has been ſhewn to be equilateral, 


cherefore it is a ſquare; 
Which was to be done. 


and it is interives, in the circle ABCD. 


PROP. 


"Raw 


A. 17. 3 


„ F. 


5 GF, HK may each of them be demon- 


is a right angle, as likewiſe is EBG, GH OG 


: qual d to HK, and GH to FK. and be- | H | 
cauſe AC is equal to BD, and that AC 


T1900" 0 NED 


PROP. VIL PROB. 
l 13 0 deleribe a x ſquare about a given circle. 


=. ABCD be the given circle; it 15 required to deſcribe a ſquare . 


about it. 

Draw two dianeters AC, BD of the circle ABCD, at right angles 
to one another, and thro' the points A, B, C, D draw * FG, GH, 
HK, KF touching the circle. and becauſe FG touches the circle 


ABCD, and EA is drawn from the center E to the point of conta& 
A, the angles at A are rightb angles. for the ſame reaſon, the angles 


at the points B, C, D are right angles. and becauſe the . AEB 


is parallel © to AC. for the ſame reaſon, 
AC-1s parallel to FK. and in like manner 


ſtrated to be parallel to BED. therefore B | 
the figures GX, GC, AK, FB, BK are | 
par allelograms, and GF is therefore e- 


is equzl to each of the two GH, PKR; and BD to each of the tue 


(F, HK; GH, FK are each of them equal to GF or HK. there- 


fore the quadrilateral figure FGHK is equilateral. It is alſo rectar- 


gular ; for GBEA being a parallelogram, and AEB a right angle, 


| AGB is4likewite a right angle. in the ſame manner it may be ſhewn 


that the angles at H, K, F are right angles. therefore the quadrile 


tcral figure FG HK is rectangular. and it was demonſtrated to be 


rer ve 


equilateral; therefore it is a 3 and it is deſcribed about the. 


circle ABCD. W hich Was to o be done. 


PROP. vim. 'PROB. 
* 1 fo inferibe ; a circle! in a given mars. 


Let ABCD be the given ſquare; it is requir ed to luer ib a circk 
in ABCD. 


Biſect ® each of the Gas AB, AD, in the points F. E, 1 thro 


b. 37. I E draw 0 EH {ks to AB or DC, and thro! F draw FE parallel tc 
AD 


"© 


— 


K. 

tu 
ere - 
Taft 


le, 


CW! 


ile» 


0 be 
t the 


circle 


thro 


| center G, at the diſtance of one of them B SD II C 
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AD or BC. therefore each of the figures AK, KB, AH, HD, AG, Rock Iv. 


GC, BG, GD is a parallelogram, and their oppoſite ſides are equale. Cos 


and becauſe AD is equal to AB, and that AE is the half of AD, and c. 34. 1. 


| AF the half of AB; AE is equal to AF. 


wherefore the fides oppolite to theſe are A MN | D 
equal, viz. FG to GE. in the fame 1 
manner it may be demonſtrated that 
GH, GK are each of them equal to FG 
or GE. therefore the four ſtraight lines 
GE, GF, GH, GK are equal to one ano- 
ther ; and the circle deſcribed from the 


hall paſs thro' the extremities of the 


hit three, and touch the ſtraight lines AB, BC, CD, DA: be- 


cauſe the angles at the points E, F, H, K are fight d angles, and that d. 29. 1. 
the ſtraight line which is drawn from the extremity of a diameter, 

at right angles to it, touches the circlee. therefore cach of the e. 16. 3. 
ſtraight lines AB, BC, CD, DA touches the circle, which therefore 


is inſcribed in the {quare ABCD. Which Was to be done je. 


PROP. IX. PROS. 


T* deſeribe a circle about a given ſquare. 


Let ABCD be the given ſquare; it is required t to deſer ibe a circle 
bout it. | 


Join AC, BD cutting one another in E. and becauſe DA 13 equa al 


to AB, and AC common to the triangles DAC, BAC, the two hides 


DA, AC are equal to the two B A, ; 
and the baſe DC is equal to the Labs BC; - 1 
wherefore the angle DAC is equal * to the 
angle BAC, and the angle DAB is biſecte 
by the ſtraight line AC. in the ſame man- 
ner it may be demonſtrated that the angles N 
ABC, BCD, CDA are leverally biſected by DE 
the ſtraight lines BD, AC. therefore be- | 
cauſe the angle DAB is equal to the angle ABC; and thar the angle 
EAB is the half of DAB, and EBA the half of ABC; the angle EaB 
i equal to the angle EBA; wherefore the fide EA is equal b to the b. . 
lade EB. in the lame manner it may be demonſtrated that the ſtraight 
G 'F 8 nds 


as. 8: 4 


102 THE ELEMENTS 
Book IV. Jines EC, ED are each of them equal to EA or EB. therefore the 


C 

. 4 — four ſtraight lines EA, EB, EC, ED are equal to one another; and C 

. the circle deſcribed from the- center E, at the diſtance of one of B 

them, ſhall paſs thro' the extremities of the other three, and be de-. P 

| ſeribed about the {quare ABCD. WW hich v was to be done. = 2X 

| to 

PROP. X. PROB. on WW a 

EB 

WO deſcribe an iſoſceles triangle, having each of the y 

angles! at the baſe double of the third auge D 

. u 

a. 11. 2 Take any ſtraight line AB, and divide it in the point c, ſo that MW? 

dtDiüe rectangle AB, BC be equal to the ſquare of CA; and from the | V 
fs center A, at the diſtance AB deſcribe the drcle EDE, in which 1 

b. 1. 4. place b the ſtraight line BD equal to AC, which is not greater than 
1 the diameter of the circle BDE; join DA, DC, and about the tri- : 
L. K. 4. angle ADC deſcribe e the circle ACD. the triangle ABD is ſuch as b 
is required, that; 755 cach of the angles ABD, ADB is double 05 the 
angle BAD). | SE 

Becauſe the recta angle AB, BC is equal to the ſquare of AC, and 2 

that AC. is ae to BD, the rectangle AB, BC is equal to the WW !: 
ſquare of BD. and becauſe from Pn, +. 

the e the circle ACD „„ Lett „ 

two ftraight lines BCA, BD are „F & 

drawn to the circumference, one a 

of which cuts, and the other-mects a 

the circle, and that the rectangle a 

AB, BC contained by the whole 

of the cutting line, and the part of 

* it without the circle, is equal to \ 

the ſquare of BD which meets it; a 

d. 37. 3. the ſtraight line BD touches d the 0 

Circle ACD. and becauſe BD l 

1 touches the circle, and DC is 


drawn from th e point of contact 5 1 | 

e. 32. 3. D, the angle BDC is equal © to the angle DAC i in the alternate ſeg⸗ : 
ment of the circle; to each of theſe add the angle CDA, therefore 
the whole angle BDA is equal to the two angles CDA, DAC. but 

f. 32. 1, the exterior angle BCD is equal f f to the angles CDA, DAC; there- 
. . SAT allo BDA 18 a to BCD. but pa is equal s to the ge 


* 
— 
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CBD, becauſe the fide AD is equal to the ſide AB; therefore Book IV. 


i CBD, or DBA is equal to BCD; and conſequently the hires angles? 
i KF BDA, DBA, BCD are equal to one another. and becauſe the angle 
Pz is equal to the angle BCD, the fide BD is equal h to the h. 6. 1. 
| {de DC. but BD was made equal to CA, therefore alſo CA is equal 18 
800 CD, and the angle CDA equal 5 to the angle DAC. therefore the g. 8,1. 
angles CDA, DAC together, are double of the angle PAC. but 
BCD is equal to the angles CDA, DAC; therefore alſo BCD is 
5 double of DAC. and BCD 1s equal to each of the angles BDA, 
DBA; each therefore of the angles BDA, DBA is double of the 
angle DAB. wherefore an iſoſceles triangle ABD is deſcribed 
at MW having each of the angles at the baſe double of the third angle. 
e Which was to be done. 
N | 
a PROP.-XI,-PROB. 
1- _ 
45 0 inſcribe an equilateral and equiangular Pentagon 
de p m N circle. 
14 Let ABCDE be the given circle; it is required to inſcribe an equi- 
ne lateral and equiangular pentagon in the circle ABCDE. | 


Deſcribe ® an Iſoſceles triangle FCH having each of the angles at a. 10. 4. 
G, H double of the angle at F; and in the cir cle ABCDE inſcribe bb. 3. 4. 
the triangle A C D equiangular to the triangle FOH, e chat ü 
angle CAD be <qual to the SE 
angle at F, and each of the 
angles ACD, CDA equal to 
the angle at G or H ; where- 
tore each of the angles 
ACD, CDA is double of the 
angle CAD. Biſecte the 
angles ACD, CDA by the 
b ſtraight lines CE, DB, a and oa 
f jon AB, BC, DE, 7. Us 
ABCDE | is the pentagon heed. 8 | _ 

Becauſe each of the angles ACD, CDA is double of 0 "4D, a and. 


8. 

Tre. are biſected by the ſtraight lines CE, DB, the five angles DAC, 

ut ACE, ECD, CDB, BDA are equal to one another. but equal angles 5 
* and upon equal a circumferences; therefore the five circumferences d. 26. 3. 


a, BC, ED, DE, EA are equal to one another, and equal cir- 
„ „ cumlcrengcs 


104 
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Book IV. cumferences : are ſubtended by equal © ſtraight lines; therefore the 
[[ie ſtraight lines AB, BC, CD, DE, EA are equal to one another. 
. 29. 3. Wherefore the pentagon ABCDE 1s equilateral. It is alſo equian. | 


b. 17. 


4 55 


4. 27. 


ww 


8 


rence AB is equal to the cir- 
cCumference DE, if to each be 
added BCD, the whole ABCD 
is equal to the whole EDC BH. 
and the angle AED ſtands on 
the circumference AB CD, 


gular; becauſe the circumfe- 


and the angle BAE on the 5 N % 
circumference EDCB; there- Wh . > a D 


. tore the angle BAE is equal!f 
to the angle AED. ſor the ſame reaſon, each of the angles AFC 


BCD, CDE is equal to the angle BAE or AED, therefore the pen. 
tagon AB CDE is equiangular; and it has been ſhewn that it is 


quilateral, Wherefore in the given circle an equilateral and equa - 
gular Pentagon has been inſcribed. Which Was to be cone, 


"PROP. XII. ROB. : 


0 deſcribe an equilateral and equiangular pentagot 
about a e circle. 


Let ABenk be the given circle; it is required to deſcribe an 


cquilateral and equian oular pentagon about the circle ABC DE. 


Let the angles of a pentagon inſcribed in the circle, by the lall 


- propoſition, be in the points A, B, C, , E, fo that the circumfe- 
. rences AB, BC, CD, DE, EA are equal ©; and thro” the points A, 
B, C, D, E draw GH, HK, KL, LM, MG touching Þ the circle; 


take the center F, and; join FB, FK, FC, FL, FD. and becauſe the 


ſtraight line KL touches the circle ABCDE in the point C, to which 
. FC is drawn from the center F, FC is perpendicular © to KL; there- 
fore each of the angles at C is a right angle. for the ſame reaſon, the 


angles at the points B, Dare right angles. and becauſe FCK is a right 


- angle, the ſquare of FK is equal d to the ſquares of FC, CK. for the 
ſame reaſon the ſquare of FK is equal to the ſquares of FB, BK. 
therefore the ſquares of FC, CK are equal to the ſquares of FB, BR, 

ol which the ſquare of FC is equal to the ſquare of FB; the remain- 


ing ure of CK i 1s therefore equal to the W e ſquare of BK, 


and 
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the | : and the ſtraight line CK equal to BK. and becauſe FB is equal. 6 to Book Iv. 


cr MF FC, and FK common to the triangles BFK, CFK, the two BF, FK AR 
an. are equal to the two CF, FK; and the baſe BK is equal to the baſe 


KC; therefore the angle BFK is equal © to the angle KFC, and the e. 8. 1. 
angle BK F to Fk C. wherefore the angle BFC is double of the angle 

KFC, and BK C double of FKC. for the ſame reaſon, the angle 

CFD is double of the angle CFL, and CLD double of CLF. and 

becauſe the circumference BC is equal to the circumference CD, the 5 
angle BFC is equal f to the angle 1 f. 27. 3 
CFD. and BL © 1s double of the — C 3 „„ 
angle KFC, au! CFD double of A E 

& L; therefore de angie KFC is | | OM 

oat to the angle SFL; and the 


„„ 


PC right angle FCK is equal to the 
en. MW right angle FCL. therefore in the 
% wo triangles FEC, FLC, there 
. rere two angles of one equal to 


two angles of the other, each to 
cach, and the fide FC, which is | 
adjacent to the equal angles i in each, is common to boths therefore | 
| the other ſides ſhall be equal s to the other ſides, and the third g. 26 
300 W angle to the third angle. therefore the ſtrai ght line KC is equal to 
el, and the angle FKC to the angle FLE. and becauſe KC is equal 
to CL, KL is double of KC. in the ſame mgnner, it may be ſhewn 


an chat HE is double of BK. and becauſe BK is equal to KC, as was 
37 | demonſtrated, and that KL is double of KC, and HK double of 
laſt WW ER, HK hall be equal to KL. in like manner it may be ſhewn that 
nt-- WF GH, GM, ML are each of them equal to HK or RL. theretore the 


pentagon GHKLM is equilateral. It is alſo equiangular ; for {nce 
tne angle FKC is equal to the angle FLC, and that the angle III. 
is double of the angle FKC, and KLM double of FLC, as was beforc 
demonſtrated ; the angle HKL is equal to KLM, and in like manner 
| it may be wn; that each of the angles KHG, HGM, GML is equal 
| tothe angle HKL or KLM. therefore the five angles GHK, HKL, 
KLM. LMG, MGH being equal to one another, the pentagon 
GHKLM is equiangular, and it is equilateral, as was demonſtrated ; | 
rm it is deſcribed about the circle ABCDE, Which was to be 
one, 


PROP. 


v p 1 . fa 


* Þ 


: b. 4. 1. 


. 9. . 


THE ELEMENTS 


PROP. XII,  PROB. 


2 T 0 inſcribe a circle in a gi en equilateral and equian- 


_ gular Pentagon. 


Let ABCDE be the given equile tral and equiangular pentagon; 


it is required to inſcribe a circle in the pentagon ABC DBE. 


Biſect ® the angles BCD, CDE by the ſtraight lines CF, Dp, and 7 
from the point Fin which they meet draw the i aight lines FB, FA, 
FE. therefore ſince BC is equal to CD, and CF common to the tri- 


angles BCF, DCF, the two ſides BC, CF are equal to the two DC, 
CF; and the angle BC is equal to the angle DCF; therefore the 


8 5 BF is equal b to the baſe F D, and the other angles to the other 


angles, to which the equal fides are oppoſite; therefore the angle 


Chf is equal to the angle CDF, and becauſe the angle CDE is 


double of CDF, and that CDE is equal to CBA, and CDF to CBE; 


CBA! is alſo double of the angle 


. 14. 1. 


CBF; therefore the angle ABF is | N 
equal to the angle CBF; Wherefore 
the angle ABC i 1s biſected by the 
ſtraight line BF. in the ſame man- 

ner it may be demonſtrated that the B 
angles BAE, AED are biſected by IN 
the ſtraight lines AF, FE. from the H 

point F draw © FG, FH, FK, FL, 

FM perpendiculars to the ſtraight 
_ lines AB, BC, CD, DE, EA. and- 

| becauſe the angle HCF is equal to 5 „„ 

kek, and the right angle FHC equal to the aka * FKC; 1: 

the triangles FHC, FKC there are two angles of one equal to two 


: 3 5 


* angles of the other; and the fide FC, which is oppoſite to one of 


4. 26. 1, 


FH is equal to the perpendicular FK. in the ſame manner it may be 
demonſtrated that FL, FM, FG are each of them equal to FH or 
FK; therefore the five ſtraight lines FG, FH, FK, FL, FM are 

5 equal to one another. wherefore the circle deſcribed from the center 
F, at the diſtance of one of theſe five, ſhall paſs thro' the extremi- 

ties of the other ours. and touch the Araight lines AB, BC, CD, 

DE, 


the equal angles in cach, is common to both; therefore the other 
ſides ſhall be equal d, each to each; ; Wherefore the perpendicular 


. 


th 
two 
ther 
ular 
be 
er 
5 
nter 
emi- 


CD, 


DE, 


|. ted by the ſtraight lines FB, FA, FE. 4 | 


equal to FDC; wherefore the ſide 
| CF is equal® to the ſide FD. in like manner it may be demonſtr SY b. 6.1. 


> each of the ſtraight lines AB, BC, CD, DE, EA touches the 
e wherefore it is inſcribed i in the PRO ABCDE. Which 


cee 


© was to be done. 


PROP. XIV. ROB. 


To i-{cribe a circle about a given equilateral and equi- 
angular e 


126 ABCDE be the given equilateral and equiangular pentagen . 
t is required to deſcribe a circle about it. 


Biſect ® the angles BCD, CDE by the ſtraight lines CF, FD, 6 


from the point F in which they meet draw the RAGE lines FB, FA, 
FE to the points B, A, E..It may be 
demonſtrated, in the ſame manner as 
in the preceeding propoſition, that the 
angles CBA, BAE, AED are biſec- 


and becauſe the angle BCD 1s equal 7 

to the angle CDE, and that FCD is 
the half of the angle BCD, and CDF 
the half of CODE; the angle FCD is 


that FB, FA, FE are each of them equal to FC or FD. therefore 


; the five ſtraight lines FA, FB, FC, FD, FE are equal to one ano- 
| ther; and the circle deſcribed from the center F, at the diſtance of 
| one of them, ſhall paſs thro' the extremities of the other tour, and be 


; &ſcribed about the equilateral and * * ABCDE. ; 
Wich was to be done. 7 


PROP. 


OF EUCLID. 1 


Pk, EA, becauſe the angles at the points G, H, K, 1 M are right Book IV. 
ges; and that a ſtraight line drawn from the extremity of the dv. 
etc of a circle at right angles to it, touches © the circle. there- e. 16. 3. 
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be demonſtrated that the angle DGC is 
alſo the third part of two right angles. 


with EB the adjacent angles ECC, CGB 


maining angle CGB is the third part of . 
two right angles; therefore the angles 
EGD, DGC, CCB are equal to one 


vertical oppoſite angles BGA, AGF, 
FGE. therefore the fix angles EGD, 
'DGC, CGB, BGA, AGF, FGE, are e- 
qual to one another, but equal angles 
. ſtand upon equal © circumferenccs; therefore the ſix circumferences 
AgB, BC, CD, DE, EF, FA are equal to one another. and equal 
3. circumferences are ſubtended by equal f ſtraight lines; therefore 

the fix ſtraight lines are equal to one 8 and thi hexagon 


THE ELEMENTS 
PROP. XV. PROB, 
AO inſcribe an equilateral and equiangular hexagon in 
a given circle. 


Let AB CDE be the given circle; it is required to | inſcribe an 
equuater al and e e hexagon in it. 
Find the center G of the circle ABC DEF, and draw the diame- 
ter AGD; and from D as a center, at the diſtance DG deſcribe the 
circle EGCH, join EG, CG and produce them to the points B, F; 
and join AB, BC, CD, DE, EF, FA. the hexagon ABCDEF is 
equilateral and equiangular, 
Becauſe G is the center of the circle AB DEP, GE is equal to 


GD. and becauſe D is the center of the circle EGCH, DE is equal 


0 DG; wherefore GE is equal to ED, and the triangle EGD is 
equilateral, and therefore its three angles EGD, GDE, DEG are 
equal to one another, becante the angles at the baſe of an iſoſceles 


triangle are equal a, and the three angles of a triangle are equal b to 
"two riot angles; therefore the angle EOD! 18 the third part of two 


right angles. - in the ſame manner it may 


and becauſe the ſtraight line GC makes J 2 


equal © to two right angles; the re- 


another. and to theſe are equal 4 the 


ABCDEF is e It is alſo equiangular; for ſince the cir- 


cumference AF is equal to ED, to each of theſe add the circumfe- 
rence ABCD; therefore the whole circumference FABCD ſhall be 
equal to the whole EDCBA. and the angle FED ſtands upon the 


circumfererce 


J$% 


in 


an 


ellces 


qual 
efore 


agon | 


cir- 
imfe- 
ul be 


n the 


＋ 
5 
$ 


circle, and AB the ſide of an eoullateral < 


 ateral and equiangular quindecagon i 


; BE, EC are, each of chem, the fif- 
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circumference FABCD, and the angle AFE upon EDCBA; there- Book IV. 
fore the angle AFE is equal to FED. in the fame manner it may be — 
demonſtrated that the other angles of the hexagon ABCDEF are 

each of them equal to the angle AF E or FED. therefore the hexa- 

gon is equiangular. and it is equilateral, as was thewn andi it is in- 

ſcribed in the given circle ABC DEF. Which was to be done. 

Con. From this it is manifeſt, that the fide of the hexagon! 18 

equal to the ſtraight! line from the center, that is, to the ſemidiame- 


ter of the circle. 


And if thro' the REI A, B, , D. „ F there be drawn ſtraight 
lines touching the circle, an Canibus and equiangulſar hexagon 
ſhall be deſcribed about it, which may be demonſtrated from what 
has been faid of the pentagon; and livewife a circle may be inſcribed 
in a given equilateral and equiangular hexagon, and circumſcribed 
about it, by a method like to that uſed for the pentagon. 


PROP. XVI. PROB. 


0 inſcribe an ee and equi angular onind 
gon in a given circle. 


Fo : CY 4% 
Ca- Ne * = 


Let ABOD be the given circle; ; It 15 req quired 0 inferibe au cc 
| 24 & 


the circle ABC. | 
Let AC be the ſide of an equil: ter ral tri Fang! le inſcribed in the 2. 2 4 
nd equiangular pentagon 
inſcribed b in the ſame; therefore of fach equal par ts as the Whole b. 11. 4. 
circumference ABCDF contains fifteen, the circumference ABC,  be- | 
ing the third part of the whole, con- | 
tains five; and the circumference AB, 
which is the fifth part of the whole, 
contains three; therefore BC their 


difference contains two of the ſame el , 


parts. biſect e B C in E; therefore | 


tenth part of the whole circumfe- 1 TL 

rence ABCD. therefore if the ſtraight FRE 

lines BE, EC be drawn, and ſtraight ne, 
lines equal to them be placed dg :round i in | the whole x an equi- 325 1. 4. 
lateral and equiangular quindecagon ſhall be inſcribed 1 in it. Which 

was to ve gone, 


And 
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Bock V. And in the ſame manner as was done in the pentagon, if thr 


3 the points of diviſion made by inſcribing the quindecagon, ſtraight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagon ſhall be deſcribed about it. and likewiſe, as in the pen- 
| tagon, a circle may be inſcribed in a given equilateral and _ 
lar N and circumſcribed avout Nm 
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BO OR V. 

nM DEFINITIONS 

J. 


A LESS magnitude is ſaid to be a part of a greater magnitude. 
A when the leſs meaſures the greater, that is, when the leſs 18 
contained a certain nu umber of times Exactly i in the greater.” 
4 3 is ſaid to be 4 multiple of a leſs, when the 
greater is meaſured by the leſs, that is, when the greater con- 
: 5 the leſs a certain number of times exactly.” 
III. 
1 Ratio is a mutual relation of two magnitudes of the fame kind to See N. 
one another, in "Oper © of quantity,” 
| Fo. 

Magnitude are ſaid to have a ratio to one another, when the leſs can 
be multiplied or as to exceed the other. 
The firſt X four magnitudes | is ſaid to have the ſame ratio to the . 
cond, which the third has to the fourth, when any equimultiples 
_ whatſoever of the firſt and third being taken, and any equimul- 
_ tiples whatſoever of the ſecond and fourth ; if the multiple of the 
firſt be leſs than that of the ſecond, the multiple of the third is 
alſo leſs than that of the fourth; or, if the multiple of the firſt be 
equal to that of the ſecond, the multiple of the third is alſo equal 
8 of the fourth ; or, if he multiple of the firſt be greater 
. than 
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than that of the ſecond, the multiple of the third 3 is alſo Breate 
than that of the fourth. 55 
VI. Y 
 Magnitudes which have the ſame ratio are called proportional. 
N. B. When four magnitudes are proportionals, it is uſually 


* expreſſed by ſaying, the ey is to the ſecond, as the third to 


* the fourth. 3 
When of the equimultiples of four magnitudes (taken a as in the i 0 
Definition) the multiple of the firſt is greater than that of the ſe- 
cond, but the multiple of the third is not greater than the inul- 
tiple of the fourth; then the firſt is ſaid to have to the ſecond » 
greater ratio than the third magnitude has to the fourth; and on 


the contrary, the third is ſaid to have to the fourth a leſs ratio 


than the firſt has to the ſecond. 
„ 
1 Analogy, « , or r pr oportion, is the ſimilitude of ratios.” 
| IX. 
| P T opor tion conſis in three terms at leaſt, x 


| When three magnitudes a are pr oportionals, the firſt i is ſaid to have o 


| the third the duplicate ratio of that Which it has to the ſecond, 
= 


| See N. 


ſecond, and fo on Quadruplicate, &c. increaſing the denomination 
fall by unity, in any number of proportionals. 

5 Definition A, to wit, of Compound ratio. 

5 When there are any number of magnitudes of the ſame kind, the fi 


is ſaid to have to the laſt of them the ratio compounded of the 


ratio which the firſt has to the ſecond, and of the ratio which the 
ſecond has to the third, and of the ratio which the third has to 
| the fourth, and fo on unto the laſt magnitude. 
For example, If A, B, C, D be four magnitudes of the ſame kind, 


the firſt A is ſaid to have to the laſt D the ratio compounded ol 
the ratio A to B, and of the ratio of B to C, and of the ratio of C. 
to D; or, the ratio of A to D is ſaid to be eee of the 


redo of 4 a B to C, and C to D. 


And if A has to B, the ſame ratio which E bas to F; and B to C, 


the ſame ratio that G has to > H; and C to , the ſame that K 
| 5 has 


WW hen four magnitudes are continual ok the firſt is ſaid to 
have to the fourth the Triplicate ratio of that which it has to the 


E [nver 


| 18 
th 
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has to L; then, by this Definition, A is ſaid to have to D the ra- Book V. 
tio coinpounded of ratios which are the ſame with the ratios of E IJ 
to F, G to NH, and K to L. and the fame thing is to be under- 
ſtood when it is more briefly expreſſed by ſaying A has to D, the 

| ratio compounded of the ratios of E to F, G to H, and K to L. 

In like manner, the ſame things being fappoſed, if M his to N the 

£ fame ratio which A has to D, then, for ſhortneſs ſae, II Is ſaid 
to have to N, the ratio compounded of the ratios of E to F, G 
toH, and K to L. 5 

XII. 

in proportionals, the + intecedenc terms arc called homologous to on 

another, as alſo the conlequents to one another. 

Geometers make uſe of the following technical words to ſignify 

certain ways of changing either the order or magnitude of pro- 

© portonal, ſo as that they continue fill to be pr opor tionals,” 

| XIII. | 

1 Permntando, or Alternando, by Per mutation, or rey ; this gee . 

woyrd is uſed when there are four proportionals, and it is infer- 

red, that the firſt has the ſame ratio to the third, which the ſe- 

cond has to the fo urth; or that the frſt is to the third, as the 

ſecond to the fourth, as is ſeven 1 in the 1 6th Prop. of this 5 th 

Book. 1 „„ ” 

| NIV. . 

invertendo, by h when there are four proportionals, and it 

iq inferred, that the end! is to the fi t, as the fourth to the 

third. Prop. B. Book 5 th. | 

| 85 XV. 

omponendo, by Compoſition; when there are four proportionals, 

| anditis inferred, that the firſt together with the {econd, is te 

the ſecond, as the third together With the fourth, is to the tour tt 

18th Prop, Book Sth.” 


Fo EP e 

Linidendo, by Diviſion; when there are four proportionales, and i- 

zs inferred, that the Exceſs of the firſt above the ſecond, is to the 
ſecond, as the Exceſs of the third above the fourth, 18 10 the 
fourth, 17 th Prop. Book 5th. 

s | „ 

þ Convertendo, by Converſion - when 5 are four proportionals, 

aud it is inferred, that the firſt is to its Exceſs above the 2 855 | 

28 the third 0 its E xceſs aboxe the fourth. Prop. E. Book 5t 

it 5 25 
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SYS ER acquali ({c.diſtantia), or, ex aequo, from equality of "OOO « Wlicy 
there is any number of magnitudes more than two, and as many 
others, ſo that they are proportionals when taken two and two of 
each rank, and it is inferred, that the firſt is to the laſt of the firſt 
rank of magnitudes, as the firſt is to the laſt of the others. of this 
there are the two following kinds, which ariſe from the diffe. 
* rent order 1 in which the magnitudes are taken two and two,” 
XIX. 

Ex acquali, from aequality; this term is uſed Gmply by itſelf, when 
the firſt magnitude is to the ſecond of the firſt rank, as the firſt 
to the ſecond of the other rank ; and as the fecond is to the third 
of the firſt rank, fo is the ſecond to the third of the other; and 
ſo on in order, and the inference is as mentioned in the preceed- 
ing Deſinition; whence this is called Ordinate Proportion. It i 
demonſtrated in 22d Prop. Book sch. 

Ex 3 in e perturbata, ſeu inordinata, from equa- 
lity, in perturbate or diſorderly proportion *; this term is uſed 
when the firſt magnitude: is to the ſecond of the firſt rank, as the 
laſt but one is to the laſt of the ſecond rank; and as the ſecond i: 
to the third of the firſt rank, ſo is the laſt but two to the laſt but 

one of the ſecond rank; and as the third is to the fourth of the 


firſt rank, fo is the third from the laſt to the laſt but two ot 
the ſecond rank; and ſo on in a croſs order. and the infercnc? 
is as in the 18th Definition. It is demonſtrated in 23d Prop 


of Book 6th. 


: — to one another. 


5 Thoſe magnitades of which the ſame, or equal magnitudes, ar? 


| equimultples, are ou to one another. 
III. 


A multiple of a greater — is greater than the lame multiple 


4. Prop: Lib. 2. Archimedis de ſplacra et eylindro. | 


10 
3 | m 


them 


' QuiztvLTIPLEs of the fame, or of equal magnitudes ar? 


nv. 8 
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| : That magnitade of which a multiple i is greater than the "TR mul- AAR 
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tiple of another, is greater than that other magnitude. 


PROP. I. THE OR. 


'F any number of magnitudes be equimutilples of ag 
many, each of each; what multiple ſoever 8 one of 
them is of its part, the ſame multiple hall all the firſt 


magnitudes be of all the other. 


Let -ny number 4 ods AB, CD be equimultiples of ag 
many others E, F, each of each ; whatſoever multiple AB is of E, 
che ſame multiple ſhall AB and CD together be of E and F together, 
| Becauſe AB is the ſame multiple of E that CD is of F, as many 
3 magnitudes as are in AB equal to E, fo many are there in CD wo a! 


o F. Divide AB into magnitudes equal to E, viz. 


| | AG, GB; and CD into CH, HD equal each of A 


them to F. the number therefore of the magni- 
des CH, HD ſhall be equal to the number of. 


1 che others Af. GB. and becanſe AG is equal to 


E, and CH to F; therefore AG and CH together 
are equal to * E and F together, for the ſame 


þ rcaſon, becauſe GB is equal to E, and HD to F; 
63 and HD together are equal to E and F to- 


gether. Wherefore as many magnitudes as are in 


Ag equal to E, ſo many are chere 1 in AB, CD 
| together equal to E and F together. Therefore 
vhatſoever multiple AB is of E, the ſo ume mul- 
4 gl is AB and C D together Of E and F toge- 


ther, 5 | | 


1 I : 
: 2 


27 


5 


G 
Bl 
E: 


(1 


fl 


Therefore if any m aguitudes, how many ſoever, be equimultiple⸗ 
Jetas many, each of cach, whatſoever multiple any one of them: 
$ > of its part, the ſame multiple ſnall all the firſt magnitudes be of 
1 4 the other. for the ſame Demonſtration holds! in any nuraber 8 
| * magnitudes, which was here applied to two Es D. 


bo. 


S 4 - 2 


t16 


Book V. 
— 


F the fourth. 


C, that DE is of F; there are as many B ” 


as many as there are in BG equal to 8 G | al II . 15 
ſo many are there in EH equal to F. as 8 


many then as are in the whole AG equal to C, ſo many are ther 
din the whole DH equal to F. therefore AG is the ſame multiple of 


6 


af cach; the whole of the firſt, viz. AH is G1 


THE ELEMENTS 
PROP. II. THEOR, 


F the firſt magnitude be the ſame multiple of the ſecond 
that the third is of the fourth, and the fifth the ſame 


multiple of the ſecond that the fixth is of the fourth; then 
ſhall rhe firſt together with the fifth be the ſame Walti 


of the ſecond, that the third rogether with the ſixth is of 
the fourth. 


Let AB the firſt be the ſame multiple of C the ſecond, that DE 
the third is of F the fourth; and BG the fifth the ſame multiple 


of C the ſecond, that EH the ſixth is of F the fourth. 'F hen is 
AG the firſt together with the fifth the 


_ fame multiple 1 C the ſecond, that DE A D ' 


the third together with the ſixth is ofßf 
Becauſe AB is the ſame multiple of J. E | ; 


magnitudes j in AB equal to C, as there 
are in DE equa al to F. in like manner, 


C, that DH is of F; that is, AG the firſt and fifth ie er i 
the ſame multiple of the ſecond C, that DH the third and t 


together is of the fourth F. If therefore the 


Arlt be che ſame multiple, c. OED: D 
ok. From this it is plain, that if anxß , --.: = 
number of magnitudes AB, BG, GH be B | 
* multiples of another C; and as many DET OS] 
*EK, KL be the ſame multipler „ K 


* the fare multiple of C, that the whole of 8 
' the laſt, viz. DL. . 


| third 
be ta 


Be 


—— > 


= C1: 


t 
tber 
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K the firſt be the ſame multiple of the ſecond, which 
the third is of the fourth; and if of the firſt and third 

there be taken Su dnl ie, theſe ſhall be equimultiples 

the one of the ſecond, and the other of the fourth. 


Let A the firſt be the ſame mkiple of B the ſecond, that C the 
third is of D the fourth; and of A, C let the equimultiples EF, GH 
be taken. then EF is the ſame multiple of B, that GH is of D. 

I Becauſe EF is the ſame multiple of A, that GH is of C, there are 
as many magnitudes in EF equal to A, as are in GH equal to C. lei 
EF be divided into the mag- _ N 
nitudes EK, KF, each equal F Z | 3 
to A, and GH into GL, LH, | e 
each equal to C. the number 
therefore of the magnitudes |: | SY: 
EK, KF, ſhall be equal to . >. EY 
the number of the otkers wy. n Sa L 1 f 
GL, LH. and becauſe A is 2 Ts 
the ſame multiple of B, that 5 e : 
E Cis of D, and that EK is Sn | 
equal to A, and GL to ; * | 
therefore EK is the ſame - 
multiple of B, that GL is of E A 5 0 © D 
D. for the fame reaſon KF is the fame multiple of B, that LH is 
of D; and fo, if there 1 more parts in EF, GH equal to A, C. 
becauſe therefore the firſt EK is the fame multiple of the fecond B, 
which the third GL is of the fourth D, and that the fifth KF is 5 
the ſame multiple of the ſecond B, which the ſixth LH is of tre 
fourth D; EF the firſt together with the fifth is the ſame multiple 4 
of the e B, which GH the third together with the ſisth is of 


IS) 
on 


þ the fourth D. If therefore t th 2e firſt, &c. E. D. 


THE ELEMENTS 


PROP. IV. THEOR. 


FF the firſt of four magnitudes has the ſame ratio to the 


ſecond which the third has to the fourth; then any 


equimultiples whatever of the firſt and third ſhall have 


the ſame ratio to any equimultiples of the ſecond and 


fourth, viz. © the equimultiple of the firſt ſhall have the 


2 ſame ratio to that of the ſecond, which the equimultipl 


185 of the third has to that of the fourth. 


Let A the firſt hs to B the ſecond, the ſame ratio which the 


third C has to the fourth D; ; and of A and C let there be taken any 


Whatever G, H. 


tiples Whatever K, L, and of G, II, 


N 
hd 
VU 


_ ſame reaſon M is the fame multiple 


| b. Hypoth. 


Auimultüples K, L; 
D have bein taken certain equi- 
multiples M, N; if therefore K be | i 

1 greater than M, L is greater than . po 

| c. 5. Def. 5.1 

8 "And K, L are any equimultiples 1 
Whatever of E, F; 

Whatever of G, H. N * 
is to G, ſo is F, to H. Therefore . 
if 7 the the firſt, & | 

Con. Likew N if the firſt has the ſame ratio to the ſecond, which 

che third has to the fourth, then alſo any equimultiples whatever of 


then becauſe E js the ſame multiple | _ e | 1 
of A, that Fis of C; 
F have been taken glattes * 


cquimultiples whatever E, F; and of B aad D any equimultiple. 

then E has the 

ſame ratio to G, which F has to H. 
Take of E and F any equimul- | 


| 


any equimultiples whatever M, N. 
andofEand | | 


I.; therefore K is the ſame mul- 5 5 
tiple of A, that L is of C.. for the+ | 


as Als to B, ſo is C to Db, and of & 
A and C have been taken certain e- 


-þ 8 
I ” 3 
of B, that N is of D. and becauſe K E A B G M 
„ 
and of B and |: 1 5 


N; and if equal, equal; if leſs, leſss. 9 4 


and M, N any | 
as therefore E 


. E. B. 


1 N 
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e firſt and third have the ſame ratio to the ſecond and fourth. and Book V 

nn like manner the firſt and the third have the ſame ratio to any equi- —— 
multiples whatever of the ſecond and fourth. : 
Let A the firſt have to B the ſecond, the ſame ratio which the 
third C has to the fourth D, and of A and C let E and F be any equi- 
multiples whatever; then E is to B, as F to D. 

Take of E, F any equimultiples whatever K, L and of B. D an 7 
equimultiples whatever G, H; then it may be demonſtrated, as be- 
fore, that K is the ſame multiple of A, that L is of C. and becauſe 
A is to B, asCis to D, and of A and C certain equimultiples have 
been taken, viz. K and L; and of B and D certain equimultiples G, 
H; therefore if K be greater than G, L is greater than H; and if 
equal, equal; if leſs, leſs e. and K, L are any equimultiples of E, F, e. 5. Def. 3. 
and G, H any whatever of B, D; as therefore E is to B, fo | is F to 
D. and in the ſame 8 the other caſe is demonſtr ated. | 


PROP. Vi THE OR. 


Ir one magnitude be the ſame multiple of another, See N, 
* which a magnitude taken from the firſt is of a magni- 
tude taken Ch the other; the remainder ſhall be the 

ſame multiple of the remainder, that the whole | is of the 
whole. 


Let the ngnicnds AB be the ſame mull of CD, that AE 
taken from the firſt, is of CF taken from the o- Gi 
ther; the remainder E B ſhall be the ſame mul- 
tiple of the remainder FD, that the whole AB is 


of the whole CD. 5 | A: 

Take AG the fame multiple of FD, that AE is RY 
of CF. therefore AE is the ſame multiple e 8; 
CF, that EG is of CD. but AE, by the hypothe- _ 3 
ſis, is the ſame multiple of CF, that AB is of CD. E 4 1 


| therefore EG is the ſame multiple of CD that ag? © 
is of CD; whercfore EG is equal to AB b. take F b. f. Ax 5. 
from them the common magnitude AE; the re 
mainder AG is equal to the remainder EB. B D 
Wherefore ſince AE is the ſame multiple . b 
that AG is of FD, and that AG is equal to EB; Pe BE AE is 
the lame multiple of CF, that EB is of FD. but AE is the ſame 
H 4 . multiple 


f 


20 


Book V. multiple of CF, that AB is of CD; therefore EB is the ſame mu}. 
SY tiple of FD, that AB 18 of C13; Therefore if one magnitude, dee 


Sce N. 


. Ax. 5. 


the hypot heſis, is the ſame multiple E 
chat CD is of F; therefore KH is the ſame „ 


: qual to F, H therefore is equal to F. 


F. Make CK the ſame multipie ot F, that : 
GB is ot E. and becauſe AG is he fame "©; 
multiple of E, that CH is of ©; and GB the A * 
ſame multiple of E, that CK is of F, there. 


is of Fb. but AB 15 the ſame multiple ob 
E, chat C D is of E's: therefore KH 18 the G I. 
lame multipie of F, that CD is of it; where= | 


both, thereiore oo remainder KC is equal to 


fame multiple of E. that KC is of F, and 
that KC is equa to HD; therefore IID is the PA multiple of F, 


THE ELEMENTS 


1 | | 
PRO P. VI. THE OR. 


F 
L. 


I two o magnitudes be equimultiples of two others, and the f 

8 if cquimultiples of theſe be taken from the firſt two, than 
the remainders are either equal LO theſc others, or equi. WG 

multiples of them. 1 

Let the two magnitudes AB, CD be eq vimultiples of the two k, chen 

: F, and AG, CH taken from the firſt two be equimultiples of the fame than 

E, F; the remain ders GB, HD are eltner equal to E, E, or equi- than 

maltiples of them. & {econ 

Firſt, Let GB be equal toE; HD is caval to F. make CK equa! cond 

to F; and becauſe AG is the ſame multiple of E  Jout 

Es that CH is of F, and that GB is equal A. K | al 

to E, and CK to F; therefore Ah is the fame | | FT. the 

multiple of E, chat RH is of F. But AB, by | C. N The 


multiple af F, that CD is of F; wherefore on „ | 
KH is equal to C wh 4, take away the com- Sh | . | 
mon magnitude CH, then the remainder KC B 9 E F 
is equal to the 5 „ 405 


But let GB be a multiple of E; then HD is the ſame multiple of 


tore AB is the ſame multiple of E, pn KH - 


_—— 


fore KH is equal to CD®. take vay CH from 1 3 15 


the remainder HD. and becauſe GB is the hs D E E 


that GB; 150 of E. uf therefore two magnitudes, Kc. Q. E. 5 
8 5 7 R 0 P. 
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| | Book V. 
PR OP. A. THE OR. 1 
'F the firſt of four magnirudes has to the ſecond, the See N. 
ſame ratio which the third has to the fourth; then if 
the firſt be greater than the ſecond, the third is ifs greater 
chan the fourth; and if equal, equal; if leſs, leſs. 


Take any equimultiples of each of them, as the doubles of each. 
then by Def. 5th of this Book, if the double of the firſt be greater 
han the double of the ſccond, the double of the third is greater 
than the doable of the fourth. but if the firſt be greater than the 
{:cond, the double of the firſt is greater than the double of the ſe- 
cond, wherefore alſo the double of the third is greater than the 
double of the fourth ; therefore the third is greater than the fourth. 
in like manner, if the firſt be equal to the TRognd, or leſs than it, 

he third can be proved to be equal to the fourth, or leſs than it. 
Therefore! if the firſt, &c. Ve E. D. 


+ 
* 


PROP, B. 'THEOR, 


I. four ait are proportionals, they a are propor- See de 
tionals alſo when taken! in . 


If che magnitude A be to B., as 01 is to D, then allo inverſely Bi 15 
to A, as D to C. | 
Take of B and D any PD TROP what- e we 
erer E and F; and of A and C any equimul- | 
tiples whatever G and H. Firſt, Let E be + N 
greater than G, then G 1s leſs than E; and 1 . 
becauſe A is to B, as C is to D, and of A and 3 
| C the firſt and third, G and H are equimul- | TT, 
| tiples; and of B and D the ſecond and fourth, 8 * 
1 


E and F are equimultiples; and that G is leſs 

than E, H is alſo a leſs than F; that is, F is 

greater than H. if therefore E be greater 1 f 
G, F is greater than H. in like manner, | . 
if E be equal to G, F may be ſhewn to be e- 1 
qual to H; and if leſs, leſs. and E, Fare any i! 3 
equimultiples whatever of B and D, and G, H Si 


1 
E. 
F 


. ber 


+ 
B 
1 
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= See N. 


: firſt is to the ſecond, as the third! 18 to the fourth. 


| ts 3.5. 


v. s. Def. 3 
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Bock V. any whatever 0. A and C. Therefore as B is to A, fo is D to C. 
—— If then four e &c. QE. D. 


PROP. ©; HE OR. 


FF the feſt be the ſame multiple of the ſecond, or the | the 


ſame part of it, that the third is of the 5 - the | fou 


Let the fert A be the ſame multiple of B the ſecond, that C 


the third is of the fourth D. A is to B, as Cis 
to D. 


Taxkc of A and Cany equimultiples whatever E 


and F; and of B and D any equimultiples what- | 


ever G and H. then becauſe A is the ſame mul- 


tiple of B that C is of D; and that E is the 

fame multiple of A, that F is of C; E is the fame H 

multiple of B, that F is of D*; therefore E and 

F are the ſame multiples of B and D. but G 
and H are equimultiples of B and D; therefore 
if E be a greater multiple of B, than Gi Fe + 

greater multiple of D, than H is of D; that is, if 
E be greater than G, F is greater than H. in like 
manner, if E be equal to G, or leſs; F is equal | 
to H, or leſs than it. But E, F are equimultiples, 


any whatever, of A, C, and G, H any equimul- 


tiples whatever of B, D. To 4 herefore A is to B, 


as C is to Db, 
Next, Let the firſt A be the ſame part 


of the ſecond B, that the third C is of the 
fourth D. A is to B, as C is to D. for B 


955 is the ſame multiple of A, that D is of C; 


wherefore by the preceeding caſe B is to : 
A, as D is to C; and inverſely© A is to B, 
as C is to D. Therefore if the firſt be the | | 
fame multiple, ec. . 5 


| | [= 
> Te 
EY bas 
PROP 8 
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PROP. D. THE OR. 


F the Grſt be to the ſecond as the third to the tout 
and if the firſt be a multiple, or part of the ſecond; 


the third! is the ſame multiple, or the ſame pour of the 
ry 


let Abe to B, as Cis to D; and firſt let A be a multiple of B; 
Oz the fame multiple of D. . 
Take E equal to A, and whatever multiple 
A or E is of B, make F the ſame multiple of | 
| D. then becanſe A is to B, as C is to D; and | 
of B the ſecond and D the fourth equimn]- 


tivles have been taken E and F; A is to E, as | | E 
C to F. but Ais equal to E, therefore C is | | 
equal to Fb. and F is the fame multiple of D, | * | DE 
that A is of B. Wherefore C is the ſame mul- A. B C 
tiple of D, that A is of B. 8 3 e 
Next, Let the firſt A be a part of the ſe. e es the Fi. 
cond B; 0 che third is the ſame part of „%%% ͤ ( 
fourth D. . e 5 —_ - 
Becauſe A is to B, as C is to D; then, in- 1 PI Shs 
| verſely B is e to A, as D to C. but A is a part FT: 6 . 5. 
| of B, therefore B is a multiple of A, and, by | 5 


the preceeding caſe, D is the ſame multiple of 


IJ; that is, C is the ſame : part of D, that Ais of B. Therefore 5 
the firſt, Kc. . . 


5 P * 0 P. VII. TH E OR. 


Ea 8 have the ſame ratio to the ſame ; 
| magnitude; and the ſame has the ſame ratio to equal | 
Wgnitudes, 


Let A wy B be al magnitudes, and 0 any other. A and B 
bare each of them the ſame ratio to C. and C has the lame ratio to 
each of the magnitudes A and B, 


Take * A and B any ea gd whatever D and E, and of 
8 ay. 


My THE ELEMENTS 


Bock v. C any multiple whatever F. then becauſe D is the lame multiple | there 


AA of A, that E is of B, and that A is equal to 
a 1. Ax. 5. B; D is equal to E. thercfore if D be greater 
than F, E is greater than F; and if equal, e- 
qual; if leſs, leſs. and D, E are any equi- 


multiples of A, B, and F is any multiple of 1 


b. 5.Def.5, C. Therefore b as A is to C, ſo is B to C. 


Likewiſe C has the ſame ratio to A that it 
las to B. for, having g made the ſame conſtruc- 


tion, D may in like manner be ſhewn equal 


to E. therefore if F be greater than D, it is 


likewiſe greater than E; and if equal, equal; 
if leſs, leſs. and F is 427 multiple whatever of 


C, and D, E, are any equimultiples whatever 


P (as in Fig. 2. and 3.) this magnitude can 
be multiplied fo as to become greater than 
D, whether it be AC or CB. Let it be 


the greater of the two AC, CB be leſs than 1 — 
. 
| 


multi plied until it become greater than P, 
and let the other be multiplied as often; + 


and let EF be the multiple thus taken of 
AC, and F G the ſame multiple of CB. 


of A, B. Thereſore C is to A, as C is to Bb. the 
Therefore e magnitudes, &c. Q. E. D. | 1 
| | | tog 
1 | | | wit 
PROP. VIII. THEO R. ” 
SES BY. * 6567 magnitudes the greater has a greater ratio gere 
to the ſame than the leſs has. and the ſame magnitude BB. 
has a greater ratio to the leſs than | it has 1 to the greater. Ss 
| tip 
| 1 AB, BC be unc qual maguitudes of which aB is s the gre eater, . has 
and let D be any magnitude whatever. AB--__- tha 

has a greater ratio to D than BC to D. and E 8 
D has a greater ratio to BC than unto . Be 
If the magnitude which is not the FL 7 HE tO. 
| greater of che two AC, C B, be not leſs }- | : | 8 the 
than D, take EF, FG the doubles of AC, [Cr gre 
CB, as in Fig. 1. but if that which is not 5 
I Ol 


Eno 
| + 


therefore 


0 F E UC LTD; 
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therefore EF and FG are each of them greater than D. and in Book v. 

every one of the caſes take H the double of D, Kits triple, and ſo on, TY 

till the multiple of D be that which firſt becomes greater than FG. 

let L be that multiple of D which 1 is firſt greater than FG, and K 

the multiple of D which is next leſs than L. 
Then becauſe L is the multiple of D which is the firſt that be- 

comes greater than FG, the next preceeding multiple K is not greater 


than FG; that is, FG is not leſs than K. 


and ſince EF is the ſume 


multiple of AC, that FG is of CB; FG is the ſame multiple of CB, 
that EG is of AB * ; wherefore EG and FG are equimultiples of AB a, 1. 5 


and CB. and it Was Rn . 
that FG was not leſs than 


F. 


K, and, by the conſtructi- 
on, EF is greater than D; 
therefore the whole EG 
is greater than K and D 
together. but K together 
with D is equal to L; 


therefore EG is greater 


than L; but FG is not 
greater than L; and EG, 


FG are equimultiples of 


AB, BC, and L is a mul- 
tiple of D; thereforeÞAB 
has to D a greater ratio 
than BC has to D. 


Alſo D has to BC a | 
greater ratio than it has 


to AB. for, having made 


bank 
C. 

- —— — — — 
2 2 — : 


— 
4 3 a 
— — — 8 * 


oy 


* 


— 


6 
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— 
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— 
wary 
F 


82 a re 


the ſame conſtruction, it may be ſhew: n, in like manner, that LI is 
greater than FG, but that it is not greater than EG, and L is a 
multiple of D; and FG, EG are equimulüples of CB, AB. There- 
fore D has to CB a greater ratio Þ than it has to AB, Wherefore of 
. ns cg magnitudes, Kc. . D. „ 


PROP. 
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Book V. 
Ws PROP. IX. THE OR. 
see N. [AcurTups which have the ſame ratio to the ſame 


magnitude are equal to one another; and thoſe to 


the 
| which the ſame magnitude has the ſame ratio are equal to prea 
one  anorh be 


= Let FE B have each of them the ſame ratio to C; A is equal to 
B. for if they are not equal, one of them is greater than the other; 
tet A be the greater; then, by what was ſhewn in the precceding 
Propoſition, there are ſome equimultiples of A and B, and ſome 
multiple of C ſuch, that the multiple of A is greater than the mul. 
tiple of C, but the multiple of B is not greater than that of C. Let 
ſuch multiples be taken, and let D, E, be the equimultiples of A, 
B, and F the multiple of C ſo that D may be our: than F, and 
E not greater than F. but becauſe A is to C, | 
as B is to C, and of A, B are taken equimul- | 
tiples D, E, and of C is taken a multiple F; 
and that D is greater than F; E ſhall alſo be _ 
2. f. Def. 5. greater than Fa; but E is not greater than F. A 
„„  Wwerh impoſſible. A therefore and B are 
not unequal; that is, they are equal. 5 FE 
Next, Let C have the ſame ratio to each C. 
of the magnitudes A and B; A is equal to B, _ | 
for if they are not, one of them is greater B | | 
than the other; let A be the greater, there- 5 
fore, as was ſhewn in Prop. 8th, there is 8 | 
| ſome multiple F of C, and ſome equimultiples 5 
E and D of B and A ſuch, that F is greater than E, and not greater 
than D. but becauſe C is to B, as C is to A, and that F the mul- | 
tiple of the firſt is greater than E the multiple of the ſecond; F 
the multiple of the third is greater than D the multiple of the 
fourtha. but F is not greater than D, which is impoſſible. There: 
dbore A is equal to B. Wperefore magnitudes which, Kc. . D. 
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Book V. 
: PROP. X. THEOR. rs 
THAT magnitude which has a greater ratio than ano- See N. 
* ther has unto the ſame magnitude is the greater of 
the two. and that magnitude to which the ſame has a 


greater ratio than it has unto anofner magnitude 1 iS the 
leſſer of the two. 


Let A have to Ca greater ratio than B has to C; A is greater 
than B, for becauſe A has a greater ratio to C, than B has to C, 
there are * ſome equimultiples of A and B, and ſome multiple of Ca, 3. Vet.; 
ſuch, that the multiple of A is greater than the multiple of C. but 
the multiple of B is not greater than it. let 1 
them be taken, and let D, E be equimultiples Þ- 
of A, B, and F a multiple of C ſuch, that D 


is greater than F, but E is not greater than TF. 

therefore D is greater than E. and becauſe D Ai Fi; 

and E are equimultiples of A and B, and Dp = Rs We 

is greater than E; therefore A is ? greater 0 | F "Koi, 
i „ CC 8 


' 

. 3 

Ne ext, Let C have a 4 greater ratio to B than B „ 
it has to A; B is leſs than A. for there is : E. | 

| 


ſome multiple F of C, and ſome equimulti- 

ples E and D of B and A ſuch, that F is 

greater than E, but is not greater than D. E 
therefore is leſs than D; and becauſe E and D are equimultiples ot 
BandA, therefore Bis , leſs than A, That ! ther efore. Ke 


QE. D. 
PROP. XI. THEOR, 


Re 8 that are 1 ſame to the ſame ratio, are - the 
ſame to one another, 


Let A be to B, as O1 is to D; and as C to D, ſo let E be to F; 
Ais to B, as E to F. 15 
Take of A, C, E any equimultiples whatever G, H, k; and of 
B, D, F any equimultiples Whatever L, M, N. Therefore ſince 
A is to B. As 0 to D, and of A, C are taken equimultiples G. 
| H; and | 


Book V: H; and L, Mof B. D; if G be greater than L, H is greater than 
9 M; and if equal, equal; and if leſs, leſs*. Again, becauſe C is to 
. Pef. 8. D, as E is to F, and H, K are taken equimultiples of C, E; and I, 


T H E ELEMENTS 


N of D, F; if H be greater than M, K is greater than N; and if 


equal, equal; and if leſs, leſs. but if G be greater than L, it has 


* 4: . 2 . 
& * > 8 - - p 
— I — — N * 


TEES 2 
R — —ͤ— Wn 
1 — NM. OS 


been thown that H is greater in M; and if equal; equal; r 
leſs, leſs; therefore if G be greater than L, K is greater than N; 
and if aud. equal; and if les, leſs. and G, K, are any equimultiples 
Whatever of A, E; and L, N any whatever of B, F. Therefore as 4 


1s 1 to B, boi is Et to Fa, Wherefore r atios s that, Kc. "NEW WY 


PROP. xn. THEOR. 


IF any einher of magnitudes be -roportionaly, as one 
of the antecedents is to its confequent, fo ſhall ali the 
autecedent taken together be to all che conſequents. 


: Let any —— of coats A, B, c, D, E, F. be proportiio- 


nals; that is, as A is to B, ſo C to D, and E to F. | as A is to B. io 


| hall A, C, E together be to B, D, F together. 


Take of A, C, E any equimultiples whatever G, H, K. and of. 


' rn 2 — 
P!!! 


B, D, F. any e 8 5 M. N. W becauſe A is to 


F. Ci is to D, and as E to F; and that G, H, K are  equimultiple — 
0 


— 


of FUr. yh 7 20 


bf A, C, E, and L., M, N equimultiples of B, D, F; if G be greater Book: 
than L, H is greater than M, and K greater than N; and if equal, A. 


equal; and if leſs leſs*, Wherefore if G be greater than L, then G, a. 5. Del. 3. 


I, K together are greater than L, M, N together; and if equal, e- 

qual; and if leſs, leſs. and G, and G, H, K together are any 3 2 

tiples of A, and A, C, E together, becauſe if there be an 7 number of 
magnitudes equimultiples of as many, each of each, whatever mul- 

tiple one of them is of its part, the ſame multiple is the whole of the 

wholed. for the ſame reaſon L, and L, M, N are any equimultiples b. r. 3. 
» B, and B, D, F. as therefore A is to B, ſo are A, C, E together 

to B, D, F together. Wherefore if ay number, &c. Q. E. P. 


PROP. XIII. E HE OR. 
N tae firſt has to the ſecond the ſame ratio Which the see N. 
third has to the fourth, but the third to the fourth a 
greater ratio than the fifth has to the ſiath; the firſt ſhall 


alſo have to the ſecond a greater ratio than the fifth Bas 
to the ſixth. 


Let A the rſt have the ſame e ratio to 3 the ec ond which C tie 
third has to D the fourth, but C the third to O the fourth a greater 
ratio than E the fifth to F the ſixth. alſo the firſt A fall have to the 
ſecond B a greater ratio than the fifth E to the fixth Tf. 

Becauſe © has a greater ratio to D, than E to F, there are fome 
equimultiples of C a E, and ſome of D and F ſuch, that the mul. 
tiple of C is greater than the multiple of D, but the os of . 


not orcates than the hte of on Fs. let ſack! De taken, 2 2 5 of C C, Ea. J. Def. 
let G, H be equimultiples, and K, L equimultiples of D, F ſo chat 
G be greater than K, but H not greater than L; and whatever muz- 
| lipie G is of C take M the fame multiple of A; and what mil- 
| tipie K is of D, take N the ſame multipie of B. 1 becanſe A 33 


10 B, as C tO D, and LO A and ©, M and Gare equimaltip! es. and of 
. 3 B 4 


: ** — 4 — 2 
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THE ELEMENTS 


- | Book V. B and D, N and K are equimultiples; if M be greater than N, Gh 
greater than K; and if equal, equal; and if leſs, leſs b; but G js 
d. 5. Def. 5. greater than K. therefore M is greater than N. but H is not greater 


5 A, 5. Def. 5. 5. 


„ 


than L; and M, H are equimultiples of A, E; and N, L equimul. 

tiples of B, F. Therefore A has a greater ratio to B, than E has to 

F*. 5 Wherefore if the firſt, &c. Q. E. D. 
Cor. And if the firſt has a greater ratio to the ſecond, than the 


third has to the fourth; but the third the ſame ratio to the AB 
fourth, which the fifth has to tht ſixth; it may be demonſtrated in WF _ _ 
like manner that the firſt has a greater ratio to the ſecond than the WF as! 

5 fikth has to the ſixth. | P. 
| <q 
PROP. XIV. THEOR, ma; 

F the "ry has to the ſecond the ſame ratio, Which the - 
third has to the fourth; then, if the firſt be greater be 
than the third, the ſecond ſhall be greater than the fourth; qu: 
and if equal, 5 and if leſs, leſs. one 
KL 

Let he firſt A have to the ſecond B the ſame ratio, which the tec 
wird O has to the fourth D i A be greater than C, B is greatey ced 
than D. . | the 

| Becauſe Ais greater than & and Bis : any other tre: A ha: eq 

to B a greater ratio than C to B.. but as A is to B, ſo is C to D "Th 


1 


| "© a6. 5. 


G's. 5. 


e I Os 1 5 Y ROF. 


| 1 


| ei | | nel 
AB ( ABCD AB CD 
therefore alſo C has to D a greater ratio than C has to Bb. but of to 
two magnitudes, that to which the ſame has the greater ratio is the ſha 
leſſer e. Wherefore D is leſs than B; that is, B i is greater than D. on: 
. Secondly, If A be equal to C, Bis equal D. for Al is to B, 45 ter. 
C, that is A, to D; B therefore is equal to D. is t 
Thirdly, If A be leſs than C, B ſhall be leſs than D. 10 Ci 'A 
greater than A, and becauſe C is to D, as A is to B, D is greater eq 
than B by the firſt caſe; wherefore Bi 1s leſs an D. Therefore i ver 


Ag 
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PROP. XV. THE OR. 
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— OE nn ns = OR, 
- -- 2 * - — — 
— 
. 2 


— — —— — 


1A GNITUDES kave the ſame ratio to one another 
which their equimultiples have. 


4 — — 
— — 4 


Let AB be the ſame multiple of C that DE is of F. Cc is to F, a 
AB to DE. | 
Becauſe ABi is the ſame multiple of 0 hi” DE 7 is of F, there are 
as many magnitudes in AB equal to C, as there are in DE equal to 
F. Let AB bedivided into magnitudes, each 
equal to C, viz. AG, GH, HB; and DE into A. 
magnitudes, each equal to F, viz, DK, KL, D 
LE. then the number of the firſt AG, GH, HB _ | —_ 
ſhall be equal to the number of the laſt DK, Gr | 


ry ho e — — 1 — 


n 
. n 


KL, LE. and becauſe AG, GH, HB arealle- | KJ 
qual, and that DK, KL, LE are alſo equal to 1 T 
one another ; therefore AG is to DK, as GHto | . 


KL, and as HB to LE. and as one of the an- | + x | 
tecedents to its conſequent, ſo are all the ante- B C E F 
cedents together to all the conſequents toge- 

ther d; wherefore as AG is to DK, ſo is AB to DE. "but AG is b. 1756. 
Qqual to C, and DK to F. therefore as C is to F, toi 1s AB to DE. | 

| Therefore magnitudes, &c. Q. D. 


PROD. xvi. THEOR. 


IF four magnitudes of the ſame kind be proportionals, 


they ſhall alſo. be e Vi vhen taken alter- 
nately. 5 


i "Jo the ar magnitndes A, B, c, D be proportional viz. as 5 45. 
o B, oC to D. they 


» all alſo be proporti- E— ns —— _ — My 
| onals when taken al- 1 "Bromo 
ternately; that is, A . 
JJ es: a Sy D ; 
Take of AmeB any Jo. Ss 75 — — H- — 


equimultiples whate- 


ver rE and F; and of 0 and D take any N . G 3 1 
1 2 | and ö 27 


Pook Vs and H. 
WARN and that magnitudes have the ſame ratio to one another which their 
8 
r 


— 


A « 


: AA 
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55 other of theſe. 


5 Ha; 


5 G to Hb. 


all alſo be pr 0 tionals taken ranch, Viz. as AE to EB, bo CF | 
5 to T FD. - 


fore GK is the e . AB, that LMI is of CF. Again, be- 


Food magnitudes together | have 
ratio which two others 


LM. MN; and again, of EB, FD, take any equimultiples whatever | 
| KX, WE. 


THE 


ELEMENTS 
and becauſe E is the ſame multiple of A, that F is of B, 


equimuttiples have“; therefore A is to B, as E is to F. but as A 
is to B, ſo is C to D. wherefore as C is to D, ſo b ĩs E to F. again, 


becauſe G, H „„ 
ey of ©, B, 8 


© 15.to D, fois G to. 
but as C is to D, 
ſo is E to F. W here- B- e 
fore as E is to F, ſo is F- FD 
But when 


four magnitudes are proport tionals, if the fir be greater than the 
third, the ſecond ſhall be greater than the fourth; and if equal, 
Wherefore if E be greater than G, F likewiſe 


equal; if Wh lefs e, 
it leſs, leſs. and E, F are 


SS H; 
reater t th 2 Tt 11 


and if equal, equal; 


any equimultiples whatever of A, B; and G, H any whatever of C, 
D. Therefore A is to C as B to DA. It then Jour magnitudes, 8 &c 
Q.. D. 
PROP. VI. THEOR. 
IF. wagnitud es taken jointly be nroportionals, they ſhall 


alſo be proportionals W hen taken ſeparately, that is, if 
to one of them, the ſamc 
have to one of theſe, the remain- 
mg one of the firſt two ſhall have to the other, the ſame 
tio which the remaining one of the laſt two has to the 


Let AB, BE; cb, DF be the magnitudes IO jointly: W 1 
are DLOPOT Gone; ; that is, as AB to BE , fo is CD to DF; they 
Take ol Ak, EB, cp. FD any 3 whatever GH, HK, | 

and becauſe GH is the ſame multiple of AE that HK is 
of EB, therefore GH is the ſame multiple * of AE, that GK is of 
AB. but GH is the ſame multiple of AE, that LM is of CF; where- 


cauſe 


1 
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9.9 
cauſe LM is the ſame multiple of CF that MN is of FD ; therefore Book V, 
'LM is the ſame multiple of CF, that LN is of CD. but LM was Ly 
ſhewn to be the ſame multiple of CF, that GE is of AB; GE there- 4. 1.8. 
fore is the ſame multiple of AB, that LN is of CD; that 4 is, GK, 
LN are equimultiples of AB, CD. Next, becauſe HE 15 che ſame 
multiple of EB, that MN is of FD; and that | A 
Ex is alfo the ſame multiple of EB, that NP 
is of FD; therefore HX is the {ame mul- by „5 
tiple > of EB that MP is of FD. And becauſe | P b. 5. 
AB is to BE; as CD is to DF, and that ß : 
AB and CD, GK and LN are cquimultiples, K 1 
and of EB and FD, HX and MP are equi- 3 Nj 
multiples; if GK be greater than HX, then | 
LN is greater than MP: and if equal, equal; TFT + 


. 


3 
* 
2 


29 '-, 8 

and if leſs, leſse. but if GH be greater than . D NM. e. 8. Def. s. 9 

XX, by adding the common part HK to both, 8 4 1 
GK is greater than HX; Wherefore alſo LN F (| = 
is greater than MP; ana by taking away | | a 11 
MN from both, LM is greatcr than NP. G A . I. 4 

therefore if GH be greater than KX, EM: 5 1 

greater than NP. In like manner it may be Aion , that it | "1 3 
G be equal to EX, LM lik ewiſe is equal to NP; and if lefe, 1. My 
and GH, LM are any equimnltiples v hatever of AE, CE, and K, | 


NP are any whatever of EB, FD. Thercſore © as AE is to EB, fois 1 


Cr to FD. I eee Ace E. D. 1 
PROP. XVI HEOR. «1. | 
| 1555 | {#1 il 
Ir magnitudes taken 1 be proportional VCF 4 | 
{hall alſo be proportional when taken Jointly, ae? . 9 
e firſt be to the ſecond, as the third to the fourth, 1 
a 


the firſt and ſecond together {hall be to che ſecond, as. the | 
third and fourth toge cher to the fourth. 


Let AE, EB, "CF, FD his propor cle that 3 is, as AE to EH 
fois CF to FD; they ſhall alſo be proportion Is when taken Joi y 


— 4 53 


that is, as AB to BE, fo CD to DF. - 
Take of AB, BE, CD, DF any equimultiples whatever GH, HM 5 


— —— — — 2 z eo oe - — — 
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LM, MN; and 2gain of BE, DF take any Whatever n iples * 
KO, NP. and bec avſe KO, NP are equimultiples of BE, DF; ant” 1 

85 . 

8 . Se "chat 1 


134 


Book V. that KH, NM are equimultiples likewiſe of BE, DF, if KO the mul. 
LO tiple of BE be greater than KH which is a multiple of the. ſame 
BE, NP I:k-wiſe the multiple of DF ſhall be greater than NM the 


- > —— — 


= equal to KH, NP Hall be equal to NM; II | 


2 Ax, 


p. §. 8. 
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multiple of the ſame DF; and if KO be 


and if leſs, leſs. 04. 
Firſt, Let KO not be greater than . 


| KH, therefore NP is not greater than | 5 N | 
NM. and becauſe GH, HK are cquimul- FE els | 

_ tiples of AB, BE, and that AB is greater KT | 

5. than BE, therefore GH is oreater * than 
HR; but KO is not greater than KH, 
 wherefore GH is greater than KO. In. | B 


like manner it may be ſhewn that LM is „ 
greater than NP. Therefore if KO be | ET F 
not greater than KH, then GH the mul- {| | 4 0 
tiple of AB is b greater than KO 4 | Al C1 L. : 
the multiple of BE; and likewiſe LM © = | 


the multiple of CD greater than NP the multiple « of DF. 


Next, Let KO be greater than KH; therefore, as has been ſhewn, 


: NP is greater than NM. and becauſe the whole GH is the fun 
multiple of the whole AB, that HK 1s of BE, the remainder GK is 
the ſame multiple of the remainder AE 5 
that GH is of AB b, which is the ſame 0 ' 


that LM is of CD. In like manner, be- H. 5 


cauſe LM is the {ame multiple of CD, that ** ; . 
MN is of DF, the ręemainder LN is the | þ 
ſame multiple of the remainder CF, that e NM 5 
the whole LM is of the whole EDb, K „ 
but it was ſhewn that LM 3 is the fame Mie” B 3 DD N. 
multiple of CD that GK is of AE; | EE +4 
therefore GK is the ſame multiple K 3 E 
” Ak that EN is of CF; that is, GK, LI : 
are equimultiples of AE, CF. and be. GI Al Cl I. 
1 — KO, NP are equimultiples of BE, . 3 
DF, if from KO, NP there be taken Kal. NM, which! are Wend 
5 3 of BE, DF, the remainders HO, MP are either equal 
to BE, DF, or equimultiples of theme. Firſt, Let HO, MP bee- |} 
qual to BE, DF; and becauſe AE is to EB, as CF to FD, and that 


GK, INa are equimaipls of of AE, CF; GK ſhall be to EB, as LN - 
0: 


- 


in the caſe in which KO is not greater 


0 FE VC LTD, 


3 tiples GK, LN; and of EB, FD, the equimu!tiples HO, MP; if 
| GK be greater than HO, LN is greater 0 
than MP; and if equal, equal; and if 
leſs, leſs ; which was likewiſe ſnewn 
in the preceeding caſe, If therefore GH. P 
be greater than KO, taking KH from FH | | ; | 
both, GK is greater than HO; where- 1 9 25 
fore alſo LN is greater than MP; and M I 
conſequently, adding NM to both, LM K 1 — 
is greater than NP. therefore if GH | 5 1 
be greater than KO, LM is greater 
than NP. In like manner it may be E ; 
ſhewn that if GH be equal to KO, LM | 
is equal to NP; and if leſs, leſs. And ( 5 A 


: 1 


than KH, it has been ſhewn that GH is Sos greater chan” KO, 
and likewiſe LM than NP, but GH, LM are any equimultiples of 


AB, CD, and KO, NP are any whatever of BE, DF; therefore t XY 


Az is to BE, ſo is C to PF. If then magnitudes, 8 Kc. Q. E. D. 


PROP. ix. | THEOR, 


Ir a whole 1 be to a Whole. as a magnitude 
taken from the firſt is to a magnitude taken 3 the 


* the remainder ſhall be ro the remainder as ; the 


Whole to the whole. ö 


| 440 the 1 AB 1 to 5 whole: ob, as AE a d 85 
taken from AB to CF a magnitude taken from CD; the remzin- 
der EB ſhall be to the remainder FD, as the whole AB, to the 


whole CD. 
— ABi is to > CD, as A E to 0 F; likewiſe, akernately * ; 
| Oy OH OE _ 5 Ba. 


to FD d. but HO 18 equal to EB, and MP to FD; Abrede GK Book V. 
i to HO, as LN to MP. If therefore GK be greater than HO, LIN 
is greater than MP; and if equal, equal; and if leſs, leſse. d. Cor. 4.5. 

But let HO, MP be equimultiples of EB, FD; and becauſe AE © A. 3. 
is to EB, as CF to FD, and that of AE, CF are taken equimul- 


f 5 Def vc 


135 


(5D Ih , ." 
ee N. 15 | 
See 5 "or , 
' \ 
9 
1 10 
I 1 
Ne 
8 a | 
k : F 
2 


2. 16. 5. 


130 THE ELEMENTS 


Book V. BA is to AE, as DC to CF. and becauſe if magni- L 
tudes taken Joint y be proportionals, they are alſo pro- A whic 
b. x7. 5. portionals b when taken ſeparately ; therefore as BE | is D 
is to EA, fois DF to FC; and alternately, as BE is great 
to DF, ſo is EA to FC. but as AE to CF, fo, by the EI 0 equa 
Hypotheſis, is AB to CD; therefore alſo BE the re- EF: B 
mainder {hail be to the remainder DF, as the Whole | magt 
AB to the whole CD. Wher cfore if the whole, c. | nituc 

Q. E. D. | 9 fore 
CoR, if the whole be to the whole, as a magni- B VB a8 D 
tude taken from the firſt is to a magnitude taken 55 W a gre 

the other; the remainder likcwiſe is to the remainder, as the mag. 28 E 
nitude taken from the firſt to that taken from the other, the De- bv 
monſtration is contained in the preceeding g. „ EE _ x 

: 3 1 C 
PROP. F. THE OR. cha 
is th 


Ir four magnitudes be proportionals, they are e alſo pro- 
n by converſion, that is, the firſt is to its 15 
ce oſs 2 LOVE : the ſecoud, as the third to its exceſs above t 

8 fourth, „5 


Hs 1 * 
3 Let AB be to BE, as CD to DF; then BA is to 7s Oe, 
| AE, as DC to CF. „ N CG 
2, 1) . - Becauſe AB is to BE, as cbt to Pb, by dion ? 3 
AE is to EB, as CF to FD; and by inverſion b, BEE F. 
. is to EA, as DPF to . Wherefore, by Compoſitions, "0 
BA is to AE, as DC! is to CF. It therefore tour, Kc. 


9 — e 
7: 


* 
Un 


„ 
Gy 


PROP. XN. THEOR. 


1 1 be N magnitudes, and other three, which 
4 taken two and two have the ſame ratio; if the firſt 
be greater than the third, the fourth ſhall be greater than 

the foxth; and if equal, 1 and if leſs, leſs, 


=" 
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Let A, B, C be three magnitudes, and D, E, F other three, Book V. 
which taken two and two have the ſame ratio. viz. as A is to B, ſo * 
is D to E; and as B to C, ſo is E to F. If Abe , 
greater than C, D ſhall be greater than Fi f 
equal, equal ; and if leſs, leſs. 5355 

Becauſe A is greater than C, and B is any other 

magnitude, and that the greater has to the ſame mag- | | 
nitude a greater ratio than the leſs has to it *; there- | | 8.5. 
fore A has to Ba greater ratio than C has to B. but 
as D is to E, fo is A to B; ein b D has to E 


1 *s 
A 13 
a greater ratio than C to B. nd becauſe B is to C, D E F 


1 8. 


as E to F, by inverſion, C is to ws asFistoE; and 
D was ſhewn to have to E a greater ratio tha eto 
al therefore D has to E a greater ratio than F to. 
but the magnitude which has a greater ratio C. Cor. 13. 8. 

than another to the ſame magnitude, is the greater K the two d. D d. 10. f. 
is tnereforę greater than F. . 

Secondly, Let A be e to C; D thall be equal to F. becauſe | 

A and C are equal to one another, "A 1 
is to B, as C is to Be. but A is to | OD | e. 7. 5. 
B, as D to E; and C is to B, as F ORs: Rs 
to E; wherefore D is to E, as F to | 1 
Ef; and therefore D is equal to FCW. ö 3 

Next, Let A be leſs than C; D A. 3 £ Ac. 
ſhall be leſs than F. for C is greater D |< E 
than A, and, as was ſhewn in the firſt . - 10 
caſe, C is to B, as F to E, and in like 3 
manner B is to A, as E to D; therefore 
Fis greater than D, by 5 firſt caſe; | 5 ; „ 9 
and therefore D is leſs than F. There- | „„ —— 


ry . To 


& fore if there be _ &c. * D. | . ft.. 


PROP, XXI. THE OR. 


I. there be three magnitudes, and oiher three, which 5 
have the ſame ratio taken two and two, but in a croſs 
order; if the firſt magnitude be greater than the third, 
| the fourth ſhall be greater than the lxth ; and if _ 
; equal; and if leſs, leſs. 3 3 
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Bock V. Let A, B, C be three magnitudes, and D, E, F other three, 
Od which have the ſame ratio taken two and two, but! in a croſs order, 


b. 13. s. has to B. but as E to F, ſo is A to B; therefore b 


c. Cor. 13. f. greater ratio than E to De. but the magnitude to 


. 1. 8. wherefore E is to F, as E to Df; T 
$9-5- and therefore D is equal to Fs. 


viz, as A is to B, ſo is E to F, and as B is to C, fo 

is D to E. If A be greater than C, D ſhall be greater 

than F; and if equal, equal; and if leſs, leſs, 13 
Becauſe A is greater than C, and B is any other | 
. 8. 3. magnitude, A has to B a greater ratio * than C | | 


E has to F a greater ratio than C to B. and be- 

cauſe B is to C, as D to E, by inverſion, C is to A B 
B, as E to D. and E was ſhewn to have to Fa D E Þ 

greater ratio than C to B; therefore E has to Fa | | 


: which the ſame has a greater ratio than it has to 
d. 20. 5. another, is the leſſer of the two d. F therefore iS 
leſs than D; that is, D is greater than F. 
gecondly, Let A be equal to C; D ſhall be equal to F. Becauſe 


e. 7. 4. A and C are equal, A is to B, Cs to B. but Als to B, as E 


to F; and C is to B, as E to D; 1 


Next, Let A be leſs than C; 
D ſhall be leſs than F. for C or 
greater than A, and, as was ſhewn, 


| 
+ B © 
CistoB, aSE to D, and in like D E 


wag? 
} 
=. 
* 
* 


manner Bis to A, as F to E; there - 
fore F is greater than D, by caſe 


flirſt; and therefore D is leſs than 
85 A Therefote- it there be three, ; 


9 


PROP. XXII. THE OR. 


l If there be any number of alnguivades, 1 and as many 
„ others, which taken two and two in order have the 
ſame ratio; the firſt ſhall have to the laſt of the firſt mag- 
nitudes the ſame ratio which the firſt of the others has to 
_ the laſt, N. B. This i 15 Wal cited ” the words ll 


_— aeguali, or, ex equa.” = 


1 cauſ 


I. te 


"iſs 


B an 


ever 
any 


that 
D, 
E. 

for t 


thret 


| ther 


WO 


| | grea 


leſs, 
mult 
ever 

N 


E. 1 


ratio 


to C 
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© Firſt, Let there be three magnitudes A, B, C, and as many others Book V. 
PD, E, F, which taken two and two have the ſame ratio, that i 
ſuch that A is to B, as D to E; e eee ſo is E to F. A 
ſhall be to C, as D to F. 

Take of A and D any equimultiples whatever G and H; and of 
Band E any equimultiples what- . 
ever K and L; and of Cand F 
| any whatever M and N. then be- 
cauſe A is to B, as D to E, and 
that G, H are equimultiples of A, 
D, and K, L equimultiples of B, 
E; as C is to K, ſo is H to L. 
for the ſame reaſon K is to M, as 
L to N. and becauſe there are 
three magnitudes G, K, M, and o- 
ther three H, L, N, which two and | | 
two have the ſame ratio; if G be | 3 7 | 5 1 = 
greater than M, H is greater than | 8 DS 
N; and if equal, equal; and if |} 
leſs, leſs b. and G, H are any equ - 5 
multiples whatever of A, D, and M, N are any equimultiples what-. 1 
erer of C, F. therefore e as A is to C, fois D to Tf. . 5. Def. 3. 

Next, Let there be four magnitudes A, B, C, D, and other four 
E, F, G, H, which two and two have the ame 
| ratio, viz, as A is to B, ſo is E to F; and as B A. B. £ D. 
to C, ſo F to G; and as C to D, o G ton. A F. F. G. H. 
hall be to D, «For. ge — 
| Becauſe A, B, C are three magnitudes, and E, F, 8 * FRO 
| which taken two and two have the fame ratio; by the foregoing 
| ak, A is to C, as E to G. but C is to D, as G is to H; wherefore 
again, by the firſt caſe, A is to D, as E to H. and fo on, what- 
g xer be the number of — Therefore if chere be any num- 
[ , ec, QB. D. 


* 20. WY 
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PR or. XXII. THE OB. 
« Jr Hite . any number of wagnitudes, and as many o. 
thers, which, taken two and two, in a croſs order, 


have the ſame ratio; the firſt ſhall have to the laſt of the 


firſt magnitudes the Take ratio which the ſirſt of the other; 


has to the laſt. N. B. T his ig uſually cited by the words 


„e ox aequali in proportione perturbata, or, Cx aequo per. 


ds turbate.” 25 


Firſt, Let there be three magnitudes A, B, C, and other three 


D, E, F, which taken two and two in a cr ols order have the ſame 


ratio, that is ſuch that A is to B, as E to F; 


and as B is to C, {oi 


* A is to C, as D to F. 


: E, F any equimultiples whatever L, M, N. and becaaſe G, Ha are 


Take of A, B, D any equimulriples whatever G, H, K; and of C, 


equimultiples of A, B, and that 


d. 11. 5. 


8. 4. 5. 


5 d. 21. * : 


magnitudes have the ſame ratio Ig EN 

4. 15. 3. = 

aàs As to B, ſo is G to H. and * 
the ſame reaſon, as E is to F, fo is M 

to N. but as A is to B, 
P; as therefore G is H, ſo is M to 


D to E, and that H, K are equi- | 
e of B, D, and L, M of C, 
EE; Hil, fk Kio MAJ] 46-] 
Ty and it has been Men that G 18: td 
"BE; as M to N e 
are three ene 5 . 
other three K, M, N which have 5 
the ſame ratio taken two and two 1 - 
in a croſs order; 4 
than L, K is greater than N; and if equal, equal; _ if leſs, leſs 
and G, K are any eculmnitiples whatever of A, D; and L, N any 
_ whatever of C, F; as therefore A is to C, ſo is D to F. 


which their equimultiples have . | | 


ſo is E hey 


N! b. and becauſe as B is to C, ſo is 


AB « 
T. 


then becauſe there „„ 


if G be greater 


order, 
H; þ 
Aist 


Nerz 


Ne 


- Be 


; Whicl 


the fi 


wher 
what 


| cam! 
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Next, Let there be four n A, B, 0, D, and other four Bock V. 
Þ# E, F, G, H, which, taken two and two in a croſs —— wyw 
order, have the ſame ratio, viz. A to B, as G to A. B. C. D.. 

H; B to C, asF toG; and C to D, as E to F. 1 F. W | 

Als to P, as E to H. | ; | 
© Becauſe A, B, C are three magnitudes, and F, G, H viker three; | 
L which, taken two and two in a croſs order, have the ſame ratio; by 
he firſt caſe, A is to C, as FtoH. butCis to D, as E is to F; 
wherefore again, by the firſt caſe, A is to D, as E to H. and fo on, 
whatever be the number of magnituces. Therefore if there be any 


tumber, &c. Q. E. D. 


PROD. XXIV. THEOR. 


: F the firſt has to the ſecond the ſame ratio which the see N. 
: MW © third has to the fourth; and the fifth to the ſecond 
dle fame ratio which the fixth has to the fourth; the firſt 


and fifth together ſhall have to the ſecond, the ſame ratio 
which the third and fixth together have to the fourth. 


e 
50 AB the firſt have to C the Seton ihe {ame ratio, "which Ds 
| the third has to F the fourth; and let BG the fifth have to C the 
F {econd the ſame ratio, which E H the fixth - 
bas to F the fourth. AG, the firſt and fifth Gt 3 
| rogether, ſhall have to C the ſecond the ſumem H : 
E ratio, which DH, the third and Ixth together, OS 
ba to F the fourth. 3 . 
i Becauſe BG is to E. as $EH to F; "by in-: © E 2 
rerſion Cis to BG, as F to EH. and becauſe 5 
Ah is to C, o is DE to F; and % 
36, ſo F to EH; ex aequali AB is to BG, | f 4.22.5. 
| 3 DE to EH. and becauſe theſe magnitudes e 135 _ = 
| are pr oportionals, they ſhall likewiſe be pro- =: 
| portionals when taken jointly Þ; as therefore A 2 D F b. 18. . 
46 is to GB, ſo i is DH to HE; but as GB to 3 fo} is HE to + | 2: | 
hberefore, ex acquali®, as AG is to C, ſo is DH to F. Wherefore 
= # it the firſt, &c, QED. ou, 
ny Cox. 1. If the ſame 8 be made as in the Propoſition, | 


| the exceſs of the firſt and fifth ſhall be to the ſecond, as the exceſs 
of NE third and if xth to the fourth. the Demonſtration of this i is the 
| | | ſame 
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Book V. fame with that of the Propoſition, if Diviſion be uſed inſtead « of 
2 Compoſition. 
Cok. 2. The Propoſition holds true of two ranks of magnimdes 
Whatever be their number, of which each of the firſt rank has to: 
| ſecond magnitude the ſame ratio that the correſponding one of the 
fecond rank has t to a tourth magnitude; as is s manifeſt. 


PROP. XXV. THEO R. 


together. 


Let the four magnitudes AB, CD, E, F be Seeger vir, 

5 AB to CD, as E to F; and let AB be the greateſt of them, and con- 

*. A. & 14. s. ſequently F the leaſt?, AB wh nd with Fare One than CD to- 
2.7 gether with , 

Take AG equal to E, and CH equat to F. then becauſe as A5 


F; AB is to CD, as AG to CH. | 
| becauſe AB the whole is to the whole 1 „ B E : 
as AG is to CH ; likewiſe the remainder Gf 1 
8 GB ſhall be to the remainder HD, as te | 
b. 15. S. whole AB is to the whole Þ CD. but AB is Hl 3-4 
A. 5. greater than CD, therefore © GB is greater | „ 
than HD. and becauſe AG is equal to | | | | 
and CH to F; AG and F . are equal 5 == 
to CH and E together. If therefore to the 4 g&+4 pe 
: unequal magnitudes GB, HD, of which GB A Cc E F 
is the greater, there be added equal magnitudes, viz. to GB the | 


„ 2 chan CD ind E. * herefore if four magnitudes, &c, 


PROP. F. EO R. 


are the lame with « one another. 


F fan magnitudes are W LN the gresteſt and 
leaſt of chem together a1 are . than the other two 


to CD, ſo is E to F, and that AG is _ to E, and CH equal to | 


two AG and F, and CH and E to HD; AB and F together are 


R 0 8 which are 8 of the lame ratios, 


FE 


he 
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14 4b 0 B as D to E; and B to C, «wr the ratio Book V. 


E which is compounded of the ratios of A to B, and hw FE 
h to C, which, by the Definition of componnd | | 


ratio, is the ratio of A to C, is the ſame with the 
ratio of D to F, which, by the ſame Definition, is 
compounded of the ratios of D to E, and E nb Eo, 

Becauſe there are three magnitudes A, B, C , and this others D, | 
E, F which taken two and two in order ve the ſame ratio; ex ac- 
quali, A is to E, as D to F.. 

Next, Let A be to B, as E to F; aud B to C, as D to E; there- | 
fore, ex aequali in proportione per turbata b, A is to . 
C, as D to F; that is, the ratio of A to 0. which 
is compounded of the ratios of A to B, and B to * Bs A 
C, is the fame with the ratio of D to F, which is | 1 . 
compounded of the ratios of D to E, and E to F. 


. 
b. F. F 


a. 22. 4. 


— 


and in like manner the Propoſition may be demonſtrated whatever 


be the number of ratios in either caſe. : 


PROP. G. THEOR. 


Jr ſeveral ratios be the ſame with ſeveral ratios, each to gee N. 
each; the ratio which is compounded of ratios which 
are the fame with the firſt ratios, each to each, is the ſame 


with the ratio compounded of ratios which are the ſame 
; with the other ratios, each ro each. 


Ls be wh, 45 E to F; and C to D, as G to H. and let A 
be to B, as K to L; and C to P, as L to M. then the ratio > of K to 
M, by the Definition of compound 
ratio, is compounded of the ratios | | 
of K to L, and L to M, which are 
the ame with the ratios of A to B, 
and C to D. and as E to F, ſo let.” VVV * 
N be to O; and as G to H, ſo let O be to p; ; 2 ther ratio of: N 160 
P is compounded of the ratios of N to O, and O to P, which are 
the ſame with the ratios of E to F, and G to H. and it is to be 
ſhewn that the ratio of K to M, is the ſame with ther ratio of N to oF : 
or that K is to M. as N to P. e 

Werren K is to L, as (A to B, that! is, as E to F, Sat is as) N to 
O; and as L to M, ſo is (C to D, and fo is G to H, and fo is) © 


: : pounded ra- 
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Book V. to p. e aequali „ K is to M, as N to P. .'T herefore if ſeveral ra. 
Atos, &c. QE. D. 


. 


PROP. H. THEOR. 


See N. Ir a ratio compounded of ſeveral ratios be the ſame with 
a ratio compounded of any other ratios, and if one of 


the firlt ratios, or a ratio compounded of any of the firſt, 
be the ſame with one of the laſt ratios, or with the ratio 


compounded of any of the laſt; then the ratio compounded 
of the remaining ratios of the firſt, or the remaining ratio 
of the firſt, if but one remain, is the fame with the ratio 


compounded of thoſe remaining of the laſt, or with the 


remaining ratio of the laſt. 


Let the firſt ratios be thoſe of A to B, B to C, C to D, D to E, 


and E to F; and let the other ratios be thoſe of G to H, H to K, 
K to L, and L to M. alſo let the ratio of A to F, which is com- 


| a. Defini- pounded * of the firſt ratios be the ſame _ 

tion of com- with the ratio of G to M, which is com- 1 B. c. D. E. T. 
pounded of the other ratios. and beſides, 6. H. . x. N. 
let the ratio of A to D, Which is com- 
pounded of the ratios of A to B, B to _ 
C to D, be the ſame with the ratio of G to K, which is . 


ö tio. | 


; of the ratios of G to H, and H to K. then the ratio compounded of 
the remaining firſt ratios, to wit, of the ratios of D to E, and EtoF, 


which compounded ratio is the ratio of D to F, is the ſame with the 
ratio of K to M, which is compounded of the remaining ratios of K 
to L, and L to M of the other ratios. 


| b B. 35 Becauſe, by the Hypotheſis, A is to D, as ;G to K, by 0 


22. 5. K as K to G; and as A is to F, ſo is G to M; therefore *, 


ex aequali, D 1 is to F, as 5 K | to M. if therefore a ratio which is, &c, 


AED 


PROP] 


. 
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PROP. K. THEO B. 


bs there be any number of ratios, and any number of 
other ratios ſuch, that the ratio compounded of ratios 
| which are the ſame with the firſt ratios, each to each, 


I 45 
Book V. 


See N. 


the ſame with the ratio compounded of ratios which are 


the ſame, each to each, with the laſt ratios; and if one of 


the firſt ratios, or the ratio which is compounded of ratios 
| which are the ſame with ſeveral of the firſt ratios, each to 
E cach, be the ſame with one of the laſt ratios, or with the 


ratio compounded of ratios which are the ſame, each to 
each, with ſeveral of the laſt ratios: then the ratio com- 
pounded of ratios which are the ſame with the remaining 


ratios of the firſt, each to each, or the remaining ratio of 


the firſt, if but one remain; is the ſame with the ratio 


compounded of ratios which are the fame with thoſe re- 
maining of the laſt, each to each, or with the remaining | 
ratio of the laſt. 


150 the ratios 81 A to „B. 0 to D, E to F be the fiell's ratios; and 
the ratios of G to H, K to L, M to N, O to P, Q to R, be the 


other ratios. and let A be to B, as S to T; and C to D, as T to 


V; and E to F, as V to X. therefore, by the Definition of compound 
ratio, the ratio of S to X is compoanded of the ratios of $ to F, 


| . 3 
V ST, VL: 
G, H; K, I.; M,N; O, P; O, R Y, 2, à, B, e d. 
e $ m, n, o, p. | 
ERP By 1 


T to v. and v. to X x, which are the fans with the ratios if A to B 

C to D, E to F, each to each. allo as G to H, fo let Y be to 2 5 
and K to L, as Z to a; M to N, as a to b; O to P, as btoc; ane 
9 1 tOR, as c to d. therefore, by the ſame Definition, the ratio of 


r to d is compounded of the ratios of T to Z, 2 to a, a to b, b 
K. 1 | | ; g. and 
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Book Y.-C; and c to d, which are the ſame, each to each, with the ratios of 
G to H, K to L, M to N, O to P, and Q to R. therefore, by the 


* r — - - 
ci — 4 


— 2 


* - - 


—— —̃̃— —L— — 


— - - 
n e 


2 . — Ge 20 ST DI VI 
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Hypotheſis, S is to X, as Y to d. alſo let the ratio of A to B, that 
is, the ratio of S to T, which is one of the firſt ratios, be the ſame 
with the ratio of e to g, which is componaded of the ratios of e to f, 
and f to g, which, by the Hypotheſis, are the ſame with the ratios 
of GtoH, and K to L, two of the other ratios; and let the ratio 
of h to 1 be that which is compounded of the ratios of h to k, and 
k to l, which are the ſame with the remaining firſt ratios, viz. of C 
to D, and E to F; allo let the ratio of m to p be that which is com- 
pounded of the ratios of m ton, n too, and o to p, which are the 
ſame, each to each, with the remaining other ratios, viz, of M to 
N, O to P, andQ toR, then the ratio of h to J is the ſame with 
the ratio of m to P, Or h. is to l, as m to p. 


A, B; CGD; E, F. | 8 8, T, V, X 

| G, 1 K, L3 M, N; O, F; Q, R Y, Z, a, b C, 9 
V g. m, n, o, p. 

. N | 


 Becauſee is to f, as (G to H, that is as) X to Z; and f is to g, 

8 (K to L, that is as) Z to a; therefore, ex aequali, e is to gas F- 
to a. and, by the Hypotheſis, A is to. B, that is S to J, as e tog; 

wherefore 8 is to T, as Y to a, and, by mverſion, T is to 8, as a to | 
Y; and Sis to X, as X to d; therefore, ex aequali, T is to X, as a 
to d. alſo becauſe h is to k, as (C to D, that is as) T to V; and k 
is to J, as (E to F, that is as) V to X; therefore, l h is to 
I, as T to X. in like manner it may be demonſtrated that m 1s to p, 
as àa to d. andi it was ſhewn that 'T is to X, as a to d. therefore h 
5 is tol. as m to p. Q. E. D. Do f 
The Propoſitions G and K are ah f. for the fake of brerity, 

5 expreſſed in the ſame terms with Propoſitions Fand H. and there. 
fore it was proper to ſhew the true meaning of them when they are 


ſo expreſſed; eſpecially ſince they at are very frequontiy made uſe of 
5 7 Geometers. 
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DEFINTTION:S. 


QIMELAR rectilineal figures 
are thoſe which have their 

ſeveral angles equal, each to 
each, and the ſides about the e- 2 

qual angles proportionals. f 


*© Reciprocal figures, viz. triangles and parallelograms, are ſuch as ee N. 
_ © have their ſides about two of their angles proportionals in ſuch 
manner, that a ſide of the firſt figure is to a ſide of the other 

a as the remaining ſide of this other is to the remaining hde of. 

© the firſt,” OR 3 : 
ö To ED, CS 
8 A firaight line is Gard to be cut in extreme and mean ratio, when 
| the wholeisto the grouter ſegment, as the greater ſegment | is to 
the Tels.” | 
IV. 
| The altitude of any i is the fraight 
|. line drawn from its Vertex Perpendlener 
to the baſe, 


e 
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en. Riaxcr ns and parallelogiams of the ſame altitude q 80 
| | are one to another as their baſes, _ 
: Let the triangles ABC, ACD, and the parallelograms EC, CF ch 
have the {ame altitude, viz. the perpendicular drawn from the point by 


A to BD. then as the baſe BC is to the baſe CD, fo is the triangle 

ABC to the triangle ACD, ard the par allelogram E EC to the paral. 
lelogram CF. 

Produce BD both Ways to the points H, L, and take any number 
of ſtraight lines BG, GH, each equal to the baſe BC; and DK, KL, 
any number of them, each equal to the baſe CD ; and join AG, 

AH, AK, AL. then becauſe CB, BG, GH are all equal, the tri- 

> 0:.35- 1-: angles AH, AGB, APC are all equal*. therefore whatever mul. 

tiple the baſe HC is of the baſe BC, the ſame multiple is the tri- 
angle AH C of the triangle ABC. for the fame reaſon whaterer 

Multiple the baſe LC is 


of the baſe CD, the ſame E A e 
mu! ple 18 the tr ;angle , D. 
ALE of the triangle ADC, „„ 

and if the baſe HC be e- „ „ . 


qual to the baſe CL, the , | 7 5 1 * % 


triangle AHC is allo equal 
'D 74) 1 


to the triangle ALC*; and H 1 B © 
ik the baſe HC be greater 
than the baſe CL, likewiſe the tr angle AHO is greater than the 
triangle ALC; and if leſs, leſs. therefore ſince there are four magni- 
tudes, viz, the two baſes BC, CD, and the two triangles ABC, ACD; 
aud of the baſe BC and the triangle ABC the firſt and third, any 
equimultiples whatever have been taken, viz. the baſe HC and tri- 
angle AHC; and of the baſe CD and triangle ACD the ſecond and 
our th have been taken any equimultiples whatever, viz. the bale. 
CL and triangle ALC; and that it has been ſnewn chat if the ba{2 
Il be greater than me baſe CL, the triangle AHC is greater than 
b 5. Def. b. tlie triangle ALC; and if equal, equal; and if leſs, leſs. Therefore b 
as the baſe BC is to the baſe CD, ſo is the triangle ABC to the tri- 
angle ACD.. _ 


* 41, 1. And becauſe tho parallclogram CE; is double of the tl jangle ABC* 
| n 


O F Ee, 


the triangle ABC is to the triangle ACD, ſo is the parallelogram 
EC to the parallelogram CF. and becauſe it has been ſhewn that 
as the baſe BC is to the baſe CD, ſo is the triangle ABC to the tri- 
angle ACD; and as the triangle ABC to the triangle ACD, iO 18 
the parallelogram EC to the parallelogram CF; therefore as the 


baſe BC is to the baſe CD, ſo is © the aide am EC to the pa- 


rallelogram CF. Wherefore tr angles, &c. Q. E. D. 

Cor. From this it is plain that triangles and parallelograms that 
have equal altitudes, are one to another as their baſes, 

Let the figures be placed fo as to have their baſes in the ſam? 
ſtraight line 
the triangles to the baſes, the ſtraight line which joins the vertices 
is parallel to that in which their baſes are f, becauſe the per pendi- 


culars are both equal and parallel to one another. then, if the ſame 
conſtruction be made as in the Propoſition, the Demonſtration Will 


be the ſame, 5 


Rr. u. THEO. 

Ir. a ſtraight line be 4 awn parallel to one of the files of 
9 triangle, it hall cur the or theſe produ- 
ed, proportionally. and if the ſides, or the ſides prod: 
ced be cut proportionally, the ſtraight line which jo 
the points of ſection thall be perallc 1 to th 

of the triangle. 


> Othe F lides, 


Let DE be a awn 1 parallel to BO one of. the ſides of the tri. mel 
ABC. BD is to DA,-as CE to EA. | 
Join BE, CD; then the triangle EDE is equal to the triangle 
CDE A, becauſe they” are on the {ame baſe DE, and between the 
lame rarallels DE, BC. ADE is another triangle, and equal magni- 
tudes have to the ſame, the ſame ratio b; therefore as the triangle 
DE to the triangle ADE, ſo is the tri? vgle CDE to the triangle 
ADE ; but as the triangle BDE to the wang ADE, ſo is © BD 0 
DA, 1 having the fame altitude, 
| from the Point l to AB, they are to one Rb 18 their bales. and 


— 


for 


; and having drawn perpendiculars from the vertices of 


51113 


remaining ; ide. 


2. the perpendicular drawn 


d. 5; 45 


and the ann CF double of the triangle AC D, and that Book VI. 
magnitudes have the ſame ratio which their equimultiples have d; as wa 


149 


oy” 
. 


150 
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THE ELEMENTS 


is CE to EA. Therefore as BD to DA; ſo is CE to EAd. 
d. . 


„. 6. 


Next, Let the ſides AB, AC of the triangle ABC, or theſe pro- 


duced, be cut e in the points D, . har} is, fo that BD 
be to DA, as CE to EA; and join DE. DE is parallel to BC, 
Ihe ſame conftrattion being made, becauſe as BD to DA, fois 

CE to EA; and as BD to DA, ſo is the triangle BDE to the tri- 


angle ADE 2 and as CE to EA, ſo is the triangle CDE to the tri- 


angle ADE ; therefore the triangle BDE is to the triangle ADE, as 


the triangle CDE to the triangle ADE, that is, the triangles BDE, 


CDE. have the {ame ratio to the triangle ADE; and therefore © the 


oy triangle BDE is equal to the triangle CDE. and they are on the 


ſame baſe DE; but equal triangles on the ſame baſe are between 


3 9. 1. * 


the ſame parallels ?; therefore DE is parallel to BC. Wherefore 5 
a ſtraight line, Kc. Q.. D. 5 


PROD, III. HE OR. 


1 the angle of a triangle be divided into two equal 


— angles, by a ſtraight line which alſo cuts the baſe; the 


ſegments of the baſe hall have the ſame ratio which the 
other ſides of the triangle have to one another. and if the 


ſegments of the baſe have the ſame ratio which the other 


| ſides of the triangle have to one another, the ſtraight line 
drawn from the vertex to the point of ſection divides che 
: vertical angle into two equal angles. 5 


M Let the a angle BAC of any triangle ABC be divided i into two equal 
angles by the gt line AD. BD is to DC, as BA to AC. : 


'Thro' 
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Thro' the point C draw CE parallel * to DA, and let BA produ- Book VI. 


ced meet CE in E. Becauſe the ſtraight line AC meets the parallels Cv 
AD, EC, the angle ACE is equal to the alternate angle CAD b. but a 3r- x. 
CAD, by the Hypotheſis, is equal to the angle BAD; wherefore b. 29. 1 


BAD is equal to the angle ACE, Apain, becauſe the firaight line 
BAE meets the parallels AM,, nn 

EC, the outward angle BAD is 
equal to the inward and oppo- 
ſite angle AEC. but the angle 
ACE has been proved equal to 
the angle BAD; therefore alſo 
| ACE is equal to the angle AEC, _—- 
and conſequently the ſide AE is 83 
equal to the ſide AC. and be- 
cauſe AD is drawn parallel to one of the ſides of the triangle 
BCE, viz. to EC, BD is to DC, as BA to AE d; but AE is moo 
to AC; therefore as BD to DC, ſo is BA to AC, „ 


Let now BD be to DC, as BA to AC, and join AD; the angle 


BAC is divided into two equal angles by the ſtraight 155 AD. 


The ſame conſtruction being made, becauſe as BD to DC, fo is 


BA to AC; and as BD to DC, fo is BA to AE, becauſe AD is pa- 


rallel to EC; therefore BA is to AC: as BA to AEf. col n{cquently 


AC is equal to AE, and the angle AEC is therefore equal to the 
angle ACEk, but the angle AEC 1s equal to the outward and ob- 
polite angle BAD; and the angle ACE is equal to the alternate 


angle CAD b. wherefore alſo the angle BAD is equal to the angle 


CAD. therefore the angle BAC is cut into two equal angles by the 
ſtraight line AD. Therefore if the angle, &a. Q. E. D. 
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—_ * 


mY 


the angle ACF has been pro- 
ved equal to the angle DAE; 


and conſequently ch 1e fide Ar B 


F the outward angle of a triangle made by producing 


one of its ſides, be divided into two equal angles, by a 
ſtraight line which alſo cuts the baſe produced; the ſeg- 
ments between the dividing line and the extremities of: the 


baſe have the ſame ratio which the other ſides of the tri. 
angle have to one another. and if the ſegments of the baſe 
produced have the ſame ratio which thie other ſides of the 

triangle have, the ſtraight line drawn from the vertex to 
the point of ſection divides the outward angle of the tri 


angle! into two e angles. 


Let the outward angle CAE of any triangle ABC be divided into 
two cqual angles by the fraight line AD wh; ich meets the baſe 
produced in D. BD is to DC, as BA to AC. | 


Through C draw CF parallel to AD *; and becauſe the ſtral icht 1 : 
Une AC meets the parallels AD, FC, the angle ACF is equal to the | 


alternate angle CADb. but CAD is equal to the angle DAE<; there- 


fore alſo DAE js equal to the angle ACF. Again, becauſe the 


straight line FAE meets the Parallels AD, FC, the outw ard ang]: 


DAE 18 equal to the inward _ 


and op poſite angle CFA. but 


therefore alſo the angle ACF 
is equal to the a ile C3 As 


is equal to the ſide AC, and 
be becatiſe AD is parallel to FC a ſide of the tr hogs BCP, BD is to 


DC, as BA to AF*; but AF 1 is equal t to AC; as therefore BD is 
to DC, ſo is BA to AC. | ; 

Let now BD be to Dc, as 5 BA to AC, and join ab; the FEY 5 

5 CAD is equal to the angle DAE, | 


The ſame -onttrattion being made' becauſe BDI is to DC, as BA 


to AC; and that BD is alſo to DC, as BA to AF*; therefore BA is 
: to AC, as BA to AFf-- wherefore AC 1s equal to AF s, and the 
TR le . ee "to the apgle ACF. but the angle AFC | is equal 


70 


N * * ee 
4 * — 0 Z 
: "I 
e a 


| ; to the outward angle EAD, and the angle ACF to the alternate Book VI. 


þ angle CAD; therefore alſo EAD is equal to the angle CAD. Where- = Yo. 


| b fore if the outward, &c. Q. E. D. 


PROP. Iv. THEOR. 


"HE ſides about the equal angles of equiangular tri- 

3 angles are proportionals; and thoſe which are op- | 
| | kts to the equal angles are homologous ſides, that i il f 
are the antecedents or conſequents of the ratios. i 


Let ABC, DCE be equjangular triangles, having the angle ABC 
equal to the angle DCE, and the angle ACB to the angle DEC, and 
:onfequently ® the angle BAC equal to the angle CDE. The ſides a. 32. 1. 
about the equal angles of the triangles ABC, DCE are proportia- 
| nals; and thoſe are the homologous tides which are e to the 
4 equal angles. 
Let the triangle DCE be placed ſo that i its ſide CE may be con- 
F tignous to BC, and in the fame ſtraight line with it. and becauſe _ 
the angles ABC, ACB are together leſs than two right angles; ABC b. 17. 45 
and DEC, which is equal to ACB, F . 
are alſo leſs than two right angles. 
wherefore BA, ED produced ſhall | 2 
meet; let them be produced and A 
meet in | the point F. and becauſe the 
angle ABC is equal to the angle 
S DCE, BF is parallel to CD. Again, , > 
| becauſe the angle AC B is equal to B 9 25 . 
the angle DEC, AC is parallel to | 
| FE, therefore FACD i is a paraliclogrs: and conſequently AF i: is | 
equal to CD, and AC to FDe. and becauſe AC is parallel to FE e. 34. 1. 
one of the ſides of the triangle FBE, BA is to AF, as BC to „ 4 Av os 6. 


but AF is equal to CD, therefore ® as BA to CD, fois BC to CE; g. 7. 5. 


and alternately, as AB to BC, ſo DC to CE. Again, becauſe CD 
is parallel to BF, as BC to CE, ſo i is FD to DE k; but FD is equal 
to AC; therefore as BC to CE, ſo is AC to DE. and alternately, 
a8 BC to CA, ſo CE to ED. therefore becauſe it has been proved 
that AB is to BC, as DC toCE; and as BC to CA, ſo CE to ED, 


ex _ D BA! 18 to AC, as cD to 0 DE. Therefore the ſides, &c. h. 22. 5. 
oy . b. . 


PROP. 
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e Je. the ſides of two hates, about each of their angle 42 
1 be proportionals, the triangles ſhall be equiangular, WM FF 
and have their equal angles Re to the Homolopom q pro 
| ſides. MW hav 
Let the triangles ABC, DEF have their ſides proportional, 10 I log 
that AB is to BC, as DE to EF; and BC to CA, as EF to FDP; MW 
and conſequently, ex aequali, BA to AC, as ED to DF. the triange I = 


ABC is equiangular to the triangle DEF, and their equal angles are 
oppoſite to the homologous ſides, viz. the angle ABC equal to the 
angle DEF, and BCA to EFD, and alſo BAC to EDF. 
A. 23. 1. "Ad the points E, F in the ſtraight line EF make * the angle FEG 
e equal to the angle ABC, and the angle EFG e to DCA: W Were 
fore the remaining angle BAC 
q is equal to the remaining an- 
b. 32. 1. gle EGF, and the triangle 
Az C is therefore equiangu- N 
lar to the triangle GEF; and 
conſequently they have . 1 
ſides oppoſite to the equal 
c. 4. 6. angles proportionalse. vhere- 
ore as Ah to BC, ſo d E 1 „ 35 
to EF; but as AB to BC, 81 18 DE to BF; F as DE to 
J. 11.5, EF, 6 IGE to EF. therefore DE and GE have the ſame ratio to 
e and conſequently are equal ©. for the fame reaſon DF is equal 
e e FG: and becauſe, 1 in the triangles DEF, GEF, DE 1s equal to 
ECG, and EF common, the two ſides DE, EF are equal to the two tr 
GE, EF, and the baſe DF is equal to the baſe GF; therefore the i 


£1 8. xz. angle DEF is equal to the angle GEF, and the other angles to the 1 G 
* 4. 1. 5 other angles which are ſubtended by the equal ſides s. Wherefore u 
the angle DFE is equal to the angle GFE, and EDF to ECF. and WF = 

| becauſe the angle DEF is equal to the angle GEF, and GEFto WM « 


the angle ABC; therefore the angle ABC is equal to the angle 
DEF. for the los reaſon, the angle ACB is equal to the angle 
| DFE, and the angle at A to the angle at D. Therefore the tri- 
angle ABC is equiangular to the e DEF. Wherefore if the : 
_ des, Kc. + QuE, E. 
PROP. 


Bi Wu 


bo WW. 


—— 


„„ r OD: "XD. - hd. 2. 


_ 4% _ Cha 


ed 


remaining one at Gb, and | \ 
E conſequently the triangle 
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F two triangles have one angle of the one equal to one 


angle of the other, and the ſides about the equal angles 


Jogous ſides. 


proportionals, the triangles ſhall be equiangular, and ſhall 
| have thoſe angles equal Which are e to > the homo- : 


Let the e ABC, DEP have the angle BAC in ths one 


3 equal to the angle EDF in the other, and the {des about thoſe angles 


roportionals ; that is, BA to AC, as ED to DF. The triangles 
ABC, DEF are equiangular, and have the angle ABC equal to the 
an, le DEF, and ACB to DFE 


At the points D, F, in the ſtraight line DF, make the angle 


equal to the angle ACB. | 
fats the remaining A 
angle at B is equal to the 


D 


ABC is equiangular to | 
the triangle DGF; and 7 5 | . = 2 
, , I. 
is GD to DF. but, by KR 2 XL F 
the Hypotheſis, as BA to 1 


AC, ſo is ED to DF; as therefore ED to DF, ſo is 4 GD | to DP; 4. 
wherefore ED is equal e to DG; and DF is common to the two e. 


triangles EDF, GDF. therefore che two ſides ED, DF are equal to 


f the two ſides GD, DF; and the angle EDP is equal to the angle 


. 


b. 33, . 


2. 23+ Is 


] FDG equal to either of the angles BAC, SOT 1 and the angle DFG 


8 
5 


GDF, wherefore the baſs EF is equal to the bale FGf, and the tri- f. 4. 
angle EDF to the triangle GDF, and the remaining angles to the 


remaining angles, each to each, which are ſubtended by the equal : 
ö ſides. therefore the angle DFG is equal to the angle DFE, and the 


angle at G to the angle at E. but the angle DFG is equal to the 


angle ACB; therefore the angle ACB is equal to the angle DFE. 
and the angle BAC is equal to the angle EDFs, wherefore alſo the 
| Temaining angle at B is equal to the remaining angle EB. There +: 
| fore the triangle ABC is equiangular t to the de DEF. Where- 5 
| fore Fi two — Kc. E. D. e 


8. Hyr· 


PROP. 
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wo. P K OP. vn. THE OR. eise 
See N. F two triangles have one angle of the one equal to one F. 

angle of the other, and the ſides about two other angles at 


| proportionals; - then if each of the remaining angles be 


either leſs, or not leſs than a. right angle; or if one of 4 _ 
them be a right angle: the triangles ſhall be equiangular, 1 T. 
and have thoſe angles equal about which the ſides are ng n. 
N Proportional fs ler 


| to BC 
b qual 
E the a 
Þ arig 
ge 
ttlan 
im pe 
| gui: 


Let the two ti iangles ABC, DEF have one angle in the one equal 

. to one angle in the other, viz. the angle BAC to the angle EDF, and 
the ſides about two other angles ABC, DEF proportionals, 0 that 
Ag; is to BC, as DE to EF; and, in the firſt caſe, let each of the 
remaining angles at C, F be leſs than a right angle. The tr jangle 
ABC is equiangular to the triangle DEF, viz. the angle ABC is e- 
qual to the angle DEF, and the 838 —— at 0 to the remain- 


| ing angle at F, a 

For if the angles ABC, DEP be not equal, one of them! ä MW righ 

greater than the other] let ABC be the gr eater, : and at the Poe B | the 

In the ſtraight line AB make ne t 

„ angle ABG equal to the | A . 3 Jar, 
2 23. 1. angle*DEF, and becauſe the 4 D {tr 
angle at Ais equal to the angle . 5 G T8 * N 
at D, and the angle ABG to T7 . 5 \ | EL 

____ theangleDEF; theremaining FN EIN 8 = Op | cal 
8 b. 33. 3. angle AGB is equal Þ to the B . ex s bu 
remaining angle DFE. therefore the mangle ABG i 18 equiangular to Ss 
c. 4. 6. the triangle DEF; wher efore © as AB is to BG, ſo is DE to EF; ; 18 
„ but as DE to EF, ſo, by Hypotheſis, is AB to BC; therefore as 4B WE 
? 4. 11.5. to BC, ſo is ABto BG d, and becauſe AB has the fame ratio to each WW * 
. 9. 5. of the lines BC, BG; BC is equal © to BG, and therefore the angle | n 
'E 5. 1. CC is equal to the angle BCGf. but the angle BCG is, by Hy- - 


potheſis, leſs than a right angle; therefore alſo the angle BGC is |} 
leſs than a right angle, and the adjacent angle AGB muſt be greater 
g. 73. 1. than a right angle s. But it was proved that the angle AGB is equal 
dio the angle at . therefore the angle at F is greater than a right 
angle. but, by the Hypotheſis, it is leſs than a right angle; which 
is Wurd. T heretore the angles ABC, * are not unequal, that 


18, 


—— 


1 » they are equal. and the angle at A is equal to the angle at D; Book VI. 
E wherefore the remaining angle at C is equal to the remaining angle ANN 
F . therefore the triangle ABC is equiangular to the triangle 


| angle. the triangle ABC 1 is alſo in this cale en, nd to the t tri- 
angle DEF. 


F ing made,it may be proved in 
ke manner that BC is equa! 
| BG, and the angle at C e- 
| qual to the angle BGC. but R 2 
the angle at C is not leſs than 
afight angle; therefore the 
angie BG is not leſs than a right angle. wherefore two angles of the 
F langle BGC are together not lefs than two right angles; which is 


: quiangular to the triangle DEF, as in the firſt caſe, 
| right angle; in this caſe likewiſe the triangle ABC 1s equiangular to 


| is allo a right angle; whence 


| two ranges, Kc. Nets * 
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Next Let each of the angles at C, F be not leſs than a right 


The ſme conſtruction be- 


impoſſibleh; and therefore the triangle ABC may be proved to bee e- h. 17. 1 
Laitly, Let one of the angles at C, F, viz, the angle at C be a 


the triangle DEF. 5 85 
For if they be not equiangu- 1 A 5 
lar, make at the point B of the 
ſtraight line AB the angle ABG 
equal to the angle PEF; then 
it may be proved, as in the firſt q 
caſe, that BG is equal to B C. 
but the angle BCG is a right 
angle, therefore f the angle BGC 


EE 


two of the angles of the tri- 
angle BGC are together not leſs p 
chan two right angles; Which 
is impoſſible b. therefore the %; ᷑ [ Oh 
friangle ABC ! 18 equiangular to the range DEF. Wherefore if 


f | | | 
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| WAY PROP. vm. THEOR. F 
; See N. IN a riglit angled triangle, if a perpendicular r 
1 LO from the right angle to the baſe; the triav2! 1 1 F 
fide of it are fimilar to the whole triangle, a one 1 
another. part 
Let ABC be a right angled triangle having ther? ; 
and from the point A let AD be drawn perpen . x the aſe 


BC. the triangles ABD, ADC are ſimilar to ine wine aagle 
ABC, and to one another, 
| Becauſe the angle BAC is equal to the angle A each ©. them 
being a right angle, and that the angle at B is cominon to the two 
_ triangles "ABC, ABD; the re- 
maining angle ACB is equal to the ; 
. remaining angle BAD*, there- 
fore the triangle ABC is equian- 
gular to the triangle ABD, and 
42 the ſides about their equal angles CC 
b. 4. 6. are proportionals b, wherefore the 3 5 ©. 
©. 1. Def. 6. triangles are ſimilar e. in the like | 
manner it may be demonſtrated chat the rriangle ADC 1 15 imilar ! to 
the triangle ABC. 
Alſo the triangles ABD, ADC are ſimilar to one an noher, 
| Becauſe the right angle BDA 1s equal to the right ange ADC, 
and alſo the angle BAD to the angle at C, as has been p- on 1; che 
remaining angle at B is equal to the remaining angle OA. ne 
fore the triangle ABD is equiangular and ſimilar © to the tri", 3 
ADC. Theretore in a right angled, &c. Q. E. P. 
Conz. From this it is manifeſt that the perpendicular dran! 
the right angle of a right angled triangle to the baſe, ir a m.. 
Paoortional between the ſegments of the baſe: and allo har 
the ſides is a mean proportional between the baſe, aud its . 
adjacent to that ſide. becauſe in the triangles BDA, AC, 
DA, as DA to DC»; and in the triangles ABC, DBA, 5 


Ba, as BA to BDb, andin the e Mantle ABC, ACD, BC is 
28 CA to CD* 3 


OW + 


„ RT 2 


— 


PRO 


Ly 4 : 


zs to be cut off from it; join BC, and draw 
| DE parallel to it. then AE is the fame part of 


F the triangle ABC, viz. to BC, as CD is to DA, 


| imilarly to AC, 


| ihe figures FH, HB is a parallelogram : 


OF EUCLID. 
on 5 Bock VI. 
PRO P. IX. PROB. 92 


ö i — given ſtraight line to cut of any part required, See N. 


Let AB be the given Atraight line | it is e to cut off any 
part from it. 
From the point A How A Araight fine AC making any angle with py 


AB; and in AC take any point D, and take AC which is the ſame 


multiple of AD that AB is of the part which 


AB that AD is of AC; that is, AE is the part 
8 ed to be cut off. 
| Becauſe ED is parallel to one of the ſides & 


"K 2. C. 


: ſis BE to EA; and, by compoſition b, CA Ws. 
is to AD, as BA to AE. but CA is a multiple S—w—— 
ol AD, therefore BA is the ſame multiple of B 155 C 0. D. TY 


AE. whatever part therefore AD is of AC, AE is the ine part of 
AB; wherefore from the ſtraight line AB the part eee is cut 


off. Which was to be done, 


PROP, * PROB. 


0 divide a given ſtraight line ſimilarly | to a given di- 

vided fraight line, that 1s, into parts that {hall have 

the ſame ratios to one another which the parts of the di- 
nded given ſtraight line have, 


15 AB be the n line given to be divided, and AC the 4. 
rided line; it is required to divide AB A 


Let AC be divided in \ the 1 D, 
£; and let AB, AC be placed ſo as to Fj Rl D ; 
contain any angle, and join BC, and '8 2 5 
through the points D, E draw * DF, G 8 31. 1. 
EG parallels to it; and through D draw B — * = mos 
DHK parallel to AB. therefore each of * K C 

— wherefore 
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Bock VI. wherefore DH i 18 equal bto FG, and HK to GB. and becauſe HE is 
parallel to KC one of the ſides of the _ A B©QE ! 
b. 34. 1. triangle DKC, as CE to ED, ſo is KHM -.5-- = - 
o. 5.6. to HD. but KH is equal to BG, ane [-S = 
HD to GF; therefore as CE to ED, fo " 2 

is BG to GF. again, becauſe FD is pa- : H Sg 4 
rallel to EG one of the ſides of the tri- G FOES = * 

angle AGE, as ED to DA, ſo is GF to pl + = 

FA. but it has been proved that CE is 
to Eb, as BG to GF; as therefore CE | | po 

to ED, ſo is BG to Gb; and as ED to DA, ſo GF to FA. there- 


fore the given ſtraight line AB 1 is Aicher — * to AC. Which 
was to be done. | 


PROP. 2. -PROB. 


Ty, "Py a third proportional to two given fraight 


lines. 


Let AB, AC be the two given fraight lines, and ler them ve 
placed ſo as to contain any angle; it is required A 
to find a third proportional to AB, AC. K 
Produce AB, AC to the points P, E; and 
5 make BD equal to AC, and having "ned BC, 
4 N. . through D draw DE parallel to it.. 1 
„ gecauſe BC is parallel to DE a ſide of the 
b. 2. 6. unge ADE, Ag is b to BD, as AC to CE. 
but BD is equal to AC, as therefore AB to 
, ſo is AC to CE. | Wherefore to the two. 


given ſtraight lines AB, AC a ind proportional CE is found. 
_ Which was to be done. 


PROP, XII. ROB. 


; 0 "FI a fourth proportional. to three given Arraight 
lines. 


"A A, B, C * hs 1 given ſtraight lines; | it is required to 
. find a fourth apm to A, B, C. 
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* PROP, XIV. THE OR. | 
FO QUAL parallelograms which have one angle of the 
— one equal to one angle of the other, have their fide; 
about the equal angles reciprocally proportional: and pa- 
rallelograms that have one angle of the one equal to one 

3 of the other, and their ſides about the equal angles 

reci procaliy proporticusl, are equal to one another. 


Let AB, BC be equal 3 which have the angles at B 
qual, and let the ſides DB; BE be placed in the ſame ſtraight line; 
4.74.1, wherefore alſo FB, BG are in one ſtraight linea. the ſides of the pa- 

rallelograms AB, BC about the equal angles, are reciprocally pro- 
portic nal; that is, DB is to BE, as GB to BF. . 
Complete the parallelogram FE; - and becauſe the parallclogran 
AB is equal to BC, and that FE _ 
I . another parallelogra m, AB is * 
b. J. 3. to FE, as BC to FEb. but as AB * 8 N 
"£5 8 * FE, ſo is the baſe DB to BEE; = 
and as BC to FE, fo is the baſe Þ 
. GB to BE ; therefore as DB to 
12. 5. BE, ſo is GB to BF 4, Where- | 
fore the ſides of the parallelo- 8 
grams AB, BC about their equal | | 
angles are rechprocally proportional. 
But let the ſides about the equal angles be reciprocally proporti 
. onal, viz, as DB to BE, ſo GB to BF; the POP! am AB. is e. 
qual to the parallelogram B. 
gRecauſe as DB is to BE, ſo GB to BF; 7 ad as DB to „ BE; ſo is . 
| the parallelogram AB to the parallelogram FE; and as GB to BT, ſo | Z 
E parallelogram BC to parallelogram FE; therefore as AB to FE, 
6.5.5. ſo BC to FE9, wherefore the parallelogram AB is equal © to the pe- 
„ rallelogram BC. T hercfore ono eien, dec. e D. 
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PROP. xv. 1HE OR. 
EQ AL triangles which have one angle of the one 


equal to one angle of the other, have their ſides a- 


a- bout the equal angles reciprocally proportional: and tri- 
e angles which have one angle in the one equal to one 
es angle in the other, and their ſides about the equal angles 
reciprocally proportiotial, are equal to one another. 
5 Let ABC, ADE be equal triangles which have the angle BAC | 
e; equal to the angle DAE ; the ſides about the equal angles of the tri- 
a. angles are reciprocally proportional; that is, CA is to SA as EA | 
0. to AB. 
5 | Let the triangles be placed fo that their fides CA; AD be in one 
am ſtraight line; wherefore alſo EA and AB are in one ſtraight line * ; a. 14. 1 
and join BD. Becauſe the triangle ABC is equal to the triangle 
ADE, and that ABD is another tri- Rd SS 
angle; therefore as the triangle CAB 
is to the triangle BAD fo is triangle 
EAD to triangle DAB b. but as tur- TY 
angle CAB to triangle BAD, ſo is 5 
1 15 1 the baſe CA to ADe; and as tri- -F 3 
' WH age EAD to triangle DAB, ſo is 
de baſe EA to AB e; as there- . 
5 fore CA to AD, ſo is EA to AB 4. $:: 1's 


ti- WE wherefore the ſides of the tr angles ABC, ADE about the equal 


e- angles are reciprocally propor onal, 

heut let the ſides of the triangles ABC, ADE about the equal 
s a angles be reciprocally proportional, viz. CA to AD, as EA to AB; ; 
00 = 2 the triangle ABC is equal to the triangle ADE. 
E, Having joined BD as before, becauſe as CA to AD, ſo is E. A to 
P. b | AB; and as CA to AD, ſo is triangle BAC to triangle BADe . and 


3 EA to AB, fo triangle EAD to triangle BAD®; therefore d as tri- 
angle BAC to tr tangle BAD, fo is 1 EAD to triangle BAD; 
5 1 that is, the tr iangles BAC, EAD have the ſame ratio to the tr iangle 
4. whereſore the triangle ABC is equal © to the triangle 4 ADE. . 
. Therefore equal triangles, & &cc. 2 E. D. 
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PROP; XVI. THE OR. 


14 5 | 4 5 
* four! itraiphr lines be p roportion als, the rectangle e 


tained by the extremes 18 equal to the reftangle « eon 


La mL by I means: and if the reétangle conta ned by 


WA & 2s 


} 


6 REIT. 1 „ g rey rn 5inaed hy 
the extremes be equal to the reftangle contame by 


means, ine four {tratght liues proportionals. 


] 3 5 4 TY 5 E > X \ i; 1 5 
Let the fonr ſtraight 175 AB-ED;E, F be proportionals. v1 


nts, 
38 AB to CD. ſo E to F; 


5 Ir A2 * 10 yk brat 
he rectangie contained by AB, F Is equi! 


to the rectangle contained 55 D, E. | 
From the points A, C draw AG, CH at right angles fo AB, CU 
and make AG equa] to F, and CH egual to K, and complete tid 
| : A 1 
i aliclogrars BG, DH. becauſe as AB to C ſo is E to F; and th. 


_ 8. DIY, Be J ” c YL 
E is equal to CH; and F to AG; AB is b to D, as CH 
—— 7 * 4 * | — 


— 
. . . ; 8 8 JF? 5 A 3. ÞA1 > 
herefore the des of the parallelogranis 0, DI about the: ecn: 
FR. \ 
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THE EEEMENT.S 
wherefore as A to B, 5 B to C. T heretore it three ſtraight 


nes, &c. Q. E. D. 


line GB make * the 
angle BGH equal to 


the angle GBH equal 
0 FDE; therefore 


PROP. XVII. PRO B. 


; PON Ja given ſtraight line to deſcribe a reQilineal fi- 
gute ſimilar, and ſimilarly ſituated to a given recti 


lineal ligu re. 


Let AB be the given ſtraig! it line, and CDEF the given rectili- 


neal figure of four ſides; it is required upon the given ſtraight line 
AB to deſcr ibe a rectilineal figure ſimilar and ſim warty ſttuated 10 


CDE. 


* 23. 1. 5 


* 


the angle BAG equal to the angle at C, and the angle ABG Au 0 


Join DF, and at che points A, B in the fir aight Ene AB Hate 


the angle CDF; therefore the remaining angle CFD is equal to the 
remaining angle AGB, wherefore the 0 triangle FCD! is equiangular 


to the triangle GAB. 
again, at the points 
G, B in the ſtraight 


the angle DFE, and 


the remaining angle 


FED is equal to the remaining angle HB, and the triangle FDE 


equiangular to the triangle GBH. then becauſe the angle AGB 
5 is equal [CO] the angle CF D, and BGH to DFE, the whos angle 


5 incal figure ABHG is equiangular to DEF. but likewiſe theſe 
figures have their ſides about the equal angles 8 be- 
aue the triangles GAB, FCD being equiangular, BA is to AG, 
28 00 to CF; and becauſe AG is to GB, as CF to FD; and 
2s GB to GH, fo, by reaſon of the equiangular triangles B GH, 
D FE, is FD to FE; therefore, ex aequali d, AG is to GH, as CF to 
FE. in the ſame manner it may be proved that AB is to BH, as CD 
to DE. and GH | is to HB, as FE. to EDe. | Wherefore becauſe the 
„ . rectilineal 


AGH is equal to the whole CFE. for the ſame reaſon, the angle 
ABH is equal to the angle CDE; alſo the angle at A is equal to 


the angle at C, and the "angle GHB to FED. therefore the recti- 


fl 


OF. EVC LTD. 167 
fectilineal figures ABHG, CDEF are equiangular, and have their Book VI. 
{des about the Ons angles proportionals, they are e ſimilar to one WARY 
anothere. | el T. Def. G. 

Next, Let it be required to deſcribe upon a given ſtraight line 
AB, a rectilineal figure ſimilar, and ſimilarly ſituated to the Fee” 
neal figure CDKEF of five ſides. 

Join DE, and upon the given ſtraight line AB Soliribe the recti- 
lineal figure ABHG ſimilar and ſimilarly fituated to the quadrilate- 
ral figure CDEF, by the former caſe. and at the points B, I in the 
ſtraight line BH, make the angle HBL equal to the angle EDK, 
and the angle BHL equal to the angle DEK ; therefire the re- 
maining 8 at K is equal to the renaining angie at L. and becauſe 
the figures ABHG, CDEF are ſimilar, the angle GHB is equal to 
the angle FED, and BHL is equal to DEK; wheretore the whole 
angle GHL is equal to the whole angle FEK. for the ſame reaſon, 
the angle ABL is equal to the angle CDK. therefore the five ſided 
figures AGHLB, CFEEKND are equiangular. and becauſe the figures 
AGHB, CFED are ſimilar, GH is to HB, as FE to ED; and as 
HB to HL, ſo is ED to EK ©; therefore ex aequali d, GH is to HL, 
as FE to EK. for the tame redo, AB is to BL, as CD to DK, and 
BL is to LH, ase DK to KE, becauſe the triangles BLH, DKE are 

equiangular, therefore becauſe the five fided figures AGHLB, 
CFEKD are equiangular, and have their ſides about the equal angles 
proportionals, they are ſimilar to one another. and 5 the kane 
manner a rectilineal figure of fix ſides may be defcribed upon a 
given firaight line f: miar to one given, and ſo on. Which was to be 
Gn 


PROP. XIX. THEOR. 


We triangles are to one another in the duplic icate 
ratio of their homologous ſides. 


Let ABC, DEF be ſimilar trlangles having the angle B 1 to 

the angle E, and let AB be to BC, as DE to EF, 0 that the ſide 

B is homologous to EF. the triangle ABC has to the ngen 12. Def 3. 
DEF, the duplicate ratio of that which BC has to EF, | 
Take BG a third proportional to BC, EF®, fo that BC is to EF, b. 11. 

as EF to BG, and join GA, then, becauſe as AB to BC, fo DE to 

EF; mer. As is to DE, as BC to EF. but as BE t to EF, fo e. 16.5. 

. 4 | | 18 


is Er to BG; therefore d as AB to DE, 0 18 FF. to BG. WIIele all 
fore the ſides of the triangles ABG, DEF which are about the = cf 


qual angles are reciprocally EY tional. but triang'es which have WIE we 
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Book VI. triangle ECD to the triangle LK. but it has been proved that the 
. triangle EBC is likewiſe to the triangle LGH, as the tr langle ABE 
to the triangle FGL, Therefore as the triangle ABE is to the ti. 

angle FGL, ſo is triangle EBC to triangle LGH, and triangle 
ECD to tri- 

angle LHK. 

and therefore 

as one of the F 
antecedents to 

one of the con- 
ſequents, ſo 

are all the an- 
tecedents to 


PE 12. 3. all the conſequents 3, 8 "Wherefore as the triangle ABE to the tri- r 
angle FGL, ſo is the polygon ABCDE to the POLYGON FGEK | 1 ml 
but the triangle ABE has to the triangle FGL, the duplicate ratio ES 
of that which the fide AB has to the homologous {fide FG. There- W tl 
tore alſo the polygon ABCDE has to the polygon FGHEL the du- MW © 
plicate ratio of that which AB has to the homologous fide FG, WF 6 
| Wherefore ſimilar polygons, &c. Q. E. D. 5 In: 


Cox. 1. In like manner it may be proved that ſimilar four . ded 
figures, or of any number of ſides are one to another in the dupli- 
cate ratio of their homologous ſides, and it has already been pr 9580 
in triangles. Therefore univerſally, ſimilar rectilineal figures are t 
one another in the duplicate ratio of their homologous ſides. 
Cor. 2. And if to AB, FG two of the homologous fides a third 
5. ꝛ0. Det. s. proportional M be taken, AB has h to M the duplicate ratio of that 
Which AB has to FG. but the four ſided figure or polygon upon 
AB has to the four ſided figure or polygon upon FG likewile the du- 
| plicate ratio of that which AB has to FG. therefore as AB is to M, 
ſo is the figure upon AB to the figure upon FG, which was allo 
i.Cor, 19. 6. 6. proved 1 in triangles i, Therefore, univerſally, it is manifeſt, that if 
three ſtraight lines be proportionals, as the firſt is to the third, ſo is 
any rectilineal figure upon the firſt, to a mier and ſimilar de. 
ſcribed rectilineal kigure upon the ſecond, 


PROP. 


E conangular, and have | 8 
1 : 1 , "ol | / (_ ; 
their ſides about the e- | LY 2 


nds. therefore the fi- / 3 
E cures A, B are each of 
E them equiangular to C, and have the ſides about the equal angles of 

euch of them and of C proportionals. Wherefore the refillineal fi- 

gures A and Bare equiangularb, and have their ſides about the equal b. r. Ax. &, 
| angles proportionals ©, IT herefore A is ſimilar“ to B. K. D. X13 f 
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5 Book VI. 
PRO P. XXI. THEOR. — 


1 | Berman, E AL. figures which are ſimilar to the ſame 


rectilineal figure, are alſo ſimilar to one another. 


Let each of the rectilineal figures A, B be ſimilar to the reRtilineal | 


3 figure C, the figure A 15 Gmillar to the figure B. 


Becauſe A is Gmldr to C, they are equiangular, and alſo have 


3 their ſides about the equal angles pr oport Again, becauſe Ba. 1. Def. C. 


is ſnnilar to C, they are 


qual angles proportio- Ed A V 


PROP, xx. THEOR. 


I four ſtraight lines be proportionals, the Gmilar colt. 

lineal 888 ſimilarly deſcribed upon them ſhall alſo 

be proportionals, and if the fimilar rectilineal figures ſimi- 

larly deſcribed upon four ſtraight lines be proportionale, 
thoſe e lines ſhall be Proportionals. - 


Let the four ſtraight lines AB, CD, EF, GH be proportionals, viz. 
AB to CD, as EF to GH, and upon AB, CD let the ſimilar rectili- 
neal figures KAB, LCD be ſimilarly deſcribed ; and upon EF, GH 


| the ſimilar rectilineal figures MF, NH, in like manner, the rectili- . 


neal figure KAB is to LCD, as MF to NH. : 
To AB, CD take a third proportional a X; and to EP, GH a 4. 17. 6. 
third proportional O. and becauſe AB is to CD, as EF to GH, 


4 werefore £D1 is to o X, as GH to O; wherefore ex gull” , as AB b. vn. 5. 


C. 22. 5 
— 


+ 636 THE EF LEMEN:T-S 


Book VI. to x ſo EF to O. hut as AB to X, fo is d the rectilincal T:AÞ; ;, MF 
— the rectilineal LC b, and as EF to O, 101: 34 the rectilincal M \ 
d. 2. Cor. rectilineal NH. therefore as KAB to LCD, fo b is MF to NH. tab 


And if the rectilineal KAB be to LCD, as MF to NH 


— 


1 
11 


. the oe 
ſtraight line AB is to CD, as EF to GH. = | 
oy Make as AB to CD, fo EF to as and upon PR deſcribe ! 
f. 18. 


* 1 80 i 
{} either 01 Fi 


III 1 


re tilineal Hgure 8E {1miar and [1403 arly ttnated.t 


AN * 


| * . 
- 2% 
T 5 X 

4 "4 - RI AL PILE) 


1 E 4 
| | +, 9D | 3 : 
* 0 * 2 * q 
N — 8— 


2 5 * 7 | 4 5 Nr * 5 
jide | | — 192 
Zures r., NI ey 


Tur: „ NI becauſe as AB to CD; 1o EF O PR, and 
that upon AB, CD are deſgribed the fmuar and {mnilarly. tua 
rect ineals R. B. LED, A} 10 upon F. F, 1 R, in like manner, wit {i 
milar rcctuineals MF, SK.; RAB ͤ is to I. C D, as MF to SR; but 
SED | | 


x a 7 
$1 — -. 


ypotheſis, - CAB is to LCD, as MF to NH; and the 


PAVING the ſame ratio to each of the two NH, Sk 


E. 1 \ 
£:9.5. theſe are equal © 2 one another. they are alſo ſimilar, and Hmilarh 
lituated; therefore GH is equa! to PR. and becauſe as AR to . 

10 5 EF 0 . wy that PR is equal to GH; AB is o CD, n Es 


we a. ; 5 5 ö 3 3 ANT Fs r He 
NGUL AR Para Melograms Have to ONE. anon 


1401 


. 1 


"The. ratio wh ich is compounded of the ratlos 
their  fides 


” A * 


Let AC, CF be equiangular parallelograms, having the angle 
BCD equal to the angle ECG. the ratio of the parallelo gram AC; i0 


the parallelogram CF, is the ſame with the ratio Which! ; Cot 


poundec of the ratios « of their ſides, 


8 


110 in 4 {tr aight ne 


tab ing any ſtraight line K, make b as BC 


C tO CE; 
ro Mare 
nd 10 0 C E. 


— 


Bit the ratio OK t 


Let BC, CG be vom ed in a ſtraight line, 
and complete the Da alle logram 


" &y 


ſo make b L to M. thereio 
the ſame with the ratios cf the fees, 
{ 15 that Which 18 fal d o 


3 M 


- 


EU C4 1D: 
therefore DC and CE are Book VI. 
DG; and. 


(to C, 
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* * 


0 BN 18 173 


re the 1. tie 8 of is I'S) L. an 
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VIZ. 
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and 48 
f bp. 11.6 
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14.1 
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of tt ratio 5 Of che 1des. Ad DEC” 8 — — 
A | go ] 
EY 1 , 
as BC to C 6, fo is the pa- \ | | \ 
\ \ 
' 6-2 \ 
; pt AC ro th: 2 pa arallelo- 3 — 1 
mY 0 : 8 1 75 7 £ : \ > 
FTA (Id; but 18 B fo COL 7 1 E | , > \ 4 - ; t 
g 17 I 1 3 282 . * EC \ \ i 
s K to- L; therefore K is tO LE. : | \ ESC: 
as the paralle logram AC t© the pa- FI \ 
«. FOE 2A aii ' } | N 
rallelogram CEL: A aln, bécauié as | ; \ 
a 7 1 . 4. * 11 A : [ ; \ \ 
3C 10 \ E, 1 18 the 9 * A: LOTT 20061 | | 
} ' ks 
r j _ NY oy q 
(011-40 the 5 elogram C2» DL , q EN \ 
Cron il © Jie ; , ES * ? be 
i * 83 ſ 8 e 52 ; 
ic Detto E, 408 119 25.2 Here 
| - „FFF 121 1 nr 77 
WOT 3:4 18 0 11, 48 De a * 1 * 10 * 144 2 CY % : — ki 0 474 * 
( *,24 * ·˖ 1 2 7 5 }. Y Q ? T 5 5 — E + * 45 18 the 1 . 
FEVELULE 11e COLD LI I q IOC lar a8 4» 941 7 i I (* 
on Es bh 55 „1 % 3 Pre 4 i 4 8 ; FIGS * 
Sf loge aim AC X70 th, . 3 Gtam 11 7 and 18 IO I, 10 the PA- 
SING ” 
7 N * oh $5 - Fa. * . f . - N 14.68 1. 4 4 : 5 
4 allclog "ADL Cl 14 10 the 0 7 Arallciog tan! C EXE! Loads f K 18 TO , 4 A 
„ — : | 3 i! 3 Fo ; IF 50 7 2 - W 7 ? Fr 
RE para! elcgran 1 AC-to te e partlogram F. but K RAS 0-2 e 
3 2 Þ * F 3 
ratio Which is C ompounded Or os atis Ot the ACS. tn refore allo 
"Y . E 1 <4 * 3s E + 15 2\ Tye 
che PAI, allelogram AC has to tn - parallelogram CF: the ratio w hich 
SI. 1840 + } ES we tHe {} 483 Wherete Th „ edufangular 
0 2 01 1 1G rati08 1 IIe cs. „ Hierelol e — e, A 
n 4 i 2 4* C 22 — N 1. 1 
parallelo ogram „ eee de 14s 
X r K 
PROP. XXIV FFI OK. 
at * 5 42 abe 1 Were of anv pa 4 Se: N. 
E 1E. Para! it Sl OC 1 4650 <> OUL x 168 G1 141 He * "L 01 41 7 2 41 11 
22 4 Y 7 +: <h 1 Je AY . * 11 an- 
ig m, are imila to: ne Ole, ada LO OG 4H 
* 
| 8 
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1 ANN ; 7 1 py 
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grams EG, HK are fumilar both to the e Whole parallelogram ABCD. 
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angle ABC is equal to the angle AEF. and each of the angles 


heb, EFG is equal to the oppoſite angle DAB b, and therefore ar: 


HIGH 


d. 7.5. 


parallelograms ABCD, AEFG about the + 


E. 1. Def. 6. 


and becauſe the oppoſite ſides of paralle- 5858 . 
lograms are equal to one another b, AB E 


CB, as GF to FE; and alſo CD to DA, 


equal to one another; wherefore the parallclograms ABCD, AEG 
are equiangular. and becauſe the angle ABC is equal to the ange 
AEF, and the angle BAC common to the two triangles BAC, EAP 


they are equiangular to one another ; 


therefore eas AB to BC, ſo is AE to EP. A E - 


£4 
1 , 
is d to AD, as AE to AG; and DC to ” 


as FG to GA. therefore the ſides of the 


) K 
equal angles are proportionals; and they ny : 
are therefore ſimilar to one another ©, for the ſame reaſon, the pa. 
rallelogram ABCD is ſimilar to the parallelogram FHCK. Where- 


fore each of the parallelograms GE, KH is ſimilar to DB. but recti. 


lineal figures which are ſimilar to the ſame rectilineal figure, are alſo 
. ſimilar to one another*, therefore the parallelogram GE! is ſimilar to 


"BY. Wheretore the Far 85 ams, ee n D. 


See N. 


PROD. v. PROD. 


Let ABC be the given reflineal figure, to ; which the figure to 


be deſcribed is required to be ſimilar, and D that to which it mull 


do the figure ABC. and becauſe BC is to GH, as GH to CF, and 

if three ſtraight lines be proportionals, as the firſt is to the third, 

lo i is © the Hgure oO the firſt to the funilar and ſimilarly deſcribed 
pe figure 


©. 3. Cor. 


20. 9. 5 2 * 


be equal. It is . to deſcribe a rectilineal kgure ſimilar to 

ABC and equal to D. : 
1. Upon the ſtraight line BC deſcribe a the parallelogram BE equal 
5 to the figure ABC; alſo upon CE deſcribe * the parallelogram CM. 
. equal to D, and having the angle FCE equal to the angle CBL. 
. therefore BC and CF are in a ſtraight line Þ, as alſo LE and EM. 
between BC and CF find © a mean pop el GH, and upon GH. 


. deſcribe 9 the rectilineal figure K GH ſimilar and Gmilarly ſituated 


T 0 deſcribe A reclilincal 3 which ſhall be ener | 
to one, and S to another ire rectilineal igure. 
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. figure upon the ſecond; therefore as BC to CF, fo is the rectilineal Book VI. 
Þ fine ABC to KH. but as BC to CF, ſo is f the parallelogram . 
rf, Wt to the parallelogram EF. therefore as the rectilineal figure ABC f. 1. 6. 
is to KGH, fois the pai allelogram BE to the parallelogram EF s. g. 11: 5. 
ax and the rectilineal figure ABC is equal to the parallelogram BE; 


1 


. 1 


ere. MF therefore the rectilineal figure K GH is equal h to the para! llelogran am h. 14. 3 
chi. EF. but EF is equal to the figure D, wherefore alſo K GH is equal 
als . toD; and it is ſimilar to Al BC. Therefore the rectilincal figure 
r to EH has been deſcribed ſimilar to the gate A ABC, and equal t to D. 
4 of W hich. Was to be done. | | 


PROP. XXVI. THEOR. 


Ir two ſimilar parallelograms have a common anole, 
and be 8 ſituated; they are about the lame = 
. 


let the a ABCD, AEFG be Gmilar ae | Gmilarly 
to ſituated, and have the angle DAB common. ABCD and AEFG are 
wit WF about the ſame diameter. „„ — 
to i For if not, let, if pollible, the Rs A PE G 1 


'Y parallelogram BD have its diameterſ 
ul WF Al in a different ſtraight line from K lx ; 7 
W AF the diameter of the parallelo- E- —— 
. gramEG, and let GF meet All in _®{| | 
M. WF ,; and thro' H draw HK parallel | 3 ͤ 
5H 5 to AD or BC, therefore the paral- B — — . 8 5 
hl llograms ABCD, AKHG being ?- os 
nd bout the ſame diameter, they are ſimilar to one 8 . where- a. 246. 
rd, I fore as DA to AB, ſo is > GA to AK. but becauſe ABCD and b, x. Def. 6. 
xd. 4 = * Ga are — en a8 DA! is to AB fo is GA to AE. 
1 5 there- 7 
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Book VI. therefore © as GA to AE, ſo GA to AK; wherefore GA has t+: 


2 ſame ratio to each of the nen lines AE, AK; and conlequently 
5. AK is equal 4 to AE, the leſs to the greater, which is impoſſihle. 

there fore ABCD and AKH are not about the fame diameter; whore. 

fore ABCD and AEFG mull be about the {an ne diameter. The 


1 SOREN 


** * 


3 . = H YN 
LLC LH CWO Hal, XY. . 3 


To underſtand the three following propolitions more cally, i. 
is to be obſerved, 


15 ata pales 10 Bran is lald "to be applicd iQ: tr; aighe t-11 , 


When it 18 0 iC (crib24 e 1 AS Olle of its (1: Jes. 5 200 the paral. 
lelograui AC is taid to be appiie edit to the ſtraight line AB, 

2. But a parallelogram AE is ſaiò to be applied to a {iragh! ine 
AB, deficient by a N when AD the baſe of AE, is leis 
+I % 


Gy {3 Fa) Soto AI | iO 
44 . 4 0 - RT by e 
nal AB, and therefore 724-15 leis 


than the parallelogram AC de- E * 
icribed po n Ah in the ſame Th nl | 
' 

angle, aud berwoen the ſame pa- 5 | 
*-rallels, by 5 PETER ogram DC; —— — 

an DO is therefore colled the de- A 535 2 

fect of AE. 

3. And a parallelogram A is faid to be applied ton straight line 
ND Sac din by a patallelogram, when AF: the baſe of 2 (x 45 


— 
4 7 


CLY 
. 
* 


A 3 2 } 4 + | 4 *£ £ 222 A "> - * F S*A10D 8 & 
IFC Er e han 23, Alld LINICFCLIOUC-23%I: QXC eeds AN 


the par alle 


1 og DS . o Time WR 
deſeril ed pon A B in the lame angle, and between the fame part! 
4 of | * 


lels. by the O r. am BG. 
11235 1 © Pi Lani 10 1 


PRO P. XXVII. 


— 4 
*. 
ä f 
— 
He 
— 14 
* 


dee N. O0 all eg os 2 e a to the fame f A line, 


. | | f 1 EP - J\ 2: FN: EE 
FEY 0 that hel 18 Ps ribed upon the half 0 


foly 
ine; that which is applied to the half, and is ¶milar to 1 


Let AB be a ſtraig! ht line divided into two equal parts in OC, 46 
let the paralielogr am AD De applied to the half AC, which is chere. 


121 
fore deficient from the parallelogram upon the whole line AB ©» 


parallelogram CE upon the other half CB: of all the paralielogr" 


applicd to any others parts of A and deficient by paralletogra" 


tat 


| fame diameter *. draw their diameter 
| DB, and complete the ſcheme. be- ,. 


3 lellogram DH i is Zonal: to DG, for 


I greater than LG. but DH is equal Þ 


n en Kc. Q E. D. 


OF EVELTD:; 


Firſt, Let AK the baſe of AF be greater than AC the half a 


Iz; and becauſe CE is ſimilar to the 


parallelogram KH, they are about the 


cauſe the parallelogram CF is equal » 
to FE, add KH to both, therefore the 
whole CH is equal to the whole K E. 
but CH is equal © to CG, becauſe: tje 
baſe AC is equal to the baſe CB; there- A: -C K B 


| fore CG is equal to KE. to each of theſe add CF; then the whole» 
| AFis equal to the gnomon CHL. therefors CE or the paraliclog? aun 


AD is greater than the parallelogram AF, 


Next, Let AK the baſe of AF be leſs than AC, and, the ſa ame | 


conſtruction being made, the paral- 


HM is equal to MG ad, bean BC: 
is equal to CA; wherefore DH is 


to DK; therefore DK is greater than 
LG. to each of theſe add AL; then 
the whole AD is preater than thc 
whole AF, Therefore of all paralle- 


A 

I 

7 
- h 
9 


"T7? 


that are ſimilar and ſimilarly ſituated to CE, AD is the gr cateſt, Bok VI. 
Let AF be any parallelogram applied to AK any other part of AB ya 
man the half, ſo as to be deficient from the parallelogram upon the 

© whole line AB by the parallelogram KH ſimilar and ſimilarly lituated 
to CE; AD is greater than AF. 5 


„ 
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' PROP. XXVII. PRO B. 


8 a given ſtraight line to apply a parallelogram equal 


to a given rectilineal figure, and deficient by a pa. 


Tall lelogram ſimilar to a given parallelogram. but the gi. 


ven rectilineal figure to which the parallelogram to be ap. 
plied is to be equal, muſt not be greater than the paralle. 


logram applied to half of the given line having its def 
Gmilar to the defect of that which is to BE applied; . that is, 


to the given parallelogram. 


Let AB be the given ſtraight line, ud C the given recti ineal fi. 
rare, to which the parallelogram to be applied is requi ed to be 


qu al, which figure muſt not be greater than the parallelogram ap- 


blicc to the half of the line having its defect from that upon the 
whole line ſimilar to the defect of chat which is to be applied; and 


let D be the parallelogram to Which this det ect is required to be 


; . 10. 2. 


5. 18. 6. 


20 Par ler gram to the ſtraight 


ſimilar. It is required to apply 


line AB, which ſhall be equal 0 
to the figure C, and be deficicnt 
from the parallelogram upon 
the whole line by a parallclo- 
gram ſimilar to D. 
Divide AB into two equal 
parts in the point E, and upon 
ER defcribe the parallelogram 
EBFG ſimilar b and ſimilarly 


5 fi ituated to D, and complete the _—_ 


Pt arallelogram AG, which mult , 


either be equal to C, or greater than | it, by the determination; andif 


| 6 be equal to C, then what was required is already done; for upon 


the ſtraight line AB the parallelogram AG is applied equal to the 
figure ©, and deficient by the parallelogram EF ſimilar to D. but 


6. 28.6. 


if AG be not equal to C, it is greater than it; and EF is equal to 
AG, therefore EF alſo is greater than C. Make © the parallelogram 


| KLYN equal to the nets of EF above C, and ſimilar and fimr 


4. 27, 6. 


by ly ſituated to N but Di is ſimilar to > EF, therefore d alſo KM is 
ſimibr 


= given rectilineal fi- : 
giure to which the pa- \ 


cual, nl D the pa- CN 
rallelogram to which * 
the exceſs of the one ; 


ſiuailar. It is required 


O F E UC LI So. 
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{milar to EF. let KL be the homologous ſide to EG, and LM to Book VI, 


and complete the parallelogram XGOP. therefore XO is equal and 


fimilar to KM; but KM is ſimilar to EF; wherefore alſo XO is ſi- 


milar to EF, and therefore XO and EF are about the ſame diame- 


tere. let GPB be their diameter, and complete the ſcheme. then 


Fx. and becauſe EF is equal to C and KM together, EF is greater LY 
F an KM; therefore the ſtraight line EG is greater than KL, and 
r than LM. make GX equal to LK, and GO equal to LM, 


E. 36; 6. 


becauſe EF is equal to © and KM together, and XO a part of the 


one is equal to KM a part of the other, the remainder, viz, the 
gaomon ERO is equal to the remainder C. and becauſe OR is 
equal f to XS, by adding SR to each, the whole OB is equal to 
the whole XB. but XB is equal s to TE, becauſe the baſe AE is 
equal to the baſe EB; wheretfore alſo TE is equal to OB, add XS 
to each, then the whole T's is equal to the whole, VIZ. to the gno- 


logram T'S equal to the given rectilineal figure C, is applied to the 


giren ſtraight line AB deficient by the parall clogram SR ſimilar to 
EF the given c one D, becauſe SR 1 iS ſimilar to Eu. Which Was to be 


done. 


PROP. . PROB. 


5 "0 a given ſtraight line to apply a parallelogram eque al 


to a given reectilineal figure, excgeding oy a paral- 
lelogram ſimilar to another g given. 


Let A be the given 
ſtraight line, and C the 


rallelogram to be ap- 


to be applied abore 
that upon the given 
line is required to be 


f. 34. 1. 


g. 36. 25 


mon ERO. but it has been proved that the gnomon ERO is equal 
to C, and therefore alſo TS is equal to CO. Wherefore the paralle- 


h. 24. 6. 


See . 
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Book vi. to apply: a parallelogram to the given ſtraight line AB which ſhall be 
A equal to the figure C, exceeding by a parallelogram ſimilar to D. 
Divide AB into two equal parts in the point E, and upon EB 
2 13 6. deſcribe * the parallelogram EL ſimilar and ſimilarly ſituated to D. 
b. 25.6. and make b the parallelogram GH equal to EL and C together, and 
c. 21. 6. {Gmilar and ſimilarly ſituated to D; wherefore GH is ſimilar to ELF, 
ert KH be the {ide homologous to FL, and KG to FE. and becauſe 
the parallelogram GH is greater than EL, therefore the ſide KH is 
greater that FL, and KG than FE. produce FL and FE, and make 


FLM equal to KH, and FEN to KG, and on og the parallelo. 
gram MN, MN is SED 


therefore equal and ſi- 
milar to GH; but GH 
33 ſimilar to EL; 
wherefore MN is fi- | 
milar to EL, and con- 
ſequently EL and MN 
aaare about the ſame 
4. 26. 6. diameter d. draw . 15 
VVV 
complete the . 
therefore ſince GH is 
e jual to EL and C to- 
&:ther, and that GH is equal to MN; MN is at” to EL and C. 

t. ke away the common part EL; then the remainder, viz, the 
goon NO is equal to C. and becauſe AE is equal to EB, the 
. 36. 1. parallelogram AN is equal e to the parallelogram NB, that is to 
F. 43. . BY Le. add NO to each ; therefore the whole, viz. the parallelo- 
=: 5.554." gram AX is en to the gnomon NOL. but the gnomon NOL is 
equal to C; therefore alſo AX is equal to C. Wherefore to the 

ſtraight the AB there is applied the parallelogram AX equal to the 
given rectilineal C, exceeding by the parallelogram PO, which is 
„ 2+ 6. ſimilar to D, ; becauſe PO is ſimilar to EL#. Wiek was to be done 


3 = EE 
\ — q — 
2 —— 2 - 2 * => -% &. 
_ - Ze FI. 5 — => — 2 RR * 
6 LA * L SA IE 1 , _— 5 — l = = 
— _— —— wo ach — — ET To 9 . 5 
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PROP. XXX. ROB. 


J 0 cut a given ſtraight line in extreme and mean 
ratio. 


Let AB be the given Draight line; it is required to cut it in = 
tree e and mean ratio. : EE. : Upon 


„ > HW. -® 


equiangular, therefore their ſides about the . SD ED i 
equal angles are reciprocally proportional*, Fo 


AE, ſo is AE to EB. but AB is greater 
than AE; wherefore AE is greater than EB*, therefore the ftraipht 
line AB is cut in extr eme and mean ratio i in Ef. Which Was to be f. 3. Def. 6. 
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"io AB B deſcribe * the ſquare BC, and to AC apply the paral- Book VI. 


BC b. but BC is a ſquare, therefore alſo . 

AD is a ſquare. and becauſe BC is equal — D) 
to CD, by taking the common part CE 1 | 
from each, the remainder BF is equal to | E 
the remainder AD. and theſe figures are X — B : 


wherefore as FE to ED, ſo AE to EB. but | = | _ 
FE is equal to AC d, that is to AB; and 
ED is equal to AE. therefore as BA to C F 


done. 
Ober ulte 


Let AB be the given ſtraight line it is required to cut it in ex- 
treme and mean ratio. 


lelogram CD equal to BC exceeding by the figure AD ſimilar to WW 
| A. 40. I 
b. 29. 6. 


. þ 


Divide AB in the point 0 7-4 that the reCtangle e contained b Gs 


| AB, BC be equal to the ſquare of AC®. then 
becauſe the rectangle AB, BC is equal to the "A -* 5 N 
ſquare of AC, as BA to AC, ſo is AC to CBM. 15 5 
therefore AB is cut in extreme and x mean ratio in 0 Which was 
to be done. 8 5 | 


PROP. XXX. THE OR. 


2 

8 
1 
3 


IN right angled triangles the rectilineal figure deſcribed See N. 
upon the ſide oppoſite to the right angle, is equal ro 


* 


the ſimilar, and ſimilarly deſcribed b upon | the ſides 15 
; contaming the right angle. 


Let ABC be: a right 100 triangle, having the right angle BAC. 5 


: the rectilineal figure deſcribed upon BC is equal to the fimbar r and 
ſimilarly deſcribed figures upon BA, AC. 


Draw the perpendicular AD; therefore becauſe 3 in the right an 


gled triangle ABC, AD is FG from the right; angle at A perpen- 

dicular to the baſe BC, the triangles ABD, ADC are ſimilar to the TON 

whole triangle ABO, and to one another“. and becauſe the triangle a. 3. 6. 
we; . „„ : VV 
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Book VI. 
A a cauſe theſe three ſtraight lines are proportionals, as the firſt to tl 


b. 4. 6. 
* 
20 


LK x 


, 24. Jo 


f. 1 


the figure upon CB to the ſi- 
milar and ſimilarly deſcribed , 
figure upon BA. and, inverſe- / 
Iy d, as DB to BC, ſo is the fi- VVVVVVVVVCCCCTT 
gure upon BA to that upon B 1 N 
Be for the lade reaſon, ,,, 

DC to CB, ſo is the figure 

upon CA to that upon CB. Wherefore as BD and DC wgether to 


T H E E L E M E N T 8 | 
ABC is ſimilar to ABD, as CB to BA, ſo is BA to BDd, and be. 


third, ſo is the figure upon the firſt to the luniler, and ſimilarly de. 


ſcribed figure upon the ſecond®, 
therefore as CB to BD, ſo is 


BC, ſo are the figures upon BA, AC to that upon BC e. but BD 
and DC together are equal to BC. Therefore the figure deſcribed 
on BC is eget f to the ſimilar and ſimilarly deſcribed figures on ÞA, 
AC. W Fherefore in right angled . &c. * D. 


PROP, XXXII. TEO R. 


'F two triangles which bw two ſides of the one pro- 


portional to two ſides of the other, be joined at one 
angle ſo as to have their homologous ſides parallel 5 one 


another; the : de ien ſides {hall be in a \ ſtraight line. 


| the an; gle CDE is equal to 
ile angle ACD; wherefore | 


Let ABC, DCE be two tr ang! es n have the two ſides BA, . 
AC proportional to the two CD, DE, viz. BA to AC, as CD to 


- : DE; and let AB be Fre to DC, and AC to DE. BC a and CE are | 
ina firaight 8 


£5 Becauſe” AB is parallel t to 


D, and the ſtraight line A 
AC meets them, the alter - 
nate angles BAC, ACD are 


. equal *; for the ſame reaſon | 


alſo BAC is equal to CDE. 8 oy . 


and becauſe the triangles 5 
ABC, DCE have one angle at A equal to one at D, and the ſides 


DONE” thele gies proportionals, v VIZ, BA to AC, as CD to DE, - 
5 the 


OF EUCLID. 


angles ACE, ACB are equal to the angles ABC, BAC, ACB. but 
ABC, BAC, ACB are equal to two right angles*; therctore alſo the 


. angles ACE, ACB are equal to two right angles, and ſince at the 


c. 3%. f. 


point C in the ſtraight line AC, the two ſtraight lines BC, CE, Which 
are on the oppoſite ſides of it, make the adjacent angles ACE, ACB 


equal to two right angles; therefore 1 BC and Cr ave in a Wage : 
line. Wherefore if two triangles, &c. 88 D. 


PROP. XXXIII. THE OB. 


IN equal clroles; angles whether at the centers or cir- 
1 cumferences have the ſame ratio which the circumie e- 
rences on which they ſtand have to one another. ſo all 
bare the lectors. 5 


Let ABC, DEF be equal des; and at thele 6 centers the angles 
BGC, EHF, and the angles BAC, EDF at their circumferences. as 


the circumference BC to the circumference EF, ſo is the angle P GO 


to the angle EHF, and the angle BAC to the angle EDF; ail ev 
the ſector BGC to the ſector EHF. 8 


93751 


d. 14. 1. 


Take any number of circumferences CK, KL Aach ala BCE: 


" any number whatever FM, MN = equal 1 to E P; and join | 


; GK, GL: HM, HN. Becauſe the circumferences BC, CE, KL 


all equal, the angles BGC, CGK, KG are alſo all equs la, thee 5 
fore what multiple ſoever the circumference BL is of the circumte- 


rence BC, the ſame multiple is the angle BGL of the angle 300. 
for the lame reaſon, Whatever multiple the cir cumference | EN is of 


8 N 


1 


183 
the triangle ABC is equiangular b to DCE. therefore che angle Bock vl. 
ABC is equal to the angle DCE. and the angle BAC was pr oved HY 


to be equal to ACD. therefore the whole angle ACE is equal to b. 6. 6. 
the two angles ABC, BAC. add the common angle ACB, then the 


5 "Rh 
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— angle EHF. and if the circumference BL be equal to the circumfe. 


4. 27+ 3. 
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the circumference EF, the ſame multiple is the angle EHN of the 


rence EN, the angle BG is alſo equal * to the angle EHN; and if 
che circumference BL be greater than EN, likewiſe the angle BGL 


is greater than EIN; and if leſs, leſs. there being then four magni- 
tudes, the two circumferences BC, EF, and the two angles BGC, 
EHF; of the circumference BC, and of the angle BGC, have been 


taken any equimultiples Whatever, viz. the circumference BL, and the 


any eqn! imul— 155 e Viz, the + cinen EN, and the 
angle EHN, and it has been pr oved that if the circumference EI. 
be greater than EN, the angle BG is greater than EHN; and! is 
7 equal, equal; and it leſs, lels. as therefore the crcamferecice BU 


cumference BC i is to EF, ſo is the angle 500 to the angle EHP, and 
the angle BAC to the angle . | 
Alſo, as the es BC to EF, o is the or C ta 


angle BGL; and of the circumference EF, and of the angle EHp, 


to the circumference EF, fo b is the angle BGC to the angle EF 


but as the angle BGC is to the angle EHP, fo is © the angle BAC to o 


the angle EDF, for each is double of each d. therefore as the cir- 


a 5 the ſector EHF. Join BC, CK, and in the circumferences BC, CK 


: | 5 1.11 Def. 3. 


tabe any points X, O, and join! BX, XC, CO, OK. then becauſe i in 
te triangles GBC, GCE the two ſides BG, GC are equal to the two | 
1. CS, GK, and that they contain equal angles; the baſe BC is equal* 5 
do the baſe CK, and the triangle GBC to the triangle GCE. and 
5 becauſe the circumference BC is equal t to the circumference CK, the 
remaining part of the whole circumference of the circle ABC, is e- 
qual to the remaining part of the whole circumference of the ſame 
Circle. wherefore the angle BXC is equal to the angle COK*; a nd 
the ſegment BXC is therefore ſimilar to the ſegment COK f; == 
SED 1 are upon equal ſtraight lines BC, CK. but ſimilar ſegments « of 
3.23.3. circles $ upon. equal Arzight lines, are equals 6 to one another, there 
5 85 bare 


— 


Lone Wh 
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. fore che ſegment BXC i 18 equal to the ſegment COK. and the tri- Book VI. 
angle BGC is equal to the triangle CG K; therefore the whole, the nd 
ſector BG is equal to the whole, the ſector CGK. for the ſame 

F reaſon the ſector K&L is equal to each of the ſectors BGC, CGK. 

in the ſame manner the ſectors EHF, FHM, MHN may be proved 

equal to one another, therefore what multiple ſoever the circumfe- | 

| rence BL is of the circumference BC, the ſame multiple is the ſector 

F  BGL of the ſector BGC. for the ſame reaſon, whatever multiple 

Fo the circumference EN is of EF, the ſame multiple is the ſector EHN 

of the ſector EHF. and if the circumference BL be equal to EN, 

the ſector BGL | is equal to the ſector ERN - and if the circumfe- 


BZ 8 BL beg greater 3 EN, the . BGL is ore ater than thi 

ſector EHN; and if leſs, leſs. ſince then there are {our magnitudes, 

. the two cir cumferences BC, EF, and the two ſectors BGC, EHF, and 5 

pf the circumference BC and ſector BGC, the circumference BL and 

ſector BGL are any equimultiples whatever; and of the circumfe- 

| rence EF and ſector EHF, the circumference EN and ſector EHN 

0 are any equimultiples whatever; and that it has been proved if the 
adcrcumference BL be greater than EN, the ſector BGL is greater 
chan the ſector EHN; and if equal, equal; and if leſs, leſs. There- 

0 bpdore bas the circumference BC is to the circumference EF, fo is b. 5. Def.. 
wee ſector BGC to the lector EH. Wee in 9 circles, Kc. 5 


= * D. 


e 5 PRO P. 


_ conſequently the rectangle BA, AC 
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Sce N F an angle of a triangle be biſected by a Pralght lite 
which likewiſe cuts the baſe; the reQangle contained 
by the ſides of the triangle is equal to the rectangle con. 

tained by the ſegments of the baſe, together with the 
ſquare of the ſtraight line biſecting the ute 
— ABC be a triangle, and let the ak B ac be biſected by the 
ſtraight line AD; the rectangle BA, AC is equal to the rectangle 
BD, "DO together with the ſquare of AD. 
a. 3. 4. Deſcribe the circle ACB about the tr jangle, and produce aD to 
on 3 circumference in E, and join 
then becauſe the angle BAD 
: 5 werte to the angle CAE, and the 
d. 21. 3. angle ABD to the angle b AEC, for 
they are in the ſame ſegment; the 
| triangles ABD, AEC are equiangu- 
| lar to one another. therefore as 
c. 4. 6. BA to AD, ſo is EA to AC, and 


is equal d to the rectangle EA, AD, 5 
that is e to the rectangle ED, DA 


55 together with the ſquare of AD. 18 the ts Eb, DA; is. 


equal to the rectangle * BD, DC. Therefore the rectangle BA, AC 


is equal to the rectangle BD, DC together with the e o Ab. 
| Wherefore if an angle, &c. . : e 


| PROP. E THE OR. 
Ir from an angle of a triangle a ſtraight line be drawn 


perpendicular to the baſe; the rectangle contained by | 
8 the ſides of the triangle is equal to the rectangle contained 
by the perpendicular and the diameter of the circle de- 
ſcribed about the triangle. 


Let ABC be a triangle, and AD the 3 Hm the 


Ef angle A to the baſe BC; the rectangle BA, AC is equal to the rect. 


angle contained by AD and the Glameter of the circle defcribed# 
- you the Sn - e 


„ „ „ 2 


pete ibe“ 


CI 
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Deſcribe : the circle ACB about 
Z the triangle, and draw its diameter 
E AE, and join EC. becauſe the right 
Þ angle BDA is equal b to the angle 
E ECA in a ſemicircle, and the angle 
3 | ABD to the angle AEC in the ſame _ 
3 ſegment © ; the triangles ABD, 
3 AEC are equiangula . therefore as9 
Ba to AD, ſo is EA to AC, and 


ie ZE conſequently the rectangle BA, AC | 
le . i; 17 * to the rectangle EA, AD. If therefore from an angle, &c. e. 16. 6. 
(6 * 
| K OF. D. 1H E OR. 
Tur rectangle contained by the diagonals of a quadri- 
lateral inſeribed in a circle, is equal to both the rect· 
angles contained by its oppoſite ſides. 
: Let ABCD be any quadr Lateral inſcribed in a circle, and join AC, 
BD; the rectangle contained by AC, BD is wr to the two rect- 
* angles contained by AB, CD and by AD, BC#. 2 
| Make the angle ABE equal to the angle DBC; add to cach W 
| theſe the common angle EE D, then the angle ABD is equal to the 
angle EBC. and the angle BDA is equal to the angle BCE; be- a. ax. 3. 
s WU cue they are in the fame ſegment; therefore the tr tangle ABD 1 6 
- WH cquiangular to the triangle BCE. — 
, | Wherefore b as BC is to 8 ſo is BD Bu 
oba, and conſequently the rectangle / 
b BC, ADis equal © to the rectangle BD, / 
| CE. again, becauſe the angle ABE is | 
cual to the angle DBC, and the angle* \ 
Bak to the angle BDC, the triangle 
1E is equiangular to the triangle \ 
Bob. as therefore BA to AE, fo i W; 85 


. BD to DC; wherefore the rectangle”. 7 Ie 
1 BA, DC is equal to the rectangle BD, AE, Js the refunds 3 BO, | 
I AD has been ſhewn equal to the rectangle BD, CE; e the 8 
© whole rectangle AC, BD is equal to the rectangle AB, DC together 
| with the rectangle AD, BC. Therefore the rectangle, &c. Q. E. D. 


2 - This 18 4 Lemma of Cl. Ptolomaeus 1 m page 9. of his leib cis. 
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Book XI, 
NE ns - Two 
| T H E an 
EC MS N- 4-38 
ON 
O OK XI. 
5 3 Sim) 
DEFINITIONS -- 
BY | ET s It; 
Solid is that which hath length, breadth, and thickneſs, = | 
. That which bounds a folid | is a ſuperficies. | V 
9 A 5 1 


A Airalhe lite is e or at right angles, to a plane, when WF 
it makes right angles with err, yo line moving 3 it in that 
plane. 5 7 A 
4 plane is perpendicular to a plane, when the ſtraight lines drawn : 
in one of the planes perpendicularly to the common ſection of W Th 
the two planes, are perpendicular to the other plane. * 
The inclination of a ſtraight line to a plane is the acute angle con- II 
tained by that ſtraight line, and another drawn from the point in 1 
which the firſt line meets the plane, to the point in which a pe. i TI 
pendicular to the plane drawn from wy paint of the firſt ine B 
above the Plane, meets the lame Pane. 
| T he inclination of a _ toa ans 1 is the acute - anole contained ls 4 
two ſtraight lines drawn from any the ſame point of their cm. 
mon ſection at right angles to it, one e upon one — and the 
other _ the other Plane. 
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| if the fixed ſide be equal to the other ſide containing the ri ght angle, 2 


another, which two other planes have, when the ſaid angles of 


inclination are _ to one another. 
VIII. 


File planes are ſuch which do not meet one : another tho pro- 


duced: 27 Woe 
"IN. 


A folid angle is that which is made by the meeting of more than two See N. 


plane angles, which are not in the ſame plane, in one point, 


Ihe tenth Definition is omitted for reaſons given in the Notes,” See N. 


XI. 


ö Similar ſolid figures are ſuch as have all their ſolid angles equal, each See N. 


to each, and which are e contained dy the ſame number of ſumilar | 


planes, 1 
XII. 


4 Pyramid is a ſolid figure contained by planes that are conſtituted | 


 betwixt one plane and one point above it in which they meet. 
8 XIII. 
A prilat! is a a ſolid figure contained by plane figures of which two 
that are oppolite, are equal, ſimilar, and parallel e to one another ; 5 
and the others parallelograms. 
XIV. 


| A Sphere | 's a ſolid figure deſcribed by the revolution of al ſemicircle 


about! its s diameter, which remains unmov ed. 
XV. 


| The axis a A { phere 18 the on ſtraight line about which the ſemi- 


circle e 
xv 1. 


; : The c center r of a | ſphere i is the ſame wich that of the ſemicircle. 


XVII. 


| rde d i of a ſphere is any ſtraight line which paſſes ack - 


the center, and is terminated both ways by the Taperieges: of the | 
ſphere, 


XVIII. 


A Cone is a folid figure deſcribed by the revolution of: a lake angled 5 


triangle about one of the ſides containing x the — angle, which 
lide remains fixed. 


the 
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$ | VII. Book XI. 
ao planes are ſaid to have the ſame, or a like inclination to on 
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| nok xl. the Cone is called a right angled Cone; if it be leſs than the ohe 1 
1 YN. — an obtuſe angled, and if greater, an acute angled Cone. 3 
| RE. E 
j The axis of a Cone is the fixed fraight line about which the . 0 


angle revolves. 


XX. 
The baſe of a Cone is the circle deſcribed by that ſide containing the +1 
right which revolves. Plan 
= the 
A cylinder! is a folid figure deſcribed by the revolution of a rig WE plat 
þ angled parallclogram about one of its ſides which remains fix let: 
j XXII. line 
| The axis of a cylinder i is the fixed ſtraight line about which the ba- unt 
* rallelogram revolves. bee 
| XXIII. 1 pla 
1 | The baſes of a cylinder are the circles deſcribed by the two revol. WW lin 
þ ving oppolite ſides oſ the parallelogram. I 
i e Similar cones nd cylinders are thoſe which have their axes and the 
| Eon  Ciameters of their baſes proportionals. - 
A 1 XXV. ; 
i A Cube is a a ſolid figure contained by ſix equal ſquares. 5 
8 1 
1 A Tetrahedron is a ſolid figare contained by tour equal and aeg. 
| | teral triangles. | þ 
= Ms nd 1 
An Olahedren | is a ſolid figure contained by eight equal and equi | 01 
nteral. triangles, 5 =. 
XXVII. Wi 
A Dodecahedron i is a ſolid figure contained by twelve equal pats = 
gons Which | are e equilateral and equiangular. | 1 
5 6 ( = EZ; 
An Icoſahedron 1 is a ſolid figure contained by twenty equal and eu = | 
1 lateral 1 : 1 
. er | | 
A Parallelepiped | is a ſolid figure contained by ſix aan b 
2 gures whereof every oppous te two are parallel. 8 
PRO? WM © 


the 


ſa. 


Us 


ta 


ui 


| until it paſs thro' the point C; and A. 


1 ſtraight line BC is in the ſame ; and, by the 


Y but in the plane i in which EC, EB are, in 
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5 Book XI. 
PROP, I. THE OR. = 


| : Of part of a ſtraight line cannot be in a Plane and See N. 


another Fn above } it. 


II 0 be poſſible, let AB part of the ſtraight line ABC be in the 


plane, and the part BC above it. and ſince the W 11 AB | is in 
the plane, it can be produced in that | 


plane. let it be produced to D. and . 8 
Fett any plane paſs thro' the ſtraight —————— a 
line AD, and be turned about it „ — 


becauſe the points B, C are in this 15 
plane, the ſtraight line BC! 18 in it“. therefore chere are two ftraight a. 7. Def. I, 


lines ABC, ABD in the ſame plane that have a common ſegment AB, 


which! is impoſſible b. 1 herefore one part, Kc. N D. ee e 


PROP 1 Turok. 


WO ſtraight lines which cut one another are in one see N. 
plane, and ! three ſtraight lines which meet one ano- 
ther are in one e plane 


Let 80 Araight lines AB, CD cut one another in E; AB, CD 


| are in one plane. and three ſtraight lines EC, CB, BE which meet 


one another, are in one plane. | 

Let any plane paſs through the ſtraight 2 
line EB, and let the plane be turned about 
EB, produced if neceſſary, until it paſs 
through the point C. then becauſe the 
points E, C are in this plane, the ſtraight ir 
line EC is in it. for the ſame reaſon, the” „ 
Hypotheſis, EB is in it. therefore the three HED 
ſtraight lines EC, CB, BE are in one plane, 41A 


the ſame are b CD, AB. therefore AB, CD are iu one e plane. W Where- b. 1. 11 
fare twa ſiraight nes, Kc. — 5 | HO 
| PROP. 
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THE ELEMENTS 
P ROB. III. THE OR. 


1 ſtraight! line. 


Foros planes AB, BC cut one another, and let the line DB be 
their common ſection; DB is a ſtraight | 8 
line. If it be not, from the point D to B 
draw in the plane AB the ſtraight line 
DEB, and in the plane BC the ſtraight line 
DFB. then two ſtraight lines DEB, DFB 

have the ſame extremities, and therefore in- 

clude a ſpace betwixt them; which is im- 

2.10, Ax. 1. poſſible *. therefore BD the common ſecti- 
on of the planes AB, BC cannot but be a 
fraight line, Wherefore | if two planes, &c. Q E. D. 


PROP. IV. THEOR. 


Ste N. II. a ſtraight line ſtand at right angles to each of t two 


ſtraight lines in the point of their interſection, it ſhall 
alſo be at right angles to the plane which paſſes through 
them, thac | is, to the ah in which Fw ae: 


Tot the ſti night line EF ſtand at right angles to each of the 


ſtraiglit lines AB, "CD; in E the point of their Lis: ET s al allo 
at Tight angles to the plane paſſing thro' AB, 0. 


Take the ſtraight lines AE, EB, CE, ED all equal to one ano- 
ther; and thro E. draw, in the plane in which are AB, CD, any 


| Argh line GEH; and join AD, CB; then from any point F in 
E, draw FA, FG, FD, FC, FH, FB. and becauſe the two ſtraight 
lines AE, ED are equal to the two BE, EC, and that they contain 


| TS IS. I. equal angles 4 AED, BEC, the baſe AD i 15 equal b to the baſe BC, 


© and the angle DAE to the angle EBC. and the angle AEG is equal 
to the angle BEH *; therefore the triangles AEG, BEH have two 
angles of one equal to two angles of the other, each to each, and the 


ſides AE, EB, adjacent to the equal angles, equal to one another ; 


— x6. oY Wherefore they ſhall have their other tides equal ©. . GE 1s 4, 
mw equal | 


I two planes cut one another, their common ſedtion js 


— 
- = 


be 


| 3 equal to EH, and AG to BH. and becauſe AF is equal to EB, and Book xl. 
Pf common and at right angles to them, the baſe AF is equal b to Lv 
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the baſe FB ; for the ſame reaſon CF is equal to FD. and becauſe b. 4. 1. 
AD is equal to BC, and AF to FB, the two Hides FA, AD are equal 
«0 the two FB, BC, each to each; and 
the baſe DF was proved equal to the 
daſe FC; therefore the angle FAD is e- 
equal 4 to the angle FBC. again, it was 
proved that AG is equal to BH, and alſo 
AF to FB; FA then and AG, arc equal 
to FB and BH, and the angle FAG has 
been proved equal to the angle FBH; 
therefore the baſe GF is equal b to the 
baſe FH, again, becauſe it was proved 
that GE is equal to EH, and EF is com- 
mon; GE, EF are equal to HE, EF; 
and the baſe GF is equal to the baſe F H: therefore the angle GEF is 
equal 4 to the angle HEF, and lend each of theſe angles is. 

aright © angle. The erefore FE makes right ages with GH, that c. 10. ef. :. 
is, with any ſtraight line drawn thro' E in the Poe paſſing rw | 
AB, CD. In like manner it may be proved that FE makes rig 

an: gles with every ſtraight line which meets it in that plane, Bar a 

ſtraight line is at right angles to a plane when it. makes 1 ght angles 

with every ſtraight line which meets it in that plane f. tFeretore EFF. Def 17, 
is at right angles to the plane in W hich are AB, CD. Wher refore it 


4 fright] line, &c. QE. D. 


d. 8. 2 


A F 
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PROP. Y..*THEOR:: 


| © three ſtraight lines meet all in one paint, and a Ser M 
ſtraight line ſtands at right angles to each of them in 

hat point; theſe three rags Vacs are in one end the 

lame —_ 5 . 


Let the ſtraight line AB ſcnd e at right angles to each of the 
ſtraigl ht lines BC, BD, BE, in B the point where knie miect: Bri 
BD, BE are in one and the YER plane. „%% » 
If not, let, if it be poſlible, BD and BE be in one plane, aud Pe: 
be above it; and let a plane paſs through AB, BC, the common 


ſee con of which with the plane, in which BD and BE we: fail 


N N 


— — 


— * — 
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Book XI. be a ſtroight * line; let this be BF. therefore the three ſtraight ling 


uA, BC "BE are all 3 in one plane, viz. that which paſſes through MW tian, 

4 3. 11. AB, BC. and becanſe AB ſtands at right angles to each of the AE 

b. 4. 11. ſtraight lines BD, BE, it is alſo at right angles b 10 * — Paint fore 
r ough them; and therefore makes it ! 


it 18 
e.. Def. 11. right angles © with every ſtraight line · X | S Tf 


18 Ab 
meeting it in that plane; but BF which the 
is in that plane meets it. therefore all 

ze angle ABF is a right angle; but DA 
= angie ABC, by the Hypotheſis, is one 
allo a right angle; therefore the angle the 
ABF is equal to the angle ABC, and to ( 
they are both in the une pla ne, wbich 
s impoſſible. therefore the ſtraight 5 
line BC is not above the plane in Which are BD ind BE. wherefors 
che three ſtraight lines BC, BD, BE are in one and the ſame plane, | 1 
Therefore if three ſtraig cht lines, EC. Q. ED S 
| 's 
: PROP. v1. u HE OR. 
. IF e Wo raight lines be at right angles to the f. lame plane, ch 
they hall be parallel te to one inen det . 55 
Let the ſtraight 1 AB, :CD ke at richt: angles to the ſan: - WW 
| plane; AB is parallel to OP. . | | EO 3 6 
Let them meet the plane S poi RR D, and draw the ſtraight WW * 
line BH), to Wich draw DE 4 At hs notes, i in the ſame plane; and 
Male 2 4 equal 0 AB, an 0 101 111 43 BE; AE, . . 8 8 4 
Al D. then becauſe AB 13 Per Pen aicular to | | | 
ä the] 


plane, it hall make right* 5 with 
ecry ſtraight line w! hich meets it, and is in 
=. > inat plane, but BD, BE, which are in 
ll. © that plane, do esch of them meer . 
| therefore each of the angles ABD, ABE is 
* angle. for the ſame reaſon, each of 
the angles CDB, CDE is a right angle. 

and a auſe AB is equal to DE, and 5 J 
common, the two ſides AB, BD, are equal F. 
to the two ED, DB; and they contain right angles; ; therefore the 
baſe AD is equal b to the baſe BE, again, becauſe AB is equa! . 


. 4. r. 


Ines 
Ugh 
the 
ing 


4 Od 


1 triangles ABE, EDA, the baſe AE is common; 1 the angle 
E fore EDA is alſo a ght angle, and ED perpendicular to DA. but 


| jt is alſo perpendicular to each ot the two BD, DC. wherefore ED 


3H all in the {1me Pl: ane d. but AB is in the plane i in Wich are BJ, 05 45175 


ö E . 11 1 3 
2 two kraight lines be parallel, and one 5 0 them is at ste bf; 


— . — —— 


O F EU ELI . ay 
D, and BE to AD; AB, BE are equal to ED, DA, and, in the Book 


ABE is equal © to the angle EDA. but ABE is a right angle; there- c. 8. x, 


i; at right angles to ezch of the three ſtraight lines BD, DA, DC in 
the point in which they meet, theretore theſe three ſtraight lines are 


DA, becauſe any three ſtraight lines which meet one another are in 

one plane e. therefore AB, BD, DC ars in one plane. and each of e. 2. 12. 
the angles ABD, BDC is a right angle; therefore AB is parallel * f. 28. 1. 
o CD. Wherefore if two ſtraight lines, &c. Q. E. D. 


PROP. Vu. THEOR 


F two ſtraig! 1t lines be parallel, the ſtraiglit line drawn ges H. 
from any point in the one to any point in the other 
in the lame e with the parallels. 


Jo AB, CD be 3 ſtraight lines, and take any point E i 
the ns and the point F in the other. the ſtraight Ii ine whit ch joins 
E and F 1s in the ſame plane with the parallels. 

of not, let; it be, 3 it petiole, above the plane, as EGF ; and in the 


1095 1 ae the ſtraight "nw. | A E. 3 8 

FHF from E to F; and ſince EGF NG | 

Aſo is a ſtraight line, the two W © 

ſtraight lines EHF, EGF include | * 

JJJ)%%%0%d%ù . . Pane Ns '$ 
impoſt ible s. Therefore the ſtraight | bg 1 3 5 „ ; F 


line 3 joining the points E, F is not. 
above the plane in which the para! Nets AB, cd are, 2 md 1 18 theref ors. 


Ly » 
[1 


. 2 hy Mgt 3 1x71 29 5 JIE Kh 
a that plane. Wherefore if two ſtraight lines, &c. Q. E. P. 


p RO P. VIII. HY OR. 


Z CE : 5 8 of ' | 1 
ane the other alſo tha l be at vx 
right angles to the ſame plane. 5 65 6d 109%. oc 


8 3 


18 6 
1390! K It. 
2 


a. 3. Dek. 1 1. 


b. 29. 1. 


d. . 


6 | : „ 
hs 3. Def. 11. 


baſe AD is ual © to the baſe BE. again, 
5 
AD; the two AB, BE are equal to the 
'two ED, DA; and the baſe AE is com- 
1D to the tr haugles ABE, EDA; where- 


THE ELEMENTS 
Let AB, CD be two par allel ſtraight lines, and let one of them 


AB be at right angles to a Fey” ; the other CD is at right angles to 
the {ame plane, 


Let AB, CD meet the plane in ah points B, D, and join BD 


therefore AB, CD, BD are in one plane, in the plane, to which an 


is at right angles, draw DE at right angles to BD, and make DF 
equa] to AB, and join BE, AE, AD. and becauſe AB is perpendi- 


cu lar to the plane, it is perpendicular to every ſtraight line Which 


meets it, and is in that plane *. therefore each of the angles ABD, 
ABE, is a right angle. and becauſe the 1 traight line BD meets the 


| FRO el ſtrai icht lines AB, CD, the angles ABD, CDB are together 
Tk by al b to two right angles. and ABD is a right angle; therefore 


alſo CDB is a right angle, and CD perpendicular to BD. 18 becauſe 


AB is equal to DE, and BD common, the two AB, BD, are equal 
to the two ED, DB, and the angle. ABD 


is equal to the angle EDB, becaute each N 
of them is a right angle; therefore the 


becauſe Ag is equal to DEF, and BE to 


fore the angle. ABE is equal d to the angle 


"FDA; 4 ond ABE is a light angle; and 

there! fore EDA is a a right angle, and ED 2 | 

perpendicular to PA. but it is alſo perpen idicular to BD; thereto? 

EDis endicular © to the plane which paſſes through BD, Da, 
and { 


ia "it f ma. e right angles with every ſtraight line meeting it in 


that * ut PC is in the Plane paſſing through BD, DA, be- 

cauſe all three are in the plane in which are the parallels AB, CD. 

V. here ore ED is at right angles to DC; and therefore CD is at 
right angles to DE. but CD is alſo at right angles to DB; CD then 
is at right angles to th e two ſtrai: ght lines DE, DB in the point of 
their inter ſection D; and therefore ; is at right angles to the plane 
paſſing thro? DE, Dh, which i 18 the ſame plane to whicn AB is gt 
kight angles, Therefore if two Araight lines, Kc. QB. D. 


PROF. 


paſſing through them. and EF is pa- 


angles Þ to the plane HGK. for the 
ſame reaſon, CD is likewiſe at right 


OF EVETTD: 


„„ ＋ HE OR. 


8 7 ftraight lines which are each of them oataliet 


to the ſame ſtraight line, and not in the ſame Plane 


with it, are parallel to one another. 


Let AB, CD be each of hem perle to EF, and not in the ſame 


plane with it ; AB ſhall be parallel to CD. 


In EF take any point G, from which draw, in the plate paſſing 


thro' EF, AB, the ſtraight line GH at right angles to EF; and in 
the 8 paſſing through EF, CD, draw Gk at right aniles to the 
ſame EF, and becauſe EF is perpen- 1 | 1 : e 
dicular Both to GH and GK, EF is 8 
perpendicular to the plane HG K . 1 80 


rallel to AB; therefore AB is a right 


Cx 85 


angles to the plane HGK. therefore 


AB, CD are each of them at right angles o the plane HGE. but if 
rwo ſtraight lines be at right angles to the ſame plane, they hall be 


parallel © to one another. therefore AB is parallel to CD. \\ hcre- 
fore two ſtraight lines, Kc. * . D. | 


PROP. x. THEOR, 


IF two ſtraight lines meeting one anot} er be parallel to 
two others that meet one another, and are not in the 


Ts plane with the firſt two; the firit two and the other 


two {hall contain equal angles. 


5 nahi two ſtraight lines AB, BO which meet one another be 
parallel to the two ſtraight lines DE, EF that meet one ano! mer, 


and are not in the ſame plane wi ich AB, BC. the angle ABC is e gu 
to the angle DEF. 


=. ake BA, BC, ED, EF all equal to one another; i and} 2 WA, 
e 5 ee 


e 


107 
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Bock Xi, CF, BE, AC, DF. becauſe BA is equal and par allel to ED, there. 
LYN fore AD is* both equal and parallel to BE. 


2. 33 1. 


b. 9. 11. 


c. 1. Ax. 1. fore AD is parallel to CF; and it is equal © 


THE E LE MEN TES 


for the ſame reaſon, CF is equal and pa- 
rallel to BE, therefore AD and CF are 
each of them equal and parallel to BE. but 
ſtraight lines that are parallel to the fame | 
ſtraight line, and not in the ſame plane | 
with it, are par: allel b to one another, there- | | 


to it, and AC, DF join them towards the LARS 
ſame parts; and therefore AC is equal | | 


and paraley to DF. and becauſe AB, BC 5 1 


m 
2. 2. 1. 


4. 12. 1 


rallel to BC. and becauſe BC is at 
1 aoolncet 1 right angl es to ED and DA;: : BC i 5 
0 d. 4. 11. 


are equal to DE, EF, and the baſe AC to the baſe DF; - the ange 


ABC is equal 1 to the angle DEF. _Therciore if two ſtraigh: 
lines, &c. Q. E. D. 


PROP, XI. PRO B. 


0 draw a ſtraight Nas perpendicular t to a plane, from 


a glen 1 above! it. 


ee the given point a above the plane BUY it is required to 


av from the Pane A a ftraight line perpendicular to the piane BH. 
the plane draw any ſtraight line BC, and from the pane & 7 


draw Ab perpendicular to BC. If then AD be alſo perpendicul: 
to the plane BH, the thing requ uired! is already done; but it it be 
b. 11. 1, 1 | | 
plöKhae BH, the ſtraight line DE 8 
right angles to BC; and from t th 
Point A dr AF per pendicular 


not, from the point D draw Þin the ooo 


DE; and thro' F draw © GH bt 


at right Saks d to the pla me paſſing 5 


through ED, DA. and GH is pa- B IS, "NF . 
rallel to BC; but if two ſtraight lines be parallel, one of which | i3 
Ak right angles to a plane, the other ſhall be at right © angles * 5 


the ſame plane; wherefore GH is at right angles to the plane thro 


2. Del. i 


ED, DA, and 1s perpendicular f to el ſtraight line meeting it in ; 


that . but AF Wich 1s in the 5 * ED, Dar meets 


* 


angles to the plane. - mtg | 


draw b AD parallel to BC. 3 there- 


| lines, and one of them BC 3s at right angle 


ern. 


AF is perpendicular to each of the ſtraight lines GH, Dx. but if a 
ſtraight line ſtands at right angles to each of two ſtraight lines in th 


point of their inter ſection, it ſhall alſo be at right angles to the plane 


paſſing through them. but the plane paſſing through ED, GH is 


the plane BH ; therefore AF is perpendicular to the plane RH. 


therefore from the given point A above the plane BH, the ſtraight 
line AF is drawn perpendicular to that plane. Which was to be 


done. 


PROP. XII. PRO B. 


O erect a ſtraight line at right angles to a given 
plane, from a PO given in the plane. 


Let A be the point given in the plane; it is required to erect a 
fraight line from the point A at ri ht vx. 
P 18 Þ 1 B 


From any pointBabove the plane dra + | 
VCC 


fore AD, CB are two parallel ſtraight 


to the given plane, the other ADi is alſo at 


rizht angles to 1t ©, therefore a {tr aight line nas been er <Q ed at right * 
angles to a given plane { from a 88 given in it. Which was o bo 


done, - 


PROP, XIII. ruEOR. 


5 Fron the ſame point in a given plane there cannot 


be two ſtraight lines at right angles to the plane, 


pendicular to a plane f from a Point above e the Plane. - 
"Ts if it t be onifible, let the two ſtra ght lines AB. AC be 


upon the ſame ſide of it; and let a plane paſs through BA, AC; 


23 ho common lection of this with the giv en Plane | is a ſtraight * line 
. e e paſſing | 
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it. therefore GH is perpendicular to AF, and conſequently AF is Book XI. 
perpendicular to GH. and AF is perpendicular to DE; therefore WY 


4. 11. 11. 


upon the ſame ſide of it. and chere can be but one Per- = 


Tight angles to a given plane from the fame point Ain the plane, e f 


a, 3: 11, 5 
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Book XI. paſſing through A. let DAE be their common ſection. therefore 
LR the ſtraight lines AB, AC, DAE are in one plane. and becauſe CA 
is at right angles to the given plane, it ſhall make right angles With 

every {ſtraight line meeting it in that | 

plane. but DAE which is in that 
Plane meets CA; therefore CAE is 


[ a right angle. fo the ſame reaſon p 
4 BAE 1 is a right angle. wherefore the . 
| - Ingle © CAE is equal to the angle 2 _ 

1 BAE; and they are in one plane, 1 EYE | 

14 Which is impoſſible. Alſo, 4 om a point above a plane there cn |M t 
7 be but one perpendicular to that plane; for ii there could be two, ME « 
. . 6. 11. they would be p 3 b fo one another, Which! 15 abſurd, Therefore E TD 
js trom the f lame point, 1 D. 1 
. 1 5 : PROP. XIV. THEOR. 

k IL LAN ES 8 to which the ſame ſtraight line i is perpen- 

7 dicular, are parallel o one another. 
bi ED Let the trajoht: line AB be perpendicular to each of the planes 

* 5 D, EF; theſe planes are pa arallel to one another. D 

1 | If not, they ſhall meet one another when produced; let them 

15 LD meet ; their common ſection ſhall be a Wy 

1:8 \trajght line GH, in which take any 

5 point K, and join AK, BK. then be- 

0 cauſe AB is perpendicular to the plane 

* A, 3 Def. 12. EF, it is perpendicular * to the ſtraight 

Wi Ine BK which is in that plane. there- 

it — fore ABK is a right angle. for the ſame 

i 8 reaſon, BAK is a right angle; where- 5 

=: EE tore the > two angles ABK, BAK K of the 

1 5 triangle A B K are equal to two right : 

1 15. I. . angles, which is impoſſible b. therefore 


the planes CD, EF tho produced do ; 
o 8 Def. 11. not meet one another; that is, ey are parallel © j Wo, herefore 
we — 5 &C. 2 5 D. 2 


PRO. 


AN 
0h 


"w 


les 


. 


OF EUCLID. "= hot 
Bock XI. 
PROP, xv. THEOR. 1 
Jr. two ſtraight lines meeting one another, be parallel to See N. 
two ſtraight lines which meet one another, but are 
not in the ſame plane with the firſt two; the plane which 
paſſes through theſe! is W to the plane paſling through 


| the others. 


* AB, BC two ſtraight lines meeting one another, be parallel 
to DE, EF that meet one another, but are not in the ſame plane 
with AB, BC. the planes through AB, BC,,and DE, EF ſhall not 
mect tho' produced. 
From the point B draw BG perpendicular to 12 "lane which a it. 11. 
paſſes through DE, EF, and let it meet that plane in G; and 
through G draw CH parallel > to ED, and GK parallel to EF. and b. 31. 1. 


becaule BG is perpendicular to the Plane thr ough DE, EF, it ſhall | 
make right angles with every F e 
| ſtraight line meeting it in that ET 5 8 


4 plane ©. „ ut the: fraight lines B. . 0 3.Def.11 
l, GK in that plane meet it. e | FE LE 
| therefore each of the angles . 
| BGH, BGR is a right angle. 1 „% ag 
and becauſe BA is parallel 4 to "_ 2 NRC 
GH (for each of them is paral- 8 H— „„ 


lel to DE, and they are not 
both in the ſame plane with it) the * GBA, BG H are together 


equal e to two right angles. and BGH is a right angle, therefore e. 29. 1. 
Z ao GBA is a right angle, and GB perpendicular to BA. for the _ 
ſame reaſon, GB is perpendicular to BC, ſince therefore the ſtraight 


line GB ſtands at right angles to the two ſtraight lines BA, BC, that 


cut one another in B; GB is perpendicular f to the plane through f. 4. 112 


BA, BC. and it is perpendicular to the plane through DE, EF; 


| therefore BG is perpendicular to each of the planes through AB, BC 


and DE, EF. but planes to which the ſame ſtraight line is perpen- 
dicular, are parallel s to one another. therefore the plane through 2 14. 11. 1 


: Ag, BC is parallel to the plane through DE, EF. - Wherefore 1 
| two ſtraight lines, Kc. EE D. 


PROP. 


plane; and K is a point in EF K; 
therefore K is in the plane AB. 
for the ſame reaſon K is allo in 
the plane CD. wherefore the 
planes AB, CD produced meet 


meet, ſince they are parallel | by 
the Hypotheſis. therefore the 
ſtraight lines EF, CH do not 


THE ELEMENTS 


' PROP. XVI. THEOR. 


F two parallel planes be cut by another plane, the 
common ſections with it are parallels. 


Let the parallel planes AB, CD be cut by the plane EFHC, r, And 


Jet their common ſections with it be EF, GH, EF is parallel to 
H. 


For, if it is hot; EF, GH hall meet; if produced, either on the 
fide of FH, or EG. firſt, let them be produced on the {ide of FH, 


and meet in the point K. therefore lince EFK | is in the plane \B, 


every point in EFK is in that 


one another; - but they do not 


meet when Pt roduced on the 


ſide of FH. in the ſame manner it may be proved that EF, Gl! 
do not meet when produced on the fide of EG. but ftraight 
lines which are in the ſame plane and do not meet, though pro- 
duced either way, are parallel. the refore EF is parallel to Gf. 
Wherefore if two PRO n dee. — E, . 


Roos. vn. THEOR. 


Ir two re lines be cut by parallel planes, the full 


be cut in the ſame ratio. 


Let the ftraight linzs AB, ob 1 cut by the parallel planes G G H, 


KL; MN, in the s points, E, B; © F, D. as AE 1 is to EB, ſo 18 
CCF to FD. 
Join AC, BD, AD, and let AD meet the plane KL in the _ 
N; and join EX, XF. becauſe the two parallel planes KL, MN are 


. 1. 11. cat by the ane EBDX, the common ſections EX, BD are PR” 
for 


E  W 


elt 


1all 


uy 


0 15 


oint 
are 
Jel?. 

for 


frallel to BD, a fide of the tri- 


| is d AX to XD. again, becanſe 
VP js parallel to AC, a fide of 


the triangle ADE; do AX io K / E 


Vas proved that AX 1s to Sago ! 
8 AE to EB. therefore e 2s AE 6 


| draw FG in the plane DE at 
E right angles to CE. and becauſe. En 


cx. therefore it is alſo perpen- 


that plane meeting ita. and con- 
3 {quently it is perpendicular to 
| CE, wherefore AB F is a right 


I, 


OF EUCLID. 


lor the . reaſon, becauſe the two parallel planes CH, KL are 
cut by the plane AX FC, the 
common ſections AC, XF are 


parallel. and becauſe EX is pa- G IA = » 75 


angle ABD, as AE to EB, fo 


xD, fois CF to FD. and it 


to EB, 0 18 b to FD. Where- : M 
fore if two ſtraig ht lines, &c. 
CE. D. 


PROP. XVIII. THE OR. 
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Book XI. 


Fi Kraight line be at right angles to a plane, every 


2\E 
plane Which pailz 8 through it (hall 1 Be at right an les 


to ) that plane. 


Let the ſtraight line AB be at right angles to the plane CR, eve- 


Wh plane which 8 through AB ſhall be at right angles to. the 


plane CK. 
Let any plane DE paſs through AB, 4 let CE be the common 


ſection of the planes DE, CK; take any point Fin CE, from which 


D642. H 


AB is perpendicular to the plane 555 


dicular to every ſtraight line i 


angle; but GFB is likewiſe a: C 1 * I . 


| night i: therefore AB is parallel b to FG. and AB is at right 
| angles to the plane CK therefore FG is alſo at right angles to the 
| fame plane ©, but one ape | is at right angles to another plane when 


* . Del. 1. 


b. 28. r. 


c. 8. 4. 


che . lines drawn 1 in one of the Planes, at right angles to their 


common 
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Book XI. common ſection, are alſo at right angles to the other plane a; 300 


WW any ſtraight line FG in the plane DE, which is at right angles to 


4. 4. Def. 11. 
, 9 DF is perpendicular to the third | 
| 
| 


| b. 1 


plane. wherefore from the point D two | 
ſtraight lines ſtand at right angles to tage 
third plane, upon the ſame ſide of it, which A\ 1 E 


4.4 Def. 11. CE the common ſection of the planes, has been proved to be per- 


pendicular to the other plane CK; therefore the plane DE is at right 
angles to the plane CK. In like manner, it may be proved that a 


the planes which paſs through AB are at right angles to the plane 
| CK. Therefore if a ſtraight line, &c. hn D. 


PROD. XIX. THE OR. 


IF two planes cutting one another be each of them per. 
" pendicular to a third plane; their common ſection {hall 
be perpendicular to the lame plane. 


Let the two planes AB, BC be each of them perpendicular to 2 


third plane, and let BD be the common ſection of the firſt two. BD 


is perpendicular to the third plane. 
If it be not, from the point D draw, in the plane AB, the 


ſtraight line DE at right angles to AD the common ſection of the 


plane AB with the third plane; and in the plane BC draw DF at 


right angles to CD the common ſection of 1 
the plane BC with the third plane. and be- 7 
cauſe the plane AB is perpendicular to the | > 
third plane, and DE is drawn in the plane | ,. | 55 
Ag at right angles to AD their common 
| ſection, DE is perpendicular to the third a / 


plane. in the ſame manner, it may be pro- 


is impoſſible b. therefore from the point D 


there cannot be any ſtraight line at right angles to the third plane, 
except BD the common ſection of the planes AB, BC. BD there- 
fore is r to the third. plane. Wherefore if two 
18 planes, ec. QED „ 


PROP. 


and 
8 to 


per- 
19ht 
t all 


lane 


1 AB, AC in the points . and join 


Ag are equal to the two EA, AB, and 
the angle DAB is equal to the angle 72 — 


co the baſe BE. and becauſe BD, DC: 85 
ere greater © than CB, and one of them BD bas been WEI can 


r EU C LI 5. 


PROP; XX. HE OR. 


I a ſolid angle be contained by three plane angles, ay 


two of them are greater than the third. 


Let the ſolid angle at A be contained by the three plane angles 


| BAC, CAD, DAB. any two of them are greater than the third, 


20 
Bock XI. 


See N. 


If the angles BAC, CAD, DAB be all equal, it is evident that 


and is greater than one of them DAB; and at the point A in the 


: ſtraight line AB, make 1n the plane which paſſes through BA, AC, 


the angle BAE equal * to the angle DAB; and make AL equal to 
AD; and through E draw BEC cutting 


DB, DC. and becauſe DA is equal :o | 
AE, and AB is common, the two DA, - 


EAB. therefore the baſe DB is equal b 5 


to BE a part of CB, therefore the other DC is greater than the re- 


any two of them are greater than the third. but if they are not, let 
| BAC be that angle which is not leis than either of the other two, 


3 20. 1. 


maining part EC. and becauſe D is equal to AE, and AC com- 
won, but the baſe DC greater than the baſe EC; therefore the angle | 
| DAC is greater 9 than the angle EAC; and, by the conſtruction, the 
angle DAB is equal to the angle BAE; wherefore the angles DAB, 


d. 25 1. 


DAC are together greater than the angle BAC, but BAC is not 


5 PROP, XXI. THE OR. 


| leſs than either of the angles DAB, DAC, therefore BAC with either 5 
bl them is greater than the other. Wherefore if a ſolid angle, &c. 


| UE, D. 


"VERY ſolid angle is contained by plane angles Which 


together are leſs than four right angles. 


rut. Let che ſolid angle at A be contained by 1 plane angles 


| Bac, CAD, DAB. theſe three together are leſs than tour right 
ages. | e LO. = 


15 
114 
J: 
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Book XI. 
p, and join BC, CD, DB, then, becauſe the ſolid angle at B is c. 
tained by the three plain angles CBA, ABD, DBC, any two gf 
them are greater a than the third; therefore the angles CBA, Apr 


: a, 20. 11 . 


» Is 


but the three angles DBC, BCD, CDB 
are equal to two right angles b. therefore 


255505 and becauſe the three angles of B - = 
each of the triangies ABC, ACD, ADB Th 7 


THE ELEMENTS 
Take i in each of the ſtraight lines AB, AC, AD any points B, C 


are greater than the angle DBC. for the fame resſon, nne angle 


BCA, ACD are greater than the angle DCB; and the ang! s CHA, 
"ADB greater than BDC. wherefore the ſx angles CBA, 42b, 


BCA, ACD, CDA, ADB — 
than the three angles DBC, BCD, CDB. D 


the ſix angles CBA, ABD, Be, AC, 
CDA, ADB are greater than two right 


are equal to two right angles, therefore the nine angles of the 
three triangles, viz. the angles CBA, BAC, ACB, ACD, ODA, 


1 ADB, DBA, BAD, are equal to ſix right angles. of the 


by three plane angles CBA, ABF, FBC, 
of which any two are greater 5 than * DF 
third, the angles CBA, ABF are greater B A 
than the angle FBC. for the ſame reaſon, 
the two plane angles at each of the point _ 
C, D, E, P, viz. the angles which are Cc 5 
at the baſes of the triangles having the © 


E angles at the baſes of the triangles are Ls ard greater than all the 


e fix angles CBA, ACB, ACD, CDA, ADB, DBA are greater 
5 n two right angles. therefore the remaining three angles B 


DaAcC, BAD which contain the & ſold angle at A, are leſs than 105 


right angles. 
Next, Let the end angle at A be contained be any number " 


plane angles BAC, CAD, DAE, Kap, FAB ; theſe together a 


leſs than four right angles. 
Let the plancs! in which the angles are be cut by a plane, : and let 


the common ſections of it with thoſe A 
planes be BC, CD, DE, EF, FB. and . 


becauſe the ſolid angle at B is ket 


common vertex A, are greater than the _ 5 D 4: 
third angle at the ſame point, which is © 
one of the angles of the polygon BCDEF. therefore all tit 


angle 
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„ % n- nales of the polygon. and becauſe all the angles of the triangles Book XI. 
con. a toxcther equai to twice as many right angles as there are tr. 
oof ages b; that is, as there are ſides in the polygon BCDEF; and b. ga. x. 
\) that all the angles of the polygon together with four right angles are 

wks WW likewiſe equal to twice as many right angles as there are ſides in the 

24, i polycon*; therefore all the angles of the triangles are equal to all the c. 1. Cor. 
Eb, WM 2:25 of the polygon together with four right angles. But all the 


21 es at the baſes of the triapgles are greater than all the angles of 
tie poiy:20n, as has been proved, e e the remaining angles of 
the t iat les, viz. thoſe at the ver tex, which contain the ſolid angle 

at 4,.cics than four right angles. Therefore every ſolid angle, &c. 


+ 1 . XXII. THE OR. . 
Fs | F every two of three plane angles de greater than the ses N. 
na Bl I third, and if the ragte lines which contain them be 

theſe all equal; a triangle may be made of the ſtraight lines 

cater that join the extremities of thoſe — ſtraig! nt lines. 

540% i. | 

tor i Let AB - DEF, GHE be three plane angles, whereof every two 


| | 3 than the third, and are contained by the equal ſtraight 
A al 1 | EF * 1 5 . 4 NES... | 
er % ih - l nes AB, BC, DE, EF, CH, IX; if their extremities be joined by 


ra the ſtraight lines AC, DF, GK, a tria ngle may be made of three 
Kraight lines equal to AC, DF, GK; that is, every two of them are 
nd '” WF together greater than the third. 


if the angles at B, E, H are equal; AC, DF, GK are alſo equal“, a. 4. 2. 


* — F 5 


N 


es © 


ad any two of them greater than the third. but if the angles are 
il the WF not all equal, let the angle ABC be not leſs than either of the two 
all the at E, I; therefore the ſtraight line AC is not leſs than either of the 
auge WW. other 
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Book XI. other two DF, GK Þ; and it is plain that AC together with cithe 


ot the other two mult be greater than the third. 


alſo DF with Gx 


b. 4. or 24.1. are greater than AC. for, at the point B in the ſtraight line a3 
e. 23. 1. make © the angle ABL equal to the angle GHK, and make BL equal 
to one of the ſtraight lines AB, BC, DE, EF, GH, HK, and join 


d. 24. 1. 


See N. 


"P 


AL, EX: 


then becauſe AB, BL are equal to GH, HK, and the 
angle ABL to the angle GHK, the baſe AL is equal to the baſe Cx. 


and becauſe the angles at E, H are greater than the angle ABC, df 


which GHK is equal to ABL, therefore the remaining angle at Ex 


greater than the angle LBC. and becauſe the two ſides LB, BC are 


_ equal to the two DE, EF, and that the angle DEF is greater than 
the angle LBC, the baſe DF is greater than the baſe LC. 
has been proved that GK is equal to AL; 
. are greater than AL and LC. but AL and LC are greater? than 
AC; much more then are DF and GK greater than AC. Where: 


and it 
therefore DF and Gk 


fore every two of the ſtraight lines AC, DF, GK are greater than 
the third, and therefore a triangle may be made * the ſides of which 


hall be equal to AC, DF, GK. RG D. 


P R 0 5 XXIII. 
0 make a ſolid angle which ſhall be contained by 


Ph three given plane angles, any two of them being 
greater thaa the third, and all three together lets than 
four right angles. N 


p RO B. 


Let the three given plane angles 5 ABC, DEF, GHK, any two 


of which are greater than the third, and all of them together les 
| than four right angles. It is required, to make a ſolid angle contained 
* three 1 5 — 8 8 to ABC, DEF, GHK, each to each. 


T rom 


A 
K 


Care 
r than 
ind it 
3 GK 
© than 
"here- 


r than 


Which 


d by 
being 
than 


1y two 
1er leſs 


Itained 


_—_— 
From 


N 


angles LXM, MXN, NX L are equal 
to four right angles ©; therefore alſo 
| the three angles ABC, DEF, GRE. 
3 are equal to four right angles. but, 

by the hypotheſis, they arg [ct s than 


ö I. OM, the ſides LO, ON: of WH 10 ee ud nu ee 
; eule the baſe . Mis equ: al to the 6 te AC. the ae redn 


3 „ 
5 


OE EV CEEtD: 209 


H From the ſtraight lines containing the angles, cut off AB, BC, Book XI. 
. EF, GH, HK all equal to one another; and join AC, DF, LY 
(GK. then a triangle may be made of three Araight lines equal tO 4. 23.17 


5 1 — 11 


„ 
3 
3 E 


AC, PF, GK. let this be the tr jangle LAG», 0 that AC be equal to b. 22. 2. 


LM, DF to MN and GK to LN; and about the triangle LMN de- 
p | 5 bl 


ſcribe © a circle, and find its center X, which will either be within e. 2. 2: 
the triangle, or in one of its ſides, or without it. 


Firſt, Let the center X be within the triangle, and join LX, NI 5 


NX. AB is greater than LX. if not, AB muſt either be equal to, 

or ß than LX; firſt, let it be equal. then becauſe AB is equal to 

LX, and that AB is alſo equal to BC, and LX to XM, AB and BC 

are equal to LX and XM, each to each; and the baſe AC is, by 

+ conſtruction, equal to the baſe LM; wherefore the angle ABC is | 
equal to the angle LXM 4d. for the 1 me reaſon the angle DEF is 1 0. Fs 
equal to the a angle MXN, and the 

angle GEK to he angle NXL. there- 
A fore the three angles ABC, DEF, 


HK are equal to the three angles 
LXM, MXN, NXL. but the three 


four right angles; which iSabturd. 


| tbcretore AB is not equal to LX. but neither can AB be leg thaw, 
. for, if poſſible, let it be leſs, an upon the Arat ke line LM, 


248848 441468 
C3 


on the ſide of it on which tis e center X. deſcribe the thi 


i 24 


8 FS; 


— + — » 


” 2 5 1 - = 3 TTT =» iS = 
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Book X1, to the angle ABC, and AB, that is LO, by the hypotheſis, is KE 


3 than LX; Wherefore LO, OM fall within the triangle LAM; for, 9 

d. b. 1. if they ſell upon its ſides, or without 4 
| 1 it, + ny would be equal to, or greater Fi 

f. 21. 1. than LX, XMf. therefore the angle tl 
LOM, that is, the angle ABC is t 


greater than the angle LXMF, in the 
ame manner it may be proved, that 
the angle DEF is greater than the 
angle MXN, and the angle GHK 
greater than the angle N XI. there- 
fore the three angles ABC, DEF, 
ui are greater than three angles . 
LXM, MXN, NXL; that is, than four right hes, but the fame 
angles ABC, DEF, GH are leſs than four right angles; which is 
abſurd, therefore AB is not leſs than LX, and it has been proved 
that it is not equal to LX; wherefore AB is greater than LX. 
Next, Let the center X of the circle fall in one of the ſides of 
the triangle, viz. in MN, and join | 
«AL, in this caſe alſo AB is greater 
than LX. if not, AB is ther equal 
to LX or leſs chan it. firſt, let it be 
equal to LX. therefore AB and BC, 
that is, DE and EF are equal to MX 
and XL, that is to MN. but, by the 
con kuction, MN is equal to DF; 
theretore DE, EF are equal to DF, : 
Which is impoſũble . wherefore AB. 
35 not cqual to LX; nor is it leſs; 
for then, much more, an abſurdity would follow. therefore AB i 
greater than LX. | Rs EE Ts 
But let the ccnter X of the cirde fall without the triangle LM, 
and 19 join LX. MX, NX. In this caſe likewiſe AB is greater than 
LS. if not, it is either equal to, or leſs than LX. firſt, let it be 
20 3 8 it may be proved, in the ſame manner as in the firſt cate, 
e nat the angle ABC is equal to the angle MXL, and GHK to LXN; 
e the whole angle MXN is equal to the two angles ABC, 
55 . but ABC and GHK are together greater than the angle 
= DE ERA e alſo the angle MXN is greater than DEF. and be. 
ale DE, EF are equal to MX, NN, and the baſe DF to wy 
IN. 


* 
bv. 
2 
* 


than the an ole BCP. 


angle ACP, the baſe MN is greater b 


F AP, Again, becauſe DE, EF are equ: 4 
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| ö MN, the 1 MXN i 18 equal d to the angle DEF. and it has been Book XI. 


prov ed that it is greater than DEF, which is abſurd. therefore AB way 
is not equal to LX. nor yet is it leſs; for then, as has been proved d. 9. 1. 
n the firſt caſe, the angle ABC is greater than the angle MXL, and 


the angle GHK greater than the angle LXN. at the point B in 
1 the ſtraight line CB make the angle CBP equal to the angle GHR, 


5 FA 


and make BP equal to IK, and join CP, AP. and becauſe CB 33 
equal to GH; CB, BP are equal to GH, HE, each to each, and 


| they contain equal angles; wherefore the baſe CP is equal to the 


baſe GK, that is to LN. and in the Iſoſceles triangles ABC, M . 


| becauſe the angle ABC is greater than the angle MXL, theretors | 
the angle ML at the baſe i is greater 5 than the angle ACB at the g. 32. 1. 


baſe. for the ſame reaſon, becauſe the 
angle GHK, or CBP, is greater than the 
angle LXN, the angle XLN is greater 
therefore the 
Whole e angle MLN is greater than the 
whole angle ACP. and becauſe ML, 
LN are equal to AC, CP, each to each, 
but the angle MLN greater than the M. 


H. 24. . 
than the baſe Ap. and MN is equal to 
DF; thereforc alſo DF is greater tha: 


to AB, BP, but the baſe DF greater . 

than the baſe Ab, the angle DEF is greater z than 8 angle Al . K. 

and ABP 15 equal to the two angles ABC, CBP, that ! 18 60 the two 

angles ABC, GHK; therefore the angle DEF is greater than the 

two anples ABC, GUN hut it is alſo lels than theſe; which is im- 

poſſible. therefore AB is not leſs than LX; and it has been pro- 
| () 2 | ved 


52 
i 
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Book XI, ved that it is not equal to it; therefore AB is greater than LX. 
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From the point X erect 1 XR at right angles to the plane of the 
circle LMN. and becauſe it has been proved! in all the caſes, that 
4B is greater than LX, find a ſquare equal to the excels ol the 
76 Mare of AB above the ſquare of LX, | R 

and make RX equal to its ſide, and N 
jon RL, RM, RN. : becauſe RX is 
perpendicular to the plane of the circle 


TY 


I 


tie ſtraight lines LX, MX, NX. and 
becauſe LX is equal to Mx, and XR 
common, and at right angles to each 
of them, the bale RL. is equal to the 


b. ile RM. for the ſame reaſon, RN 15 
equal to each of the tWo RL, RM. 
. 115 er“ {Ore th. ie three ſtr: aigh it Incs RL., 
RM, RN are all equal, and becauſe 
| the iquare of XR is equal to the exceſs of the f ſquare of A abort 


„ 


the fa are Gf LX; ther efore the : ſquare of AB 1s equal to the 


quares of LX, XR. but the ſquare of RL is equal n to the far 

{yuares, becauſe LXR is a right angle. therefore the ſquare of ww 
is equal to the ſquare of RL, and the. ſtraight ] line AB to RE: bi 
each of the ſtraight lines BC, DE, EF, GH, HK is equal 0 AB, 
and each of the two RM, RN is equal to RL. wherefore AR, 5 


BE, EF, GH, HK are each of them equal to each of the Ora, 
lines RL, RM, RN. and becauſe RL, RM, are equal to AB, 50 
and the baſe LY to the baſe AC; the angle LRM is equal o to the 
angle ABC. fer the ſame reaſon, the angle MRN is equal to the 
anule DE F, and NRL to GHK. Therefore there is made a ſolid 
angle at R, Which is contained by: three plane angles LRM, MRN, 
NRL, which are equal to the threes given plane angles ABC, DEF, 
HE, cach to cac ch. W WICH \ Vas to be done. 


P ROE. 
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n I JF each of two ſolid angles be contained by 15 ree plane See N. 
"I angles equal to one another, each to eh : the planes 
in which the equal angles are have the ſame inclination: 
one another. 
Let there be two ſolid angles at the points A, B; and let the 
angle at A be contained by the three Plane angles CAD, CAE, 
L. 4D; and the angle at B by the three plane angles FBG, FBT 
N n; of which the angle CAD is equal to the angle BG, and 
0 CAE to FBH; and EAD to HBG. the planes in Which the equ2! 
| 5 angles are, have t he ſame inclination to one another. | 
= In the ſtraight line AC take any]; point K, and in the plane CA | | 
from K draw the ſtraight line KD al right anvlcs to AC, 10 g 
the plane CAE the N 5 | | | 4 
bore. ſtralght HneEL at right 1 
-the Ml angles to the ſame AC q 
fame f | th 1Erefore the : angle by : 
(AB DEL is the inclination* n 
bit of the plane CAD to \ 
4B, W theplane CAE. in BF ; 
PC, WW take BM equal to AK, 1 
aht and from the point N e 
bc, Bi - draw, in the planes FB BG, FBH, the ſtraight lines MC, MN at right ; 
0 the „ N BF; therefore the angle GMN is the inclination “ of tt: ö 
> the WF plane FBG to the Phan FBH. join LD, NG; and becauſe in t. | 
fold a lanes KAD, MBC, the angles KAD, MPG are equal, 20 20ʃ 
RN, WW te Light angles AK D, BG, And that the ſides AK, mol, A. acer — 
Ek, 0 the equal angles, are equal to one another, therefore IU is cual b s „% j 
eM, = AD to BG. for the Ta MC rea ſon; in the tri angle $S RAE; 1 
MEN, KL is equal to MN, and AI L to BN. and in the triangl; J 
; = Lad, NB , LA, AD are equal to NB, EG, and they contain equ3l : ö 
95 angles; therefore the baſe LD is equal © to the baſe NG, laß, e. 1 


in the triangles KLD, MN, the (des 1 are gap 2 CAE 18 

II, and the baſe. D to the baſs NG; therefore the 
equal 4 to the angle GN. but the angle D L. 13 fe inclination gt 1 84 — 
the plane CAD to the plan CAE; 2! 2d tho angle MN is the in- 1 
cination of the plane F F3G to the P. anne FIT, Khich planes he 


Da. ieren 


= 
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Book XI. therefore the ſame inclinationeto one another. and in the ſame tian. 

ver it may be demonſtrated, that the other planes in Which the WM 

e. 7. Def. 1 f. angles are, have the ſame inclination to one another, © Therefore i; - 
two ſolid angles, &c. QE. D. | b 


PROP. B. THE OB. 


See NM. TF two ſolid angles be contained, each by three pi, 
„ angles which are equal to one another, each to. 
and alike fituated ; theſe ſolid angles are equal to 01; 
another. 


Let there be two ſolid angles at A and B, of which the 7. 
angle at A is contained by the three plane angles CAD, CA. 
and that at B, by the three plane angles FEG, FBH, HBG ; of wit 
CAD is equal to FRG; CAE to FBH; and EAD to EBG. tie 
ſolid angle at A, is equal to the ſolid angle ar B. e 
L“et the ſolid augle at A be e to the ſolid angle at B; and 
Hrſt, the plane angle CAD being applied to che plane angle FC, 0 
as the point A may coincide with the Point B, and the {tt ihr th 
AC with BF; then AD coincides 
with BG, becauſ the angle CAD 
is equal to the angle FBG. and 

becauſe the inclination of the 
plane CAE to the plane CAD is 
2. A. 11. equal 2 to the inclination of the 8 

plwane FBH to the plane FBC, 

the plane CAE coincides with the plane FBH, Peer the planes 

CAD, FBG coincide with one another. and becauſe the fraight 

lines AC, BF coincide, and that the ang'e CAE is equal to the angle 

FBH, therefore AE coincides with BH. and AD coincides with 

BG, wherefore the plane EAD coincides with the plane HBC 
therefore the ſolid angle A coincides with the ſolid e B, and con. 
b. 8.1 Ax, 1. ſequently they are equal d to one s aother: ** D. 18 


— 
— 


PROP 


WIL CLTEFL 
N 10 
3 + 
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AL Ane 


plane 
traight 
> angle 
3 With 
HBC. 
d con- 


N05. 


man. 


ſimilar and equal to the plane KM; 


equal to one another. 


gure AC being ap- 


figure KM; the 


W Ae n 0s ” 
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Book XI. 


PROP. ©: THEOR, 


and ſimilar planes alike ſituated, and having none of 
their ſolid angles contained by more than three planc 
angles; are equal and ſimilar to one another, 


Let AG, KQ be two ſolid figures contained by the ſame number 
of ſimilar and equal planes, alike fituated, viz, let the plane AC be 
the plane AF to KP; BG to 
LQ; GD to N; DE to NO; and laſtly, F!T fimilar and cual 
to PR. the ſolid figure AG is equal and ſimilar to the ſolid fi- 


F 


Becauſe the ſolid angle at A is contained by the three plane angle 
BAD, BAE, EAD which, by the hypotheſis, are equal to the plane 
angles LKN, LEO, OKN which coutain the ſolid angle at K, each 


to each; therefore the ſolid angle at A is equal *® to the folid angle 


at K. in the ſame manner, the other ſolid angles of the figures ate 


I: then the ſolid figure AG be applied to the 
ſolid figure K, N 35 1 
fir it, the plane R 


Lol 


plied to the plane 


ſtraight line AB co- 
inciding with KL, 


coincide with the figure KM, becauſe they are equal and ſimilar. 
therefore the ſtraight lines AD, DC, CB coincide with KN, IXI, 
ML, each with cach; and the points A, D, C, B w ith the points 
K, N, M, L. and 5 ſolid angle at A coincides à with the 


and the figure AF with the figure KP, becanſe they are equal and 
ſimilar to one another, therefore the tr aight Fines AF; EF, FB cos 
incide with KO, OP, PL; and the points E, F with the points O, b. 
In the ſame manner, the figure AH coincides with the figut re KER, 
and the ſtraight line DH with NR, and the poiat H with the paint 


R. and becauſe the ſolid angle at B is equal to the ſolid angle at = 
it my 8 proved i in the ſame x manner, chat the figure BG coin ci des 


Tran 1 
angle at K; wherefore the plane AF 0 ww: th the plane KP, 


Wit 11 | 


GOLID fi figures contained by the fame number of equal See N. 


B. 11 
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*th - $787 
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Book XI. with the figure 10. ind the ſtraight line CG with MQ., and 
HY the point G with the point Q. lues therefore all the planes and 


12 


ſdes Ot the f. olid figure AG coincide with the planes and fides of th 
e 


folid figure CD "AG is equal and ſimilar to EQ. and in the {ame 


manner, any other ſolid figures whatever contained by 


be proved to be equal and ſimilar to one another. Q. E. D 


10. 11. With the Other two; e they contain n equal angles b; the 
8 
4 


. dou! 


. 
the dme 
number of equal * Fnibar planes, alike ſituated, and havi ing note 


of their ſolid angles contained by more than three plane 75 ES, May 


— 


PROP. XXIV. TEHE OR. 


Fa ſolid be contained by fix planes, two and | Wo gk 
which are parallel; the opboſite planes are Imilur aud 
equal paralletograms. 


Let the {olid CDGH be contained by the parallel plines 4 , CP, 


BG, CE; FB, AE. its oppoſite planes are f{imilar and equal pa. 


rallciog ram: 3 


Be 


ecaule the to parallel planes, BG, CE are cut by the plane 

„their common icctions AB, CD ) are parallel“. again, becauie 
the two parallel planes BF, AE are cut by the plane AC their com. 
mon ections AD: BC are parallel! and AB is parallel to CD; 


9 


. 4 8 
: ther 2240) © 4A 42 - Par alle! 10g dm. 1 


Uke manner, it may be proved that B 3 RE 
each of the figures CE, FG, GB, EF, 1111 | 
A is a parallclogram. join AH, DF; [ TE ſea | 
and becauſe AB is parallel to DC, and 5 4 OY 
Bit to CF; the two {iraiuht lines AB, 1 | 85 Bn 
BI, W hich mect One Ae are Pa- e - h ——; 7 
rallel to LC and CF which meet ne EL 


i ' 3 TE | 
another and are not in the ſame plane 


therefore e to the angle DCF, and becaule AB, 

8 0 5 CF; and the angle ABH equal to the ang ge 

DCF, . therefore tlie baſe AH; is eq nal © to the baſe DF, and the tri. 
1 


@ 
angle ABH to th e triangle DCE. | and the ardllelogram BG 1s 


7 


ble 4 of the triangle ABH, and the par allelogram CE double of 


the triangle DCF; therefore the paraliclogram BG is equal and In 


milar to the purai Beleg am CE. in the We manner, it may be pro- 


ved that e! Taralzelogram AC is equal and ſimilar to the par: allelo- 


gran 


3 


=4 
5 : 4 14a 
1180 


e „ 
angle 
he kri- 
BG 1s 
ble of 
ind fi- 
e pio- 
allelo- 
gram 
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gram GF, and the parallelogram AE to BF. Therefore if a fo. Book XI. 
lid, &c. Q. E. D. 1 | | HY 


PROP. XXV. THEOP. 


FF a ſolid parallelepipe ed be cut by a plane parallel to Sec N. 
two of its oppoſite plancs; it divides the whole into 
0 ſolids, the baſe of one of which ſhall be to the baſe 


of the other, as the one {alid is to the Other. 


Let the ſolid paraliclepiy ed ARCD be cut by the plane EV which 
7 * 

is parallel to the oppoſite planes AR, HD, and divis the whole into 
ba 4 


two ſolids ABT V, EGCD; as the baſe AEFY of ths ar{t 1s to 
the 1 85 EHCF of the other, fo is the folid ABFV to the ſolid 
at SEE 

Produce AH both ways, and take any number of ſtraight lines 
HM, MN cach equal to EH, and any number AK, &L each equal. 


* to EA, and complete the paraliclograms LO, KY; HQ, MS;.and 


the ſolids LP, KR, HU, MT. then becauſe the ſtraight lines LK, 


* 


KA, AE are all equal, the par allelog rams LO O, EY, Ak are equal 4. 36. 


X R 


0 I F 


ks bee 


Cas 


and likewiſe the parallelograms KX, KB, AG*; as alſo b the pa- b. 24. 11. 


7 


I As LZ, KP, AR, becauſe they are oppoſite planes. for 


the ſame reaſon, the parallelograms EC, HQ, Ms are os nk and 


| the parallelograms HG, HI, IN, as alſo d HD, MU, NT. e 


fore three planes of the ſolid LP, are equal and ſimilar to = 
planes of the ſolid KR, as alſo to three planes of the ſolid AV. but 


| : the three planes oppoſite to theſe three are equal and ſimilar b to 
B them in the ſeveral ſolids, and none of their ſolid angles are con- 
E tained by more than three plane angles, therefore the three folids = 

IP, KR, AV are equal © to one another. for the fame reaſon, the . C. 7. 
5 three folids ED, gu, MT are equal to one ano ther. therefore what 


multiple 


enen 


d. 5. Def. 
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Book XI. -muhiple ſoever the baſe LF i is of the baſe AF, the ſame multiple i; 
WYV the folid LV of the folid AV. for the ſame reaſon, whatever mul. 


e. C. 18. 


ee N. 


; . 11, IF = 
b. 23. x. 


equal to the angle EDG; then make AK equal to DG, and from 


THE ELEMENTS 


tiple the baſe NF is of the baſe HF, the ſame multiple is the lid 
NV of the ſolid ED. and if the baſe LF be equal to the baſe NF, 
the ſolid LV is equal © to the ſolid NV; and if the baſe LF he 
greater than the baſe NF, the ſolid LV is greater than the ſolid I NV; 
= if leſs, leſs. fince then there are four magnitudes, viz, the tw 


DDD 


(1H MN 


N > IDS = 


Sufi AF, FH, and the two ſolids AV, ED, and of the baſs AF and 
ſolid AV, the baſe LF and ſolid LV are any equimultiples Whatever; 
and of the baſe FH and ſolid ED, the baſe FN and ſolid NV are an 
equimultiples whatever; and it h as been proved, that if the bal 
LF is greater than the baſe FN, the ſolid LV is greater than the ſo. 


5. lid NV; and it equal, equal; = if leſs, leſs. Therefore 4 as the 


baſe AF is to the baſe FH, ſo is the folid AV to the ſolid ED, 


Wherefore if a ſolid, &c. Q. E. D. 


PROP, XXV. | PROB. 


5 5 a given point in a given fraight line, to make a 
ſolid angle equal to a given 1 ſolid angle contained by 
three e plane angles. 


"Lat AB 1 a given fir aight line, A a given point in it, and D: a 


given ſolid angle contained by. the three plane angles EDC, EDF, 


FDC. it is required to make at the pn Al in the ſtraight line AB 
a ſolid angle equal to the ſolid angle D. 

In the ſtraight line DF. take any point F, from which draw * FG 
perpendicular to the plane EDC, meeting that plane in G; join DG, 
and at the point A in the ſtr aight line AB make b the angle BAL e- 
qual to the angle EDC, and in the plane BAL make the angle Bak 


| the 


| SN 0 . — * . 
93933 — bog · 


F mul. 
e {olid 
ſe NF, 
LF be 
id NY, 
Ie two 


. ihe ſolid angle at D. T herefore at a 2 given paint in a a given ſtraight 
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the e point K erect KH at right angles to the plane BAL; and make Book XI. 


KH equal to GF, and j join AH. then the ſolid angle at A Which is 
contained by the three plane angles BAL, BAH, HAL is equal to . 12+ 11. 


the ſolid angle at D contained by the three plane angles EDC, EDF, 
FDC. 


Take the el ſtraight lines AB, DF. and join HB, KB, FE 


F GE, and becauſe FG is perpendicular to the plane EDC, it makes 


right angles d with every ſtraight line meeting it in that plane, d. 3. Def. 12. 
therefore each of the angles FTG D, FGE is a right angle. for the | 
fam: reaſon, HKA, AKB are right angles. and becauſe KA, AB 

are equal to GD, DE, each to each, and contain equal angles, there- 

fore the baſe BK is equal © to the baſe EG. and KH is equal to GF, e. 4. 1. 
and HKB, FCE are 0 angles, therefore HB is equal*to FE. again, 

becauſe AK, KH are equal to DG, GF, and contain right a ing! les, 


the baſe AH is equal to the baſe DF; and AB is equal to DE 


theretore HA, AB are equal to FD, DE, and the DOE HB 1 is e NA 
to the baſe FE; there- 
fore the angle B AH 
is equal r to the angle 
EDF. for the ſame 
reaſon, the angle HAL __ 
is equal to the angle P 
FDC. becauſe if AI. 

and DC be made e- 
qual, and KL, HL, 

GC, EC be joined, ſince the whale angle BAL is equal to the 
whole EDC, aud the parts of them BAK, EDG are, by the conſtruc- 


F. 8. 1. 


tion, equal; therefore the remaining angle KAL is equal to the re- 


maining angle GDC. and becauſe KA, AL are equal to GD, DC, 
and contain equal angles, the baſe KL is equal © to the baſe GC. 
and KH is equal to GF, fo that LK, KH are equal to CG, GF, and 
they contain right angles ; therefore the baſe HL j is equal to oy 
baſe FC. again, becauſe HA, AL are equal to FD, DC, and th 

baſe HL to the baſe FC, the angle HAL is equal f to the angle FDC. 
therefore becauſe the three plane angles BAL, BAH, HAL which 
contain the ſolid angle at A, are equal to the three plane angles 
EDC, EDF, FDC which contain the ſolid angle at D, each to each, 
and are ſituated in the ſame order; the ſolid angle at A is equal 5 to g. B. 11. 


line : 


| 5 28. 11. 


220 THE ELEMENTS 
Book XI. line a ſolid angle has been made equal to a given ſolid angle cy, 
ne tained by three plane angles. Which was to be done. | 
PROP; XXVEL PROM: [ 
O deſcribe from a given ſtraight line a  folid p Para] 


ifs | cu 
lepiped ſimilar, and mile ſituated to one viven, 


Let AB be the given ſtraight line, and CD the given ſolid pargl. 
lelepiped. It is required from AB to deſcribe a ſolid parallclepipe 
{milar, and ſimilarly ſituated to CD. 

At the point A of the giv en ſtraight line AB make * a ſolid 
angle equal to the ſolid angle at C, and let B AR, KAI, Hag 
be the three plane angles which contain it, ſo that BAK be 
8 qual to the angle ECG, and KAH to GCF, and HAB to Fk. 
b. 12. 6. and as EC to CG, ſo make b BA to AK, and as GC to: CF, { 
c. 22.5. make b KA to AH; wherefore, ex aequali e, as EC to CF, $i; 


BA to AH. complete the Parallelogram BI, and the ſolid AL. ml t 
JJ CPE 5 Et 
88, fo BA te AK, Is „„ 1 0 

the ſides about the | : 5 

equal angles ECG, 6 
BAN are proportio- I 


nals,; therefore the K 
Parallelogram BR is vo” 
ſimilar to EG. for 
the ſame reaſon the >. | B . E 
parallelogram KH is ſim lar to GF, and HB to FE. Sherefare three 
parallelograms of the ſolid AL are ſimilar to thr ee of the ſolid CD; 
4. 24. K. and the three oppoſite ones in each ſolid are equal 9 and ſimilar to 
| theſe, each to each. alſo, becauſe the plane angles which contain 
the ſolid angles of the figures are equal, cach to each, and ſituated in 
the ſame over the ſolid angles are equal ©, each to each. There 
f. 11. Det. fore the ſolid AL is ſimilar f to the ſolid CD. wheretore from a gi 
„ ſtraight line AB a ſolid parallelepiped AL has been deſcr bed 


| ſimilar, 1 ſimilarly ſituated t to the given a one CD. Whic hv was lo 
be done. 


< . B. OK 


PROP, 


. Book XI. 
PROP. XXVII. THE OR. SYN. 


F a ſolid parallelepiped be cut by a p Jane paſſing thro? See N. 
I the diagonals of two of the oppotite planes; ic ſhal |] be 
cut into two equal parts. 


Let AB be a ſolid paral! clepiped, and DE, CF the diagonals of 

the oppoſite par allelograms AH, GB, viz. thoſe which are drawn 

x -rwixt the equal angles in each. and becauſe CD, FE are each of 

em reg to GA, "Jad not in the {fame plane with it, CD, EF a 
1; wherefore the diagonals CF, DE are in the se! in a. 9. 11. 


hic ch the parallels are, and are them- C B 
ces parallels d. and the plane DEF I . 16. 17. 
ſhall cut the ſolid AB into two equal G [_ A 
darts: | | 
F Becauſe the triangle CG is equal £10 - | OG IST. 
ö the triangle CBF, Hee? the langle PAE 5 . x] | 
0 DIE; and that the parallelog: am W 
Ca is equal d and ſimilar to the oppotite * —. E d. 24. 11. 
one BE; and the parallelogram GE to 8 
H: therefore the priſm ere by the two triangles CG, 
DAE, and the three parallelograms CA, GE, Rs is equal © to the e. C. 17x, 
priſm contained by the 88 erianples CBF, DHE, and the three 
| parallelograms BE, CH, EC; becauſe they are contained by the 
E fame number of equal and ſimilar planes, alike ſituated, and none of 
5 their ſolid angles are contained by more than three ala ne angles. 
three Therefore the ſolid AB is cut into two equal parts by the plane 
CD; DEF. Q. E. Ty; | | ET 
lar to N. B. The inſiſting ſtraight lines of A parallelepiped, 3 
"ntain in n the next and ſome following Propoſitions, are the ſides of the 
tedin if * A Ee rs betwixt the baſe and the oppolite plane Fr alle 
here- © to it. 
a gi. 2 
ribed a P R © P. XXIX. TD HE E 0 R. 


vas to 


OLID virailclepiveds upon the ſame baſe, and of the See N. 
= ſame altitude, the inſiſting ſtraight lines of which are 
Or. MW frminated in the ſame ſtraight lines in the plane oppoſite 


| 0 we baſe, are equal to one another. _ 
. Let 


222 


Book XI. 
WY and of the ſame altitude, and let their inſiſting ſtraight lines AF, ag, 


H M E N TS 
Let the ſolid parallelepipeds AH, AK be upon the fs baſe ap 


See the fi- LM, LN; CD, CE, BH, BK be terminated in the ſame rig 


low, 


3, 28. 11. 


Which is contained by the tri- 
angles ALG, CB H. for the 


des lines FN, DK. the ſolid AH is equal to the ſolid AK. 


Firſt, Let the parallelograms DG, HN which are oppoſite to the 


baſe AB have a common fide HG. then becauſe the ſolid AH js Cut 
by the plane AGHC paſling through the diagonals AG, CH of the 


oppolite planes ALGF, CBHD, AH is cut into two 'O-equal abc by 
the place AGHO. therefore the 
ſolid AH is double of the priſm 


{ame reaſon, becauſe the folid 
AK is cut by the plane LGHB 


through the diagonals LG, BA A L 


d. 34.1. 


e. 38. 1. 


of the oppoſite planes ALNG, CBKH, the ſolid AK is double of 
the ſame priſm which is 50 8800 by the triangles ALG, CBE, 


Therefore the ſolid AH is equal to the ſolid AK. 


But let the parallelograms DM, EN oppoſite to the baſe "og 


common fide, then becauſe CH, CK are parallelograms, CB is 
qual b to each of the oppoſite ſides DH, EK; wherefore DH is 
equal to ER, add, or take away the common part HE; then DF i 


equal to HK, whercfore alſo the triangle CDE is equal © to the tri 
angle BHK. and the para! llelogram DG i is equal d to the parallel. 
gram HN, for the ſame reaſon; the triangle AFG is equal to the 


©. 24. 11, triangle LMN, and the parallelogram CF is equal © to the parallel 


. 


S 


NMI 


gram BM, and CG t to BN; for they are a Therfore tit 
priſm which is contained by the two triangles AFG, CDE, and tit 
f. C. 11. three parallelograms AD, DG, GC is equal f to the priſm con 
| tained by the two triangles LMN, BHK, and the three parallelo 


— grams BM, MK, KL, If therefore the Priſm LMN, BHK be = 
co 


YT 
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e AB, | from the ſolid of which the baſe is the parallelogram AB, and in Bock XI, 
AG, Ewhich FDKN is the one oppoſite to it; and if from this ſame ſolid AY 
raight WW there be taken the priſm AFG, CDE; the remaining ſolid, viz. the 

= allelepiped A H, is equal to the remaining parallelepiped AK, 


2 Therefore ſolid par A 1 &c. . Us 


is cut 
Ok the 
ts“ by 


PROP. XXX. THE OR. 


| COLID parallelepipeds upon the ſame baſe, and of see M. 
EF the ſame altitude, the inſiſting ſtraight lines of which 

are not terminated in the ſame ſtraight lines in the plane 
oppolite to the baſe, are equal to one another. 


„ „ 
Phd 


Loet the parallelepipeds CM, CN be upon the ſame baſe AB, and 
of the fame altitude, but their inſiſting ſtraight lines AF, AG, LM, 
EIN, CD, CE, BH, BK not terminated in the lame ſtraight lines. 
the ſolids CM, CN are equal to one another. 

produce FD, MH, and NG, KE, and let them meet one another 
me 0 in the points O, P, Q, R; and join AO, LP, BQ , CR. and be- 
_ 5 W cauſe the plane LBHM is parallel to the oppo plane ACDF, and 
TY 2 

n DF is 
the tri 
arallelo- 
1] to the 
aralielo- 


ble of 
CBH, 


K 
| 7 - 
„IN 


"4 


dar the plane LBHM is that in which are the parallels LB, 
fore the | MHPQ_, in which alſo is the figure BLPQ ; and the plane ACDF _ 
and the E is that in which are the parallels AC, FDOR, in which alſo is the 
iſm con. figure CAOR; therefore the figures BLPQ , CAOR are in parallel _ i 
parallel planes. in like manner, becauſe the plane ALNG is parallel to the = 
be 15 | polite plane CBKE, and that the plane ALNG is that in which 


224 


Book XI. are the Parallels AL, OPGN, in which allo is the figure ALPO; and 
Dn the plane CBKE 1s that i in which are the parallels CB, RQEK, i 

Which alſo is the figure CBQR ; therefore the figures ALPO, CBOR 

are in parallel planes. and the planes ACBL, ORQP are par ale, 


Which the baſe is ACBL, to which FDHM is the oppoſite pargiie. 
229. 11 logram, i is equal 20 the folid CP of which the baſe 1 is the Peralch 


THE. ELEMENTS 


therefore the ſolid CP is a parallelepiped. but the ſolid CM gf 


Sram ACBL, to which ORQP is the one oppoſite ; becauſe they ar: 
upon the {ame bale, and their inſiſting ſtraight lines AF, 40, CD, 
R; LM. EP; BH, i in the Tame licht lines FR, Id. 
and the ſolid CP is equal to the ſolid CN, for they are Fer the 
ſame baſe AC EL, and e inſiſting ſtraight lines A O, AG, LP, 
LN; CR, CE, BQ , BK are in the ſame ſtraight lines ON, RK. 


therefore the ſolid CM is proc to the lolid CN. Wherefore {lid 
4; paralelepipets, &c. 8 D. 5 


. e parallelepipeds which are upon equal baſes, 


AB, CD, - 200 Jet the bales be Faces. in the lame plane and ſo 28 


PROP. XXX1. 'THEOR, 


and of the lame Suey are © equal t. to one another 


Let the folid paraliclepipeds' AE, CF, "EE upon 1 baſes 4 


CD, and be of the lame ate the ſolid AE 1s oo to the 0 
lid OL i 


Firſt; Let the anfiiing Araight "RFA be at right noſes to the baſes 


that 


3 ang 
EK, in 
CBOR 
aralle]; 
CM of 
paralle. 
rallelo. 


hey are 
), CD, 


4 7 | 
„ 149. 
don the 


; 
0; 


V, RK, 
y ſolid 


bales, 
ner. 


es Ag, 
the 0· 


12 e ba ales 
d ſo 25 


that 


Eto the baſe LQ, ſo 3 3 E | FR | 

bis the ſolid CF to the N 5 1 2 ; 4 
solid LR. but as the | E 20S SN — 4 
baſe AB to the bate | 7) % es bh 1-3 
La, ſo the baie {) 8 . „ 8 . | = | 
32 the baſe L, E 5 Nin ST 
Is before was pro- Sy 1 Be SE WT 
ved. therefore as the ER A 85 © 


ſoüd AE to the ſolid 
b equal © to the ſolid F. | | os 


LCD; and be of the ſame altitude, and let their inſiſtin ig ſtraigh 
be at right angles to the baſes; and place the baſes SB, CD in the 

| he plane, ſo that CL, LB be in a ftr aight line; and let the angles 
SLB, CL D be unequal; the ſolid SE is 
tte ſolid CF. produce DL 
draw. BH parallel to DA; and kt BB, OD pr odaced meet in Q 
end complete the ſolids AE, LR. 
tie baſe is the parallelogram LE, and AK the one oppohte to it, is 
pecualf t to the folid SE of which the baſe is LE, and to which 5 is f. 19. . 
oppoſite; for they are upon the ſame baſe LE, 
trade, and their inſiſting ſtraight lines, viz. LA, LS, BH, BT; 
web MV, EK, EX * are in the ſame Araight has AT, GX. 5 > 


OF E UE L TD. 2 5 


unt the ſides CL, LB be in k ſtraight line; therefore the ſtraighit Book X. 
Ine LM which is at right angles to the plane in which the bales are, you 
In the point L, is common * to the two ſolids AE, CF; 
Ether inſiſting lines of the ſolids be AG, HK, BE; DF, on, 
N. and firſt, let the angle ALB be equal to the angle CED; 

AL, LD are in a ſtraight line b. 
meet in Q , and pied the ſolid parallelepiped LR the bale of 

Fitch is the parallelogram LO, and of which LM is one of its in- 

l ling ſtraight lines. therefore becauſe the parallelogram an 3 is e- 
qual to CD, as the baſe AB is to the baſe LQ , fois © the baſe Ci) c. 7. 6. 
to the ſame L. and becauſe the ſolid parallelepiped AR is cut by 

the plane LMEB which is parallel to the oppoſite planes AK; DR; 

as the baſe AB is to the baſe LQ , ſo is9 the ſolid AE to the folid d. 25. 11. 
IR. for the ſame reaſon, becauſe the ſolid parallelepiped CR is cut 

Eby the plane LMFD which is parallel to the oppolite planes CP, 

BR; as the baſe CD | 


let the a. 13. 11. 


produce OD, HB, and let Ns b. 14. f. 


La, ſo is the ſolid CF to ho folid LR; ond therefore the ſolid Al 


But let the ſolid par allelepipeds SE, CF be upon . baſes 8 


og 


ir alſo 1 in this caſe canal to 
, TS until they 1 meet in A, and from B 


| therefore the ſolid AF of which 55 


and of tl the ſune al- 


iP. b bebe 


216 THE ELEMENTS. 
Book II. pecauſe the par allelogram AB is equal 8 * to SB, for they are upon 


ſhe ſame baſe LB, and between the ſame parallels LB, AT; and 
835.1. that the baſe SB is 


cqual to the baſe CD; 3 . F ale . 

therefore the baſe N N OE 1 

AB is cqual to the 5 1 S=L "TS EY 

baſe CD. and the 1 5 „ . 
| 


angle ALB is equal WRT 
to the angle CL, 5 * : 8 REES 
therefore, by the firſt © A LS WY 
caſe, the ſolid AE is : | A 8 H 6 þ 
qual to the ſolid 55 
CF; but the folid A E is as to the ſolid SE, as was dæmonſtra- 
ted; therefore the ſolid 8! 925 equal to the ſolid C | 


But if the! inſiſting ſtraigbt lines 1 „ HA, we” MI: CY 

DF, OP, be-not at rig ht augles to! the baſes AB; CD; in this caſe 

likewiſe. the ſolid AE is equal to the folid C F. from the points G, 

KN, E. M N, 85 F. P, dra W the ſtr: UGUut nr s 8 „ K 2 EV, | 

3. 11. It, | I%: Ni, $44, TH 0 Ds 25 f pendiculn h to the plane 11 Which are 


Y } 4 * r. i T'% « ? *. 12 4 4. 7. # 37: JE -: 
che baſes AB; CD; and let them meet It mine PO ints Qs „ 
0 Syn ove nberEy nt? # 3 7 oe HY 


— AA LR "18 — 8 a * . ; "Ae. IP 
becauſe GU. ET are at ri 
1 


14 177 


4 6 11. parallel © to one nher. and MG, EK are parallels; therefore 5 
| ney MQ , ET Of vhich one pailes through MG, G, and the 


other through EK, KT which are paralle! to MG, G, 2m not 


. 15. 17. in the ſame Plane with them, are parallel ł to one another. for the 


ſume reaſon, the planes MV, GT are parallel to one another. there- 
fore the ſolid QE is a parallelepiped. in like manner, it may be pro- 


ved that the ſolid VF is a parallelepiped. but, from what has been 
- demonſtrated, the ſolid EQ is equal to the ſolid FY, becauſe they 


are upon equal bak es MK, PS, and of the lame altitude, and have 
ö | a4 th 1617 5 


ut angles to the ſame plane, they. are 


910 
nd 
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their inſiſting ſtraight lines at right angles to the baſes, and the ſo- Book XI. 
id EQ is equal | to the ſolid AE; and the ſolid FV to the folid Way 


CF; becauſe they are upon the 18 baſes and of the ſame altitude. 


therefore the ſolid AE is equal to the ſolid JF Wheretore ſoli 


parallelepipeds, Kc. Q. E. P. 5 
PROP. XXXII. THE OR. 
GOLD parallelep ipeds which have the lame altitud 


are to one another as their baſes. 


Let AB, CD be ſolid parallclepipeds of the {ame altitude. they 


J. 29. or 


_ 


ay 
are to one another as their baſes; that is, as the baiz AE to the 


baſe CF, ſo the ſolid AB to the ſolid CD. 


To the ſtraight line FG apply the paralleiogram FH equa 2 tœ a. Cor. 45.5 
AE, ſo that the angle FGH be equal to the angle LCG; and com- 


plete the ſolid parallelepiped GK upon the vaſe FH, on Fs NOIR 1 
fiſting lines is FD, whereby the ſolids CD, GK mult be of the ſar 


the ſame alti- >, | +—IO Li — AN 

EC q- | — * | 2 
cauſe the ſolid & ON \ | Ji 
paraliclepiped EN \ 
| — | ; 5 a k + T 
is cut by the bt 


planeDG which 


is parallel to its OPP olite planes, the baſe HF is © to the baſe FC; as 


— 


1 


altitude. therefore the ſolid AB is equal Þ to the ſolid GX, becauſe . 
they are upon e- 


qual baſes A E 8 


FH; and a are of * 5 7 V = {NN 


the folid HD to the folid DC. but the baſe HF is eq Val to the batt 


AE, and the ſolid GE to the i: lolid AB. therefore as the baſe AE t 
Y the baſe CF, ſo is the ſolid AB to the ſo oud £ CD. Where fre {6 
1 parallelepipeds, &c. Q. E. . 


. * 


— 4 — LUST 


Con. From this it is manifeſt that ay Apo e ves, 


of the ſame altitude, are to one another as their bates, 


Let the priſms the baſes of which are the triangles AEM, CFC. 


: and NBO, PDQ the triangles oppoſite to them, X the ſame a 
tude; and complete the parallelograms AE „CF, and the ſolid Aale 
lepipeds AB, CD, in the firſt of wh ich let MO; and in the other 


Vo 
. 
M1” 


6. 


1 — a 
ti * 


2 * 


GQ he one of the inſiſting lines. and becaute the folid paralletepi- 


peds AB, CD have the ſame altitude, they are to one another a3 tl 
_ baſe AF is to the baſe Ob;  WRCFCLOr E the prify Wer es 


5 


— + 


; a ha beg, 


THE ELEMENTS 


Book XI, halves 9, are to one another as the baſe AE to the baſe CF; that ;. 
| uy 

YR as the triangle AEM to the tr iangle CFG. 

| d. 28. 1 | 


CA 


0 > 
4 2 


PRO P. XXXIII. THE OR. 


Gun Ar ſolid parallclepipeds are one to a. nother in the 
KH 


"FHP blicate ratio of their homologous ſides 


Jet AB, CD be ili (olid parallelepipeds, and the ſide AF hg: 
mologous to the ſide CF. the ſolid AB has to the foiid CD, the ui. 
plicite ratio of that which AE has to CF, 

Procuce AE, GE, HE, and in theſe produced take ER equal to 
CF, EL equal to FN, and EM equal to FR; and complete the pa- 
rallelogram KL, and the ſolid KO. becauſe KE, EL are equal to 
SF, FN, and the angle KEL equal to the angle C FN, Bee ue the 
angle AEC is equi! to CFN, by reaſon that the ſolids AB, CD are 


1 


mi lar; therefore the parallelogram KL is ſimilar and eq; al to tlie - 


parallelogram EN. for the ſame realon, the Par alleiogram Mb is 
{tmilar and equal to 5 1 
CR, 8 2 Ne alſo OE 10 8 z Th ” i 
& FCC 
N therefore three — 5 1 * 1 | S 4-1 
FE ts | | 8 12 EXIT. 7 
3 parallelogr Ams | of 'F | 8 |S R 1 8 188 E 1 
the ſolid KO are e- 5 5 S n 
5 a TI; * 8 F 
qual and ſimilar & 28 N ; 1 N 8 
to three . "Os . F 
3 N E 
grams Of the 1oid 1 | 1 — 
1 | | | | 7 5 | 
D. and BE three | | | — | | 
. | , 'F 4 (0. HO 445 
: oppoſite ones in . 
4. 24. 11. each-JOHdATe.cquUAN e TS 9 | 


= and ſimilar to theſe. : 
d. C. 11. therefore the ſolid K0 is equal and fimilar to the folid CD. com 
plete the parallelogram GK, ard complete the ſolids EX, LP upon 

" the baſes GR, KL, ſo that EH be an 1 ſtraight line in cach 
of them, whereby they mult be of the ſame altitnde with the folic 

AB. and becauſe the ſolids AB, CD are ſimilar, : nd by permutati- 
on, as AE is to CF, ſo is E G to FN, 2 and ſo is EH to FR; and FC 
zs equal to EK, wt FN to EL, and FR to EM; theretore as AE to 

e. 1.6. EK, fois EG to EL, and ſo is HE to EM. "Kat as AE to EK, 10*. 

is the parallelogram AG to the par: — GK; and as GE to 


EL, o * 18 oy 0 KL; and AS LIE to EM, lo 1s PE to KM. there: 
| fore 


gol ties pipeds contained by para! 


r eln. 229 


fore as the parallelogram AG to the parallelogram K, ſo 13 GR Beck x. 
o KL, and PE to KM. but as AG to GK, ſo is the ſolid A3 to = 
the ſolid EX; and as GK to KL, ſodis the ſolid EX to the ſolid PL; d. >5- 51 
and as PE to KM, ſo d is the ſolid PL to the ſolid KO. and there- 

cre as the ſolid AB to the ſolid EX, ſo is EX to PL, and PL to 

O. but if four magnitudes be continual proportionals, the firſt is 

aid to have to the fourth the triplicate ratio of that which it has to 


| the ſecond, therefore the ſolid AB has to the ſolid KO, the tripli- 


cate ratio of that which AB has to EX. but as AB is to EX, ſo is 
th | 6 FR Iclogram AG to the parallelogram GK, and the ſtraight line 
to the ſtraight line EX, wherefore the ſolid AB has to the fol 3 


\ 
* 0 the triplicate ratio of that which AE has to EK. and the ſo- 
id K is equal to the ſolid CN, and the ſtraight line EK is equal to 


the ſtraight line CF. Therefore the ſolid AB has to the feli CD. 
the trip Feats ratio of that w hic! h the {1 Je AF | nas tO the homologons 


Cb. Q. E. D 


| this ir 18 mani! 1 E 2 1 15 E. Rage Aa 3 
COR. From t 1 15 11.158 Mall 4453 Haft oa FAltehlt Hes Dec 
111 1 % 3 151 Ck PF M 2 for a 1 5 28 15 % 15 3 = « : 
tihulal proportichals, as! he { r1t-45 tO the . 1, 10 18s tlie 0d pa- 
, 2 REIT SIO nM FFT 
rallelepiped deſc: LDC 4 T1 om the Helt to tle 111 SEAT ite NAILED LY de- 
RP 3 . | does 1 24 PTA 1 | f 9 « 3 . 19 412 2 N88 
ſcribed from the ſecond 3 bec auſe the firlt ſtraight line has to. th 


fourth, the triplicate ratio of that Which it has to tne fccond. 


PR OP. D. THE OR. 


T3 epics 
EC1-0! RU. See N. 
equiangular to one another, , each ro each, Y nat 18, 01 


which the ſolid angles are ow each to each; have IG 


one another the ratio V hich is the ſame wich the ratio 


Fompounded of the ratios of their. 1s. 


Let AB, © be ſolid parallelepipe: ds. of which Ag js contained 
15 the parallelograms AE, AF, AG equiangular, each to each, to the 
parallelograms CH, CK, CL which contain the ſolid CD. the ratio 
which the ſolid AB has to the ſolid CD is the lame with that which 


18 nee of the ratios of the ſides A] M to DI. 5 AN to Dis, 
nd AO to DH. 


r . 


Book XI. 


. 11. 


. equal * to the ſolid CD. 


THE ELEMENTS 
Produce MA, NA, OA to P, Q, R, ſo that AP be: equal 0 


DL, AQ to DK, and AR to DH; and complete the ſolid parallche. 
piped AX contained by the parallelograms AS, AT, AV ſimilar ard 


equal to CH, CK, CL, each to each. therefore the ſolid Ax 3s 


complete likewiſe the ſolid AY the baſe of 


which is AS, and of which AO is one of its inſiſting ſtraight lines. 


& » 11. 


(TO 


C. 23.11% | 


| the ſtr ainht line c to the ſtraigh t line d. and becauſe he ſolid AB is 
10 the ſolid AY; 
C15 to d; e 


4. Del. .A. 5. 


Take any ſtraight line a, and as MA to AP, ſo make a to b; and ag 


NA to AQ, ſo make b toc; and as OA to AR, ſo c to d. then 
becauſe the parallelogram AE is equiangular to AS, AE is to A8, 


as the ſtraight line a toc, as is demonſtrated in the 2 3. Prop. Pool 6 
and the folids AB, AY, being betwixt the parallel planes EO, 
EAS, are of the ſame altitude. 


the ſtraight ht lin 


4 js to c. and the foll 4 AY is to the ſolid AX, as © the baſe OQ i; 

to the baſe ( QR; that! is, as the ſuaight line OA to AR; that is, as 
; O 

as a is to 

x acqu: 0 15 2 ſolid AB is to the ſolid AX, or CD which 

35 equal to it, as the fir: raight! line a is to d. but the ratio of a to d 

is ſaid to te compouni 


to AQ, ard OA to AR, each to each. and the ſides AP, AQ 
AR are equal to the "TO DL, DK; DH, each to each. Therefore 


the ſolid AB has to the ſolid CD the ratio Which is the ſame with 
chat We, 18 5 of the ratios of the ſides AM to DL, AN 


ther efore the ſolid AB is to the 05 
Id AY, as Þ the baſe AE to the baſe AS; that is, as 


c, and the ſolid AY to the ſolid AX, as 


100 q of the ratios of a to b, b to c, and c to 
. which are the {ame with the ratios of the ſides MA to AP, NA 


LY 
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| Bock N 4 4 ! . 


Th x PRO P. XXXIV. TH E OR.-- 8 
_ PHE baſes and altitudes of equal ſolid parallelepipeds, see &. 
1 are reciprocally proportional; and if the baſes + and 
15 | altitudes be reciprocally proportional, the Fong parallel 
in WM pipeds are equal. 
hen b | | : 
is i Let AB, CD be ot ſolid parallelepipeds; their baſes are reci- 
i 6, B procally proportional to their altitudes; that is, as the baſe EH! = 
); d the baſe NP, ſo is the altitude of the ſolid CD to the altitude o. 
4. dhe ſolid AB. 5 
Ine. Eirſt, Let the inſif ting & raight lines AG, EF; L B. HR; EM, 
— NX, OD, PR be at right angles to the ba es. as the baſe EH to the 
baſe NP, ſo is CM to AG. . "i | 
ift the baſe EH be equal to q = os D. 5 
the baſe NP, then becauſe 8 Nr oo 
the ſolid A B is likewiſe e- ex;dqà;àÿꝗỹꝑRꝑn 8 1 
qual to the ſolid CD, CM | = | | = 
ſhall be equal to AG. be- 11 1 * 1 
cauſe if the baſes EH, NP ** Nl NT: ä 
de equal, but the altitudes RK C 00 
AG, CM be not equal, nci- | 
cher ſhall the ſolid AB be equal to the ſolid CD. but the ſolids 
are equal, by the hypotheſis. therefore the altitude CMI is not un- 
| equal to the altitude AG: that! is, they are equal. wherefore as the 
) is 2 baſe EH to the baſe NP, 01 is CM to AG. e 
„as Next, let the baſes EH, NP not be eq 15 but EH greater than 
3; dhe other. ſince then the ſolid AB | is equal o the ſolid CD, CM 15 
* therefore greater than R 
ich AG. for if it be not, nei- 8 
od | ther allo, in this caſe, XP NIX 
% old the foligs AB, cv FAV | 
VA. : be equal, which, by the | CE ans i | | > a ky 
V. KF Oypotheſis, are equal, 5 c | | . 
ore | Make then CT equal to 5 55 HB Z 
ith WF 46, and complete the [1 RN] e 2 . F 
N folid parallelepiped ** ̃ — —— Q 88 — N = 
= of which the baſe j is NP, A | I C wh 
p. ad altitude CT. Becauſe the ſolid AB 15 equal to the Cold CD, 


Þ 4 Le | therefore 


y 9 1 Wat 
: * 


2 


= equal to AG, and 
5 complete, as before, the 
folid CY and, becau ſe 
75 the baſe EH is tO tlie 
baſe NP, as CM to AG, 


lid C CD, let the inſift! ing 


| 101d CD to AG tne alti- | 
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Book XI. thercfore the ſolid AB is to the ſolid CV, as a the ſolid CD 0 th 
WY ſolid CV. but as the ſolid AB to the ſolid CV, fo b is the baſe EH 
to the baſe NP; for the ſolids AB, CV are of the ſame altitude; and 
as the ſolid CD to CV, fo © is the baſe MP to the baſe PT, and {4 


is the ſtraight line MC to CT; and CT is equal to AG. therefore 
as the baſe EH to * ben the NP  fo.15:MC to A8. Wherefore. the 
- bales of the folid par lepipeds A, CD are e proporti 
1, 
titudes. 


onal 0 their 4 | 
Let now the baſes of the { ſolid paralle lepipeds AB, CD be rec. 
procally proportional to their altitudes ; viz. as the baſe EK to the 
Te NP, ſo the altitude = 
of the ſolid CD: to the alti- 


Ude 101d 1 r 
tude of the folid AB; the NM. Ns 
1544 AB is equal to the {0- LETS Wes 


lines be, as before, at right H 2 0 
5 to the baſes. then, 1 . SF 
if the baſe EH be equal to EN 
the” dale NP, ſince EHI is 


se 


— 


but ſolid parallel epipe ws 6 pon equal baſes, and of the ſame altitude 


are Popes f to one another; therefore the ſolid AB is equal to the 


But lot the baſs EM {, NP be unequal, and let EH be the greater | 
of the two. therctfore, ſincè us the baſe EH to the baſe NP, ot ls 


„ 
2 *I. the altitu de ar. tl ic 


* 46 


2 


Lute of AB, C Mis great- 
Iu than AG, again, take 


and that AG is equal ORs 
CT, therefore the baſe EE is to SY baſe NP, FE MC. to ) CT. but 


3 the baſe EH is to NP, ſo b is the folid AB to the ſolid CV; for 
2 the ſolids AB, CV are of the ſame altitude; and as MC to CT , lo 


15 the baſe MP to the | baſe PT, and the ſolid CD iO the ſolid © as 
N Alle 


to NP, as the altitude of the ſolid CD 5 to the altitude of the ſoli! 
AB, trercto! Ye the altitude of CD is equal to the altitude. of AB, 


WY 
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oy therefore as the ſolid AB to the ſolid CV, ſo is the ſolid CD Book XI. 


ratio to the ſolid CV; and therefore the ſolid AB i: equal to the 

ſolid CD. | „ 1 
Second general Caſe. Let the inſiſting ſtraight lines FE, BI., 

GA, KH; XN, DO, MC, RP not be at right angles to the baſes ot 


the ſolids; and from the points F, B, K, G; X, D, R, M draw per- 
pendiculars to the planes in which are the bates E 11, IP, meeting | 


thole planes in the points 8, 1, V, L; 2 J, 1 7, 2; and com- 
plete the folids EV, XU, which are pac: Belop! 1885 as was proved in 
the laſt part of Prop. 3ſt of this Book. In this caſe likewiſe, if 
the ſolids AB, CD be equal, their baſes are reciprocally proportional 
to their altitudes, viz. the baſe E : to the 


. 


haſe NP. as he aliit 1s 

| ELM I.. „ „ ULiiks: 6 VIETTOES 

of the ſolid CD to the altitude of the folid AB. Becauſe the ſolid 
3.” * 


AB is equal to the {old CD, and. that: the ſolid BT is equal s to the 
folid BA, for they are upon the iame Bac FR, and of the ſame aiti- 


Es E- N 
5773 X 
M 
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/ Z 5 ** c 
V | / 7 Fg | 
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tude; and that the folid 1 DC is equal s to the ſolid *. bobs 6 up- 


on the ſame baſe X R, and of the ſame altitude; therefore the 
ſolid BT is equal to the ſolid DZ. but the baſes are reciprocally 


proportional to the altitudes of equal ſalid parallel lepipeds of which 
the inſiſting ſtraight lines are at right angles to their baſes, as before 
was proved. therefore as the baſe FK to the baſe XR, ſo is the alti- 
tude of the ſolid D to the altitude of the ſolid BT. and the bale 


FK is equal to the baſe EH, and the baſe X R to the baſe N . 


Wherefore as the baſe EH to the baſe NP, ſo is the altitude of the 


ſolid DZ to the altitude of the ſolid BT. but the altitudes of the 


lolids D 2, DC, as alſo of the Glids BT, BA are the ſame. 


Therefore as 5 the baſe EH to the baſe NF, 0 is the altitude of the 
1 þ ud 3 


# co the ſolid CV; that is, each of the ſolids AB, CD has the fame 3 
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Book XI. ſolid CD to the altitude of the folid AB that is, the baſes of the 


ya lolid parallelepipeds AB, CD are e e to their 


| g 29. or 


30. 11. 


altitudes. 
Next, Let the baſes of the ſolids AB, CD be recipr ocally p pro- 


| portional to their altitudes, viz. the bate EH to the baſe NP, as the 


altitude of the ſolid CD to the altitude of the ſolid AB; the {11g 


Ag is equal to the ſolid CD. the ſame conſtruction being made, be. 
cCauſe as the baſe EH to the baſe NP, fo is the altitude of the ſo. 


lid CD to the altitude of the ſolid AB; and that the baſe EH js. 


qual to the baſe FK; and NP to XR; therefore the baſe FK is tg 
the baſe XR, as the altitude of tne ſolid CD to the altitude of AB, 


but the altitudes of the folids AB, BT' are the fame, as alſo of CU 
and DZ; therefore as the baſe FK to the baſe XR, ſo is the altitude 
of the ſolid D to the altitude of the ſolid BT. wherefore the baſs 
of the ſolids BT, D are reciprocally proportional to their altitudes, 
and their inſiſting ſtraight lines are at right angles to the baſes ; 
Wherefore, as was before proved, the ſolid BT is equal to the ſolid 


DZ. but BT is equal * to the ſolid BA, and D to the ſolid DC, 


becauſe they are upon the ſame baſes, and of the ſame Altitude. 
Therefore the folid AB is equal to the folid CD. Q. E. D. 
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Book XI, 
PROP. RXRV, THEOR... - — 
pro 3 7 from the vertices of two equal plane angles there be See N. 
s he drawn two ſtraight lines elevated above the planes in 
folid | ; which the angles are, and containing equal angles with the 
„be. des of thoſe angles, each to each; and if in the lines a- 
eb. boxe the planes there be takten any points, and from them 
0M Ez perpendiculars be drawn to the planes in which the firſt 
us named angles are; and from the points in which they 1 
= meet the planes, raight lines be drawn to the vertices of 
the angles firſt named; theſe ſtraight lines thall contain 
: equal angles with the "{tra isht lines which are above the 
_— lf the angles. 8 
Let BAC, EDF be two equal plane angles; and from the points 100 
A, D let the ſtraight lines AG, DM be elevates above the planes of N | 
8 the angles, making equal a with their ſides, each to cach ; viz. 9 
333 the angle GAB equal to the angle MDE, and GAC to MD; and 74 
1 in AG, DM let any points G, M be taken, and from them let per- 1 
5 pendiculars GL, MN be drawn to the planes BAC, EDF meeting wi 
[tude | ill 
bates by q 
ides; 4 N 
ſes; 'l | 
ſolid Ty 
DC, 4 
ude, 0 
: = 
TH 
= theſe nt in "the points E, N; 40d Join LA, ND. the angle GAL on =_ if 
0. s equal to the angle MD N. e ul 
Make AH equal to DM, and through H draw HR parallel to 5 mY 
| GL. but GL is perpendicular to the plane BAC, wherefore HK is = 


perpendicular to the ſame plane. from the points K, N, to the a, 8. Tr. 
5 ſtraight lines AB, AC, DE, DF, draw perpendiculars KB, KC, NE, 
4 NF; and Join HB, BC, ME, EF. Becauſe HK! is s perpendicular to 


the | 
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Book XI. the plane BAC, the plane HBK which paſſes through HK is a 
night angles b to the plane BAC; and AB is arawn in the plane BAC 


THE ELEMENTS 


b. 18. 12. at right angles to the common ſection BK of the two planes; thee. 
c. 4. Def. 11. fore AB is perpendicular © to the plane HBK, and makes right 
d. 3. Def. 11. anglesd with every ſtraight line meeting it in that plane. but BH meet 


„„ 


f. 4. 1. equal to the baſe EF, and the remaining angles to the remaining 
angles. the angle ABC is therefore equal to the angle DEF. and 

the right angle ABK is equal to the right angle DEN, whence the 
- remaining angle CBK is equal to the remaining angle FEN, for the 
_ fame reaſon, the angle BCK is equal to the angle EIN. therefore 
in the two triangles: BCK, EFN there are two angles in one equal 
p to two angles! in "the other, each to each, and one fide equal to ore 
ſide adjacent to the equal angles in each, viz. BC equal to EF; the 
Other ſides therefore are 2 to the other ſides; BK then is 5 
to EN. and Ag is equal to DE; wherefore AB, BK are equal to 
PE, EN; and they contain right ag; ; Wherefore the baſe AK 


equal to the baſe DN. and ſince AH; 18 equal to DM, the ſquare of 


it in that plane ; thereiote ABH is a right angle. for the ſame re. 
fon, DEM is a right angle, and is therefore e equal to the angle ABY, 
and the angle HAB! is equal to the angle MDE. therefore in the two 
triangles HAB, MDE there are two angles in one equal to two 
angles in the other, each to each, and one ſide equal to ons his 
oppolite to one of the equal angles in cach, viz. HA equal to D! 


therefore the remaining ſides are equal ©, each to each. ——_ 
AB is equal to DE, In the fame manner, if HC and MF be joined, 


it may be demonſtrated that AC 1 18 equal to DF. therefore ſince AR 


is equal to DE, BA and AC are equal to ED and DF; and th; 


angle BAC is equal to the angle EDF; wherefore the bate BC | 


All 1 equal to che ſquare of DM. but the . of AK, KH ate 


equal 


— — ow at! 


X 18 at 
BAC 
there. 
night 
meets 


le rea- 
ABH, 
e 0 
0 two 
> tide, 
DM; 
retore 
Oined, 
ce AB 
Id the 


BC 1s 
alning 

and 
ce the 
Or the 
refore 
equal 
0 one 
; the 
equal 
ual to 
AK 
are of 


II are 
equal 
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| equal to the ſquare s of AH, becauſe AKH is a right angle. and the Book XI; 
4 {quares of DN, NM are equal to the ſquare of DM, for DNM is a 
3 right angle. wherefore the ſquares of AK, KH are equal to the g. 47.1 
W {Guarcs of DN, NM ; and of thoſe the {quare of AK is equal to the 
i ſquare of DN. therefore the remaining ſquare of KH is equal to 

BE the remaining ſquare of NM; and the ſtraight line KH to the 

; I ſtraight line NM. and becauſe HA, AR are equal to MD, DN, each 

FS to cach, and the baſe HE to the baic MN, as has been proved; there- 
fore the angle HAK is equal h to the angle MDN. Q. E. D. n e 


Cor, From this it is manifeſt, that it from the vertices of two 


| equal plane angles there be elevated two equal ſtraight lines con- 
| taining equal angles with the ſides of the angles, each to each; the 
| perpendiculars drawn from the extremities of the equal ſtraight lines 

to the planes of the firſt angles are equal to one another, 85 


Another Demonſtration of the Corollary, 


Let the plane angles BAC, EDF be equal to one another, and 


let AH, DM be two equal ſtraight lines above the planes of the 
angles, containing equal angles with BA, AC, ED, DF, each to 
each, viz, the angle HAB equal to MDE, and HAC equal to the 


age MDF; and from H, M let HK, MN be perpendiculars to the 


C4 


all 
planes BAC, EDF; HK is equal to MN. 


Becauſe the ſolid angle at A is contained by the three plane 


7 angles BAC, BAH, HAC, which are, each to each, equal to the 
| thrice plane angles EDF, EDM, MDF containing the ſolid angle at 
D; the ſolid angles at A and D are equal, and therefore coincide 
With one another; to wit, if the plane angle ABC be applied to the 
| plane angle EDF, the ſtraight line AH coincides with DM, as was 
 ſhewn in Prop. B. of this Book. and becauſe AH is equal to DM, 


the point H coincides with the point M. wherefore HK which is 


1 3 perpendicular to the plane BAC coincides with i MN which is per- i. r3. 11. 
| pendicular to the plane EDF, becauſe theſe planes coincide with 
one another, therefore HK is equal to MN. Q. E. P). 


PROP. 


4. 26. 11. and at the point K in the ſtraight line LK make * a ſolid angle con- 
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F three ſtraight lines be proporeiondls, the ſolid par]. 
Iclepiped deſcribed from all three as its ſides, is equi 

to the equilater al parallelepiped deſcribed from the mean 
proportional, one of the ſolid angles of which is contained 
by three plane angles equal, each to each, to the three 


plane angles containing one of the ſolid angles of d the 
other figure. 


Let A B, C be three prop ortionals, VIZ, A to B, asB to C. The 


ſolid deſcribed from A, B, C is equal to the equilateral. {olid de. 


ſcribed from B, e 1nlar to the other. 

Take a ſolid angle D contained by three plane angles EDP. FDG, 
GDE; and make each of the ſtraight lines ED, DF, DG equal to 
B, and complete the ſolid parallelepiped DH. make LK equal to 4, 


_ tained by the three plane angles LKM, MI N, NKL. equal to tix 


*. 14.6, 


angles EDF, FDG, GDE , cach to each; and make KN equal to 


= gg 1 


1; + M| 3 * 2 
F N 

8 ET D 
TY 8 


1 KM 1 to C; and complete the ſolid par rallelepiped KO. 

| becauſe as A is to B, ſo is B to C, and that A is equal to LK. and 
B to each of the ſtraight lines DE, DF, and C to KM; therelor? 
IL is to ED, as DF to KM; that is, the ſides about the cava 
angles are reciprocally proportional; therefore the parallciogran iN 
LM is equal b to EF. and becauſe E DF, LKM are two equal plane 
angles, and the two equal ſtraight lines DG, KN are drawn fron 
their vertices above their planes, and contain equal angles with their 


ſides; therefore the perpendiculars from the points G, N, to the 
| | plane; 


aral. 
<Qual 
mean 
ned 
three 
{ the 


The 
id de. 


FDC, 
Jual to 
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© con- 


; 1 
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to B. 
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planes 


Ir four ſtraight lines be proportionals, the 


: a8 GH to 6 and O to P, as «C in R; ele ex 33 
s to P, as EF to R. but as AB to P, ſo 
5 ſolid CL; ; and as EF to R, ſo a is the ſolid EM to the ſolid GN, 


7 therefore b as the ſolid AK to the ſolid . fo 1 is the ſolid EM to 
1 5 the folid GN. 
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It therefore three ſtraight 


PROP. XXXVII. THE OR. 5 

| ſimilar ſolid 

* parallelepipeds fimilarly detcribed from them ſhall alſo 

be proportionals. and if the ſimilar parallelepipeds fimi- 

ary deſcribed from four {traight lines be proportionals, 
the ſtraight lines ſhall be en 


Let the four ſtraiglit lines AB, cb, BF, GH be proportionals, 
viz. as AB to CD, ſo EF to GH; and let the ſimilar parallelepipeds 
AR, CL, EM, GN be nity defer ibed fr om | them, AKi is to CL, 


5 as EM to GN. 


Make * AB, CD, O, P continual propor tionals, as alſo EF, GH, 


, R. and becauſe as AB is to CD, ſo EF to GH; CD is b 00, 


But 


2 : 


Wo 
2 
WE: 
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TL planes EDF, LEM are equal © to one another. therefore the ſolids Bock XI. 
Eko, DH are of the fame altitude; and they are upon equal baſes .= 
az LM, EF, and therefore they are equal d to one another. 
{lid KO is deſcribed from the three ſtraight lines A, B, C, and the 
7 ſolid DH from the ſtraight line B. 
nes, &c. Q. E. P). 


but the c. Cor. 35. 
141. 
d. zt. 11. 


3 e. 22. 5. 
is the ſolid AK to the d. Cor. 33» 


n 


5b 
Ws 
i 7 


2 THE ELEMENTS 


Book XI, But let the ſolid AK be to the ſolid CL, as the ſolid EM to the 
2 ſolid GN. the {traight line AB is to CD, as EF to GH, | 


e. 27. 1. Take AB to CD, as EF to ST, and from ST deſcribe e a ſolid | 
| parallelepiped SV fmilar and ſimilarly ſituated to either of the ſo. | 
lids EM, GN. and becauſe AB is to CD, as EF to ST, and tha | 


from AB, CD the ſolid parallelepipeds AK, CL are ſimilarly deſeri. 
bed; and in like manuer the ſolids EM, SV from the ſtraight line 


0 EF, 8ST; therefore AK is to CL, as ; EM to SV. bur = the by. 
f.-.5. potheſis, AK is to CL, as EM to GN. therefore GN is equal * to 
SV. but it is likewiſe ſimilar and ſimilarly ſituated to SV; therefore | 
the planes which contain the ſolids GN, SV are ſimilar 0 equa, 
and their homologous ſides GH, ST equal to one another, and be- 
cauſe as AB to CD, ſo EF to ST, and that ST is equal to GH; AB 
is to CD, as EF. to GH. Therefore if four ſtraight lines Kc. 


QE.D. 


PROP. XXXVIIL T NOR. 


. F a plane be perpendicular to another plane, and' 
__« * ſtraight line be drawn from a point in one of the 

planes perpendicular to the other plane, this ſtraig bt 

line thall fall on the common ſeftion of the planes, 


« 


46 


N Let he plane cb be 3 to the == AB, and let 
Ab be their common ſection; if any point E be taken in the plane 


O17; "the perpendicular drawn from E to the plane AB ſhall tall 
on n AD. I 46 For 
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) the 


folid 
le ſo. 
that 
eſcri- 


lines 


1d let 
plane 
II tall 
6 For 


4 [* 4 101 d parallelepiped, it the ſides of two oy the 0 
poſite planes be divided each into two equal parts, the 
common ſection of the planes paſting thro? th 
: diviſion, and the diameter of the ſolid parall- lepiped cur 
each other into two equal parts, 


the oppoſite planes D 
C, AH of the ſolid - |} 

_ prrallelepiped A F, 
be divided each into 
two <qual parts in 
, the points K, L, M, 
* N; X, O, P, R; and 
Join KL, MN, XO, 
PR. and becauſe: | 
PDE, CL are equal B 
and parallel, KL is 
parallel to DC. for 
the ſame rea ſon, 
| MN is Paraltel to 


OF EUCLID. 


For if it does not, let it, if poſſible, fall elſewhere, as EF; and Book AI. 
E ec let it meet the plane AB in the point F; and from F draw *, in A 
the plane AB, a perpendicular FG to DA, which is alſo perpen- 3. 12+ 7. 
Wy dicular b to the plane CD; and join EG. then becauſe FG 1 is per- b. 4. Def. 11. 


« pendicular to the plane CD, and C 


the ſtraight line EG, which is 8 | 
in that plane, meets it; RE \ + 
© fore FGE is a right angle ©. s BUY RN 1 
| «FF is alſo at right angles to the A |___ > — — 5 
« plane AB; and therefore EFG 9 SY We 
« js a right angle. wherefore two NE >B 
of the angles of the triangle 


EG are equal together to two right angles; which is abſurd. 
therefore the perpendicular from the point E to the plane AB does 


133 
not fall elſewhere than upon the ſtraight lire AD. it therefore 
e 


talls upon it. It therefore a plane, &c. Q E. D. 
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Let the ſides of 


E poi 2 158 O1 


TN 
ry 
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Book XI. EA... ana BA 1s parallel to DC; therefore becauſe KL, BA 


D. N. 


_ 
2 


1 


Ft 


angles, the baſe DY 


angles are equal; 


DE is a ltraight ©. 
line. bor the fame *. 


reaſon 380 18 4 : . 
% En on IN Ears. el 
ſtralght ne, and BS > — 

; TT 
* 


hy cat ue ( CAR Equal 
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*d,x 
ar , 


Wy RY each of them Us to DC, and not in the ſame plane with! it, KI 


NI. 


is parallel Þ to BA, and becauſe KL, MN are each of them parallel 
to BA, and not in the ſame plane with it, KL is parallel b to MN, 
wherefore KL, MN are in one plane. In like manner, it may be 
proved that XO, PR are in one plane. Let YS be the common ſec. 
tion of the planes KN, XR; and DG the diameter of the ſolid pa- 
rallelepiped KF. 18 and DG do meet, and cut one another into 


two equal p parts. 


Join Dy, E; B38, 88. becauſe DX 18 parallel to Ok, the al. 


ternate angles DXT, I OE are equal £ to one another, and bee: auſe 
DX is equal to OE, 'F 


and X 1 to:YO, D _ 


and contain quad 
is equal te the baſe Oban SEE ISRN 


YE, and the other 


therefore the angle 
D is equal to 


2 2 ES a, 0 OY . 28 1 
142 44851 : 4 — 3 anc 


0 368. and 


and parallel to DB, and 400 > equal and PT F to EG; therefore 
D is equal and parallel bto EG. and DE, BG join their cxtrem!- 
therefor e DE is equal and Parallel 3 to BG. and D 4 #6 
ire drawn from points in the one tO Points in the other, ad are 
therefore in one plane, whence it is manifeſt that DG, YS mult. 
meet one another; let then meet in T. and becauſe DE is parallc 


- 
£4 28 


2 * 
2 — 5 


15 BG, the alternate angles EDT, BGT are equal*; and the angle 
TV is equal f to the angle GTS. therefore in the triangles DF, 


# th 


S there are two angles in the one equal to two angles in the : 


| and one fide equal to one ſide, oppoſite to two of the equal 


angles, viz, DY to GS; for they are the halves of DE, BG. there- 


ore the re maining files are equal a, cach to each. wherefore DT 1 


equ of to 10. nd TT” equal to Ts. Therefore if in a ſolid, &c. 


| 4 585 
<4 «1 * 


„ KI. 


arallel 


MN; 
ay be 


n ſec. 


id oe 


r into 


ne ak. 


cauſe 
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BOOK XI. 


PROP. XL. THE OR. Ig 


jr there be two triangular priſms of the ſame altitude, 


the baſe of one of which is a parallelogram, and the 
Liſe of the other a triangle; if the parallelozram be double 


| of the triangle, the * {hall be equal to one another. 


Let the priſms ABCDEF, CHRLMN be of the ſame e alttinde 
the firſt whereof is contained by the two triangles ABE, CDF, and 
the three parallelograms AD, DE, EC; and the other * the two 
irangles GHK, LMN and the three parailclograms LH, HN, NG; 
ind let one of them have a parallelogram AF, and the other a tri - 
angle GHK for its baſe; if the parallelogram AF be double ci 
the triangle G HK, the priſm AB CD EF 1 is equal to th priſm 
GHKLMN. OD 

Complete the ſolid ds Ax, GC: and becauſe the parallelogram AF 


M * 


double of the triangle GK; and ti 2 parallclogra am HK double 2: 


of the ſame triangle; therefore the paratlelogr im AF is equal Fo. 


HK, but folid pralt epipeds upon equal baſes, and of the fame al- 
| AN b 
ttude are equal b 0 to On 2 other. the refore the 0110 Wb i A 1 5 (1 * al {1 * RCA 
the fold GO. and the e Pr AB 8 is half* of the ſo 080 of AS. 


and the priſm GHKLMN half Of the ſe nd G0. therefore the prim. 
274 E -S i 1 = 


"ABCDUF is _ al to:the-priſm-GHELMN,: NW hererore it there he 


wo, &c. QE. P. 
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.. eee 


LEMMA: I 
WW hich i is the fir { Propoſition « of the tenth Book, and is neceftary 760 
ſome ot the Propoſitions of this Book. 


I from che greater of tuo unequal magnitudes there be 
L taken more than its half, and from the remain. ex. 
more than its half; and ſo on. there ſhall-at . re- 
main a maguitude (fs 155 the leaſt of the propoſed mag 


nitudes. 


Let AB and C be 1 two unequal magnitudes, of. N chich AB is the 
reuter. if from AB there be taken more than its „„ 
half, and from the remainder more than its half, 8 95 
«3c 10 on; there ſhall at leng gth remain a mae 15 „ 
ls than 0. | „ 5 | 
Or may be alt ed f ſo as at © length: to be- LY F. 
come greater than AB. let it be ſo mul Itiplied, and „ ; 
let DE its multiple be greater than AB, and let DE H EE 

divided into DF, FG, GE, each equal to Cc. e 
trom AB take BH greater than its half, and from EE 
5 ne remainder AH take HK preoter than its half, We 
and fo on until there be as many diviſions in AB e In 
as there are in DE. and let the diviſions AK, KH, c E 
#3 be as many as the diviſions DF, FG, GE. and B 


WT cauſe DL is great ter than AB, and that t EG taken ſrom DE 15 leſs” h 
5 than 


SO 7 


= 4 


than its hal, but BH taken from AB is grcater than its half, therefors 
the remainder GD is greater than the remainder HA. 


OF E UE Is. 


cauſe GD is greater than HA, and that GF is the half of GD, but 


HK is greater than the half of HA; therefore the remainder FD 3; 
greater than the remainder AK, and FD is equal to C, therefore C 


18 greater than AK; that is, AK is leſs than C. E. . 
"And if only the halves be taken away, the ſame thing may in the 
ſame way be demonſtrated. 
p RO P. I. THE OR. 
CIMILAR polygons inſcribed in circles, are to one 


another as the ſquares of their diameters. 


Let ABCDE, FGHEL be two circles, and in them the ſimilar 
polygons ABCDE, FGHKL ; and let BM, GN be the diameters of 


the circles. as the ſquare of BM is to the my of GN, ſo is the 
polygon ABCDE to the polygon FG HKL. 


join BE, AM, GE, FN. and Dee auſe the pes ivgon CDE is Ti 


GFL, andas BA to AE, 30 Grit; wherefore E 2 two 115 
„angles BAE, GFL havi Th 


80 
a2 


One a 1gle 1 in one Equal to 0N2 angle I Tie 


other, and the ſides about the ec: qual angles proportionais, are eoni-. 
angular b; and therefore the angle AEB is equal to the 2 angle FL G. | 
: but AEB is equal © to the angle AMB, becauſe they ſtand upon the 
fame e circumference ; and the angle FLG is, for the ſame reaſn, 
equal to the angle FNG. therefore alſo the angle AMB is equal t to : 

FNG. and the 1 right angle BAM is equal to . right 4 angle G 


5 


wherefore the remaining angles in the triangles ABM, FCN are e- 


3 PR 2 ©. 


milar to the polygon FGHKL, the angle BAY is equal to the angle 


qual, and meſa are equiangular to one another . therefore as BY to 
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Book XII. GN, fo* is BA to GF, and therefore the duplicate ratio of BM to GN, 
As the fame f with this duplicate ratio of BA to GF. but the 00 


e. 4. 6. of the {quare o BM to the ſquare of GN, is the du duplicate * rat 
-£,10, Def. g 


* 


of that which BM h aas to GN; and the ratio of the polygon ARC 


Liw * D 
9 5 E 
and 22. 5. * | 


Ze 'SOe . 


\ \ f 1%. 
1 f 
HN 
4 >. 3 | N. | 


% the POLYEON FGHEL is the dvplic: ate s of that which BA has to 


GF, therefore as the ſquare of BM to the ſquare of GN, fo is the 


wattage Ye. A BCI DE 


Fogon <2 „to ine polygon eL. Whercfore ſimilar po- 


? TECH FAC Q>r f F i D 
1 wo e, Are. » E. 1 © 


PROP. 11. THE OR. 


9 


4 


. k : | + a 55 2 <4 2 S 1 2 4 4 1 75 | 
. ERCLES are to e one another as the f ſau lares of their dia. 


Let ABCD FTGII be two circles, nd BD, FH their diametets, 
as the fquars of B to th qu me of | FH, ſo 1 is the circle ee 


the circle EE C. | 


For, it it be not ſo, th e ſquare of BD Ga be to the ſquoreof 


8 


FI, as thie Circ] le ABCD. is to lome {pace either leſs than th Ce 6 ick 
K FGH, or greater than it“. Firſt, let it be to u ſpace S leis than 


he circle EFGH; and in the circle EFGH deſcribe the ſquare 


EFGH this ſquare is greater than half of the circle EFGH; be. 
cauſe if throu 1gh the points E, F, G, H, there be drawn tangents 
„ 1, 1. to the Cir dle, the {quare EE Hi 15 half * of the 10 quare deſcribed 1 


* Fe there is: | ſome ſquare eq qual to | nals; that is, to the ſquares of BD, FH 


| the circle ABCD ; let P be the ſide of it. and the circle ABCD it is poſſible there 


oe to three ira ügnt Þ lines BD, FH and may be a fourth proportional, : Let this 


„ there can be a fourth proportional, be S. and in like manner are to be un- 
3 this be Q. therefore the ſquares of derſtood ſome things i in ſome of the for | 


theſe four ſtraight lines are proportio- | 1 loving Propoſitions, 


2s to 


8 the 


Þ 


7 — 
1 0 2 5 
4 12 


ut 


GMH, HNE ſhall be the half of the parallelogram in which it 18. 4. 1. f. 


thoſe that remain and are together leis than the exceſs of the circle 


ERFLOGMHN 18 greater the 


PA, ſo b is the polygon AX BOC PDR to the polygon ERK FI. GA 11 


Or EUOLI D. 145 


bout the circle; and the circle is leſs than the ſquare deſcribed about So Xt, 
it; therefore the ſquare EFGH is greater than half of the circle. A 
Divide the circumferences EF, FG, GH, HE, each into two equal 

parts in the points K, L, M, N, and j join EK, KF, FL, LG, ng 

MH, HN, NE. therefore each of the triangles EKF, FI. G, GM! 

HNE is greater than half of the ſegment of the circle it ſtands in; 

becauſe if ir aight lines touching the circle be drawn thr ongh the 

points K, L, M, N, and pn ra upon the ſtraight lines EF, 

FG, GH, HE be completed; each of the triangles EKF, FLG, 


but every ſegment is leſs than the parallelogr am in which it is. 

wherefore each of the triangles EKF, FLG, GMH, HNE is greater 
than half the ſegment of the circle which contains it. and if theſe 
cit Soma ces before named be divided each into two equal parts, 


aud their e xtremitio 8 De, j-2ined by Itraight lines, by continuing to Go 


— 


this, there will at! 2 oth remain ſegments of the circle ie h toire- 
ther ſha!l be leſs 020 the exccls-of- the circle EFGH 35558 the 
ſpace 8. becauſe, by the preceeding Lemma, if from the greater of 
two unequa] magnitudes there be taken more than its half, and from: 
the remainder more than its half, : ind ſo on, there ſhall at irt 
remain a magnitude Icts than the Teaſt of the pre Lg e 8 


Let then the ſegments ER, KP, Fs Le, GM, MH, Hi, NE UG 


EFGH above 8. therefore the reſt of the circle via. the polygon 
pace S.. De foribel Tk evil: in tho 
BOCPDR Imilar to the polxgon 


* 


n tl 
circle ABCD the pol) 30¹¹ AN. 


EKFPLGMHN. as, therefore, the ſquare of BD is to the guae 5 


NIN 7. 
7 * 3. 12 


0 ut the {quare of BD alſo to the ſquare of FH, as the circte A POD 


04: N J 


- — 2 
— — — 
== — CES 


oy * oe — 
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— — 1 — — 
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T H E ELEMENTS 


Book XII. is to the ſoate S. therefore as the circle ABCD is to the {pace 8,0 
se the polygon Ax OC PDR to the polygon EKFLGMEN. bu 
the circle ABC is greater than the polygon contained in it; Where. 
fore tlie ſpace S is greater d than the polygon EKFLGMHN, bit 
it is likewiſe leis, as has been demonſtrated ; which is impoſſible, 
Therefore the ſquare of BD is not to the ſquare of FH, as the circle 
Ah is to any ſpace leſs than the circle EFGH. in the fame man- 
ner it may be demonſtrated that neither is the ſquare of FH to the 
ouare of BD, as the circle EFGH is to any ſpace leſs than the 
circle ABCD. Nor is the ſquare of BD to the {quare of FH, as the 


e 11. 


„ 


leſs Q than the e cir 


could be a fourth proportional to the 
ſzuares of BD, FH and the circle AECD, 
which was named S. fo in like manner | 


Circle ABCD is to any ſpace greater than the circle EFGH, "oh if 
poſhble, let it be ſo to T a-ſpace greater than the circle E 


2 GH 


therefore, invericly, as the ſquare of FH to the ſquare of BD, i; 


g ihe Fac ace 4 to he eats BCD. 


but as tl 2 ſpace 1 +4 18 to he 


circle APC 9. 0 is the cir cle EFG H to . . which: muſt 
cle 


n For as in the foremtine Note at * it | 
ws explained how it was pollible there 


ABCD, becauſe the ſpace T' is greater, by! 5 | 
'P otheſis, than the c ccle EFG . therefore as 5 the {qu uare of FH is to 


there can FO: a 3 1 to 
this other ſpace, named T, and the 
circles ACD, EFGH, and the like is to 
be underſtood in Toms of the following 


F ee 


8 the : 


VER pyramid having 
1 vided into two equal a 


- and its vertex the point D. the pyfam! 
two equal and ſimilar pyramids b ing 
triangular baſes, and ſimilar to the whoic; 


. each into two equal parts in the points E, 
PF. G, H, K, L, and join EH, EG, GH, 
H, KL, LH, EK, KF, FG. Becauſe AF is 
cual to EB, and AH to HD, HE is pa- 

rallel * to DB. for the fame reaſon, BK is 
parallel to AB. 
| rallelogram, and HK equal b to EB. but 


} ; equal to HK. 


OF EUCLID. 


and it has 


FH, as the circle ABCD to any ſpace leis than the circle EFGH, 


© wherefore as the ſquare of BD to the {quare of FH, fo is the circ! 
ABCD to the circle EFGH f. Circles, 


therefore, are, &c. Q. E. D 
PRO u THEOR: 


a oe ng 8 may be di- 
nd ſimilar p 
triangular baſes, and which are ſimilar tothe Whole py- 
ramid; and into two 

greater chan half of the whole pyramid. 


vr amis having 


ha os Es > by N | . AV - = 
equal c priſms VCI togethel are 
A > 


Let there be a pyrat mid of v ich th he bat 
1 
10 


and into two equal pritins which together 
are greater than half of the wn : 
ramid, 

Divide AB, BC, oa, AD, DB, DOC 


therefore HEBK is a pa- 


therefore alſo AE s B 
and AH is equal to HD; 


EB is equal to AE; 


' Wherefore EA, AH are equal to KH, HD, to EI a 5 the: 
e gle EAH is equal © © to the angle KHD; 


hecauſe as a fourth proportional to the ſquares of BD, FH and the circle ABCD. 


. is poſſible, and that i it can neither be Jeſs x nor greater than the circle EFGH, it muſt 
de equal t. 8 
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the Fe of BD, ſo is the circle EFGH to a ſpace leſs than the Book XII. 
Arcle ABCD, which has been demonſtrated to be impoſſible. there 
fore the ſquare of BD is not to the ſquare of FH, as the circle 
zb is to any ſpace greater than the circle EFGH, 
5 been demonſtrated that neither is the ſquare of BD to the ſquare of 


See N. 


ther efore the laſs EH is e. 19. 1. 


equal | 


250 "THE ELEMENTS ” 
Book xIl equal to the baſe KD, and the triangle AEH equal d and ſimilar tothe , ct 
A triangie HED, for the ſame reaſon, the triangle AGH is equal and 0 


d. 4. 1. Emilie to the triangle HL. and becaule the two ſtraight lines EH 
HG which meet one another are parallel to KD, DL that ect One p 

e 10. 11, another, and are not in the ſame plane with them, they contain uk 5 
angles; therefore the angle EHG is equal to the angle XDL. a9 b 
e 

t 

} 

| 


becauſe EH, HG are equal to KD, DL, cach to each, and ther ck 
EG equal to the angle KDL; therefore the baſe EG js equal t. 
the baſe KL, and the triangle EHG equal d and fimilar to the. 
trie ngle K DL. for the ſame reaſon, the triangle AEG is allo e. 
qual — ſimilar to the triangle HKL. I hereto e tie pyramid al 
which the baſe is the iriang le AEG, and of which the vertex i8 tl. 


. C. 21. point II, is equal fun- | Gmilar to the Py - | | 
ramid the baſe of which is the triangle : 
KHL, and vertex the point D. and be- | 
cauſe HK is parallel to AB a fide of the | 


triangle ADB, the in 1le ADB is equi- 
angular to the triangle HDK, and th eir 


SO 


.  fides are proportion: 188. therefore the 
triangle ADB is ſimilar to the triangle 
HD. and for the ſame reaſon, the tri- 
angle DBC is ſimilar to the triang le DKL; 
and the triangle ADC. to the triangle 
HDL; and allo. tlie triangle ABC tothe 
triangle AEG. but the triangte AEC is 
limilar to the triangle HEL, as 
was proved, therefore the triangle ABC is 
h. 21. 6. ſimilar h to the triangle HKL. and the pyramid of which the baſe 
LB. 11. & the triangle ABC, and vertex. the point D, is therefore fimilari to 
1. Def. 11. the pyramid of which the baſe is the tr angle HKL, and vertex the 
lame point D. but the pyramid of which the baſe is the triang 
HKL, and vertex the point D, is ſimilar, as has been proved 4, tothe 
5 pyramid the baſe of which is the tr angle AEG, and vertex the pci 
H. wherefore the pyram id the baſe of which is the tr jangle ABC, 
and vertex the point D, is ſimilar to the pyramid of which the bat 
is the triangle AEG and vertex H. therefore each of the pyramic 
5 AEGH, HKL is ſimilar to the whole pyramid ABCP. and be 
k. 41. 1. cauſe BF is equal to FC, the parallelogram EBF C is double K 0 
the triangle GFC, but when there are two priſms of the ſame al 


titude, of which one © has a barallelagram for i its baſe, and the other 
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oppolite to it; for they are of the ſame altitad 
between the parallel m planes ABC, HKL. an: 
| each of theſe priſms is greater than either of the pyr mids 
the triangles AEG, HKL are the baſes, and the vertices the 


for its baſe, and KH the ſtraight line oppoſite to it, is gre 
de pyramid of which the baſe i is the triangle EBF, a; ad 
point K; but this pyramid is equal f to the pyramid t 
EF which is the triangle AEG, and vertex the point H; becanſe they 
Fc contained by equal and fimilar planes. wherefore the priſm hav- 
ing the parallelogram EBFG for its baſe, and oppoſite hide KH, is 


AEG, and 
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angle mat is half of the parallelogram, theſe priſms are equal 1 to Book XII. 


priſm having the triangle GFC for its baſe, and the triangle HEL 


e 
a 
4 
1 


j DEE uſe they art 
it Re that 


of which 


points H, 


one another; therefore the priſm having the parallelogram ERFG — 
{or its baſe, and the ſtraight line KH oppoſite to it, is equal to the J. av. 1. 


m. 185. 11. 


of, becaule if EF be joined, the priſm having the EP ralle 5 ra! AIR EBF 8 | 


V 
. 


greater than the pyramid of which the baſe is the triangle 


ater than 
er yo 
2 8 11 0 


4? 
C7 


vertex the point H. and the priſm of which the baſe is the paralle- 


zreater than the two pyramids of which the baſes are 185 


AEC, HKL, and vertices the points H, D. Therefore the whole py- 
amid of which the baſe is the triangle ABC, and vertex the point 
D, is divided into two equal pyramids ſimilar to one another, and 
© the whole pyramid; and into two equal priſins; an: 


| priſms are together greater than We of the Whole 
E. p. 5 8 


> p RO P. 


logram EBFG, and oppoſite fide KH is e 1 to the priſm havin E 
the triangle GF C for its baſe, and HKI. the triangle oppoſite to it; 
and the pyramid of which the baſe is the S 


, is equal to the pyramid of which the baic is the trian 


and vertes 
0 3 
and vertex D. therefore the two priſms before mentio 


Cy 2 
Thi ke 


tian . 


} the two 


EE . | 4 >: 


ney PROP. IV. THEOR. 


See N. F there be two pyramids of the ſame altitude, upon tr, 


12 


THE ELEMENTS 


— 


angular baſes, and each of them be divided into try 
equal pyramids ſimilar to the whole pyramid, and alfo a 
two equal priſms; and if each of theſe pyramids be e 

_ vided in the ſame manner as the firſt two, and fo on, x 
the baſe of one of the firſt two pyramids 1 is to the baſes 
the other, ſo {hall all the priſms | zn one of them be to 4 


the priſms in the other, that are produced by the lane 
number of div 111005, 


0 
| 


Let thers be two pyramids of the ſame altitude upon the Nog 
lar baſes ABC, DEF, and having their vertices in the points C, 
and let each of them be divided into two equal pyramids ſimilar t, 
the who! 1 5 and into two equal priſms; and let each of the pyramid, 
thus made be conceived to be divided in the like manner, and to 0n, 
as the baſe AB is to the baſe DEF, ſo are all the 5 the py- 
ramid ABCG to all the priſms in the pra nid DEFH made by th 
Cane number of divitions, 15 | 
Make the ſame: conſtruction a as in tho foregoing propoſition, al 
becauſe BX is equal to XC, and AL to LC, therefore XL-15-parn-”. 
- Jel® to AB, and the tri: ingle ABC ſimilar to the triangle LUC, is 
the ſame reaſon, the triangle DEF is ſimilar to RVF, and becgule 
Be is doable of EX, and EF double of FV, therefore BC is 19 Ta, 
aàs EF to FV. and upon BC, CE are deſcribed the ſimilar and fin 
larly ſituated rectilincal figures ABC, LXC; and upon EF, EV, i 
1 like manner, are deſcribed the ſimilar 3 DEF, RVF. thereiore 
- as the triangle ABC is to the triangle EXC, ſo 15 the tran 
; DEF to the triangle RVF, and, by per mutation, as the triangle ABC 
= the triangle DEF F, ſo is the tr jangle LXC to the triangle RYE, 
and becauſe the planes ABC, OMN, as alſo the planes DEF, ST! 
are parallel ©, the perpendiculars drawn from the points G, H tothe 
baſes ABC, DEF, which, by the Hypotheſis, are equal to one abe 
ther, ſhall be cut each into two equal 4 parts by the planes OU, 
8 TL, becauſe the ſtraight lines GC, HF are cut into two equal parts i 
the points N, Y by the ſame planes. therefore the priſms LXCOMN, 


; RF S1T are of the lame altitude; and therefore as the Dale ng 
5 | t9 
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. b ho vaſe RVP; that is, as the triangle ABC to the triangle DEF, Book X11, 


bels the p- ;iſm having the triangle LX C for its baſe, and ONIN the 
trinngle oppolite to it, to the priſm of which the baſc is the tr 2 e. Cor. 32. 


| - Vi * and the oppoſite triangle . and bec: zuſe the two priſms in 


. prmid ACG are equal to one another, and alſo the two priſms 
in the pyramid DEFH equal to one another, as the priim of which 
. baſe is the parallelogram KBXL and oppoſite ſide MO, to tlie 


priim having the triangle LXC for its baſe, and OMN the triangle op- 
ſof is the priſm of which the baſe is the par allclogram 2 


ſite to it; 
hrs. and oppoſite fide T'S, to the priſm of which the baſe is the 
triangle RVF, and oppoſite triangle STV. ther efore, componendo, 
& the priſms. KBXLMO, LXCOMN together are unto the priſm 


ö IXCO⁰ IN; 1 are the priſms PEY N78, RVS Pr £ the pri 
Ry FON 11 | 
are to the priſms PEVRTS, RVFSTY ; ſo is the priſm LX CON 
do the priſm RVFSTY, but as the pri m LXCOMN to the priſm 

*RVFSTY, ſo is, as has been proved, the baſe ABC to the bat: 


and. , permutando, as the priſms KBXLMO, LXCOMN 


two OMNG, STYH be divided in the ſame manner; as the baſe 


OMN is to the baſe STY, ſo ſhall the two priſms in the pyra mid 


| OMNG be to the two priſms! in the pyramid ST H. but the baſe 


ONN is to the baſe STY, as the baſe ABC to the baſe DEF; there- 


II, 


„ 


DEF. therefore as the baſe ABC to the baſe DEF, fo are the two 
| priſms in the pyramid AB CG to the two priſms in the p. yramid 
| DEFH, and likewiſe if the pyramids now made: for example the 


; bore as the baſe ABC to the bats DEF, to are the two priſins in the 
pyramid 
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Book XII. pyta rnd ABCG to the two priſms in the pyramid DEFH: and { 


rw are the two priſms | in the pyramid OMNG to the two pr ins in the 


2 ws * > & 


pyramid 8TH; and fo are all four to all four, and the ſame thing 
may be ſhewn of the priſms made by dividing the pyramids AKI 


and DPRS,; and of all made by the ſame number of diviſions 


Q. E. D 
PRO P. v. THE OR. 


De bs of the ſame altitude which have trlangulat 
— ales, are to one a: 19ther as their baſes. 


Let the >yramids of which the triangles ABC, DEF are the 
baſes, and of which the vertices are the points G, H, be of the fan; 
altitude. as the baſe ABC 5 the bale DEP, ſo is the Pan 


_ABCG to. the pyramid D® 


1 
1 


For, if it be not ſo, the baſe e ABC muſt be to the baſe DEF, + a 


the pyramid ABCG to a jolid either leſs than the pyramid DEFR 


or greater than it“. Firſt, let it be to a ſolid leſs than it, viz. to th 


: loi Q. and Givide tne pyrarrad DEFH into two equal Pyramids, 


fimilar to the whole, and into two equal priſms, therefore thet 


i 


two arifm 29 are greater tl. an the half gf the whole pyramid, and, 


S Zain, let the PYrc amids ma de by this diviſton be in lil ke mahner al 
vides and ſo on; until the pyramids w hich remain undiv ided in the 


— 
7 


pyramid DEFH be, al of them together, leſs than the exceis of the 


pyramid DEFH above the > folid 2 let theſe, for example, be th! 


pyramids DP&AS, STY:, therefore the priſms, which make the ci 


of the pyratnid DEFH, are g: greater tha an the ſolid Q. divide likewi! 


the pyramid ABCG in the fame manner, and into as many parts 


TEE 


as tlie py ramid DET H. therefore as the baſe ABC to the baſe DEF, 
ſo b arè the apes in the pyramid ABCG to the priſms in the pyrt 


? mid DE „but as the be e ABC to the baſe DEF, fo, by hype 


C . . 


"theſis, k 15- 1 pyramid ABCG to the ſolid Q; and therefore, as tie 


pyramid ABCG to the folid Q, fo are the priſms in the pyramid 


Abet to the priſms in the pyramid DEFH. but the Liner 


ABCG is greater than the priſins contained in it; Wherefore © ale 


the {olid: is gres iter than the priſms i in the pyr nid DEFH. but 


like caſe. 


it is allo lels, WINCH is impoſſible, t therefore the baſe ABC is not to 


*, ae. ge Þ ® 
E Ne 


his may be explained the bee Way 48. at che note“ in P:opoſir jon 2. in le 
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| . dale DEF, as the pyramid ABC G to any ſolid which is leſs than Book XII. 
1 pramid DEFH. in the {ame manner it may be Ucinonitrated, Fwal/ 
] hat the baſe DEF is not to the baſe ABC, as the pyramid DEFH _ 

| to any ſolid which is leſs than the pyramid ABCG, Nor can the 


baſe ABC be to the baſe DEF, as the pyramid ABCG to any ſolid 
which is greater than the pyramid DEFH. for, if it be poſſible, let 


| it be { to a greater, viz. the folid Z. and becauſe the baſe ABC is 
o the baſe DEF, as the pyramid ABCG to the ſolid Z; by inverſi- 


on, as the baſe DEF to the baſe ABC, ſo is the ſolid Z to the pyra- 


| mid ACG. but as the ſolid Z is to the pyramid ABCG, ſo is the 


C 


pyramid DEFH to ſome ſolid +, which muſt be lets 4 than the py- d. 13. g. 


ramid ABCG, becauſe the ſolid Z is greater than the pyramid 
DEFH. and therefore, as the baſe DEF to the baſe ABC, ſo is the 


pyramid DEFH to a ſolid leſs than the pyramid ABCG; the con- 
trary to which has been proved, therefore the baſe ABC is not to 


the baſe DEF, as the pyramid ABCG to any ſolid which is greater 


than the pyramid DEFH. and it has been proved that neither is the 
baſe ABC to the baſe DEF, as the pyramid ABCG to any ſolid 
Which is leſs than the pyramid DEFH. Therefore as the baſe ABC 
is to the baſe DEF, ſo is the pyramid AB CG to the pyramid DEFH. 


| Wherefore pyramids, Sc. Q. E. D. 


This may be explained the fame way as the like at the mark 5 in Prop. 2. 


PROP. 
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1 pyramid ABC M to the pyramid FGHN; 


mon conſequent ; 
1s the nn ABCDEM to the pyramid FGHN, 
| ſame reaſon, as the baſe FGHKL to the baſe FGH, fo is the pyra- 
mid FGHKLN to the pyramid FGHN. 

| baſe FCH to the baſe FGHKL, fo is the pyramid FGHN to the 
pyramid FGHKLN, 
FGH, ſo is the pyramid ABC DEM to the pyramid FGHN; - and 3s 
the baſe FGH to the baſe FGHKL, ſo is the pyramid FGEN to the 


THE ELEMENTS 
PROP. VI. THEOR. 


Yr aMIDSs of the ſame altitude which have polyaos 
for their baſes, are to one another as their baſes, 


Let the py remids which have the polygons ABCDE, FGHRL 
tor their baſes, and their vertices in the points M, N, be of the fame 
altitude. as the baſe ABCDE to the baſe FGHKL, ſo is the pyr. 


mid ABCDEM to the pyramid FGHKLN. 


Divide the baſe ABCDE into the triangles ABC, ACD, ADE; 


and the baſe FGHKL into the triangles FGH, FHK, FKL. md 
upon the baſes ABC, ACD, ADE let there be as many pyramids of 
which the common vertex is the point M, and upon the remaining 
8 80 as many pyramids having their common vertex in the point 


therefore, ſince the triangle ABC is to the triangle FGH, as? 
and the triangle Ac 
to the tx angle FCE, as the PY rand ACDM to ty pyramid FGHN; 


and alſo the triang gle ADE to the triangle GH, as the i 
ADEM to the pyramid FC HN; as all the firſt antecedents to the 
common 8 Dey ſoda e all the other antecedents to their com: 
t; that is, as: the baſe ABCDE to the baſe FCH, ſo 
and for the 


and, by inverſion, as the 


then becauſe as the baſe ABCDE to the ba's 


c. 22. 5. Pyramid FCHKLN; ther efore, « EX acqualie, as the baſe ABCD- to 


the 


Iygone 


ſes, 


GHRL. 


he ſame 


* Pyra- 


ADE; 
. and 
mids cf 
Naining 
2 Point 
H, as* 
e AC) 
GIN; 


rramid 
) their 
r com. 
H, ſo 
or the 
pyra- | 
as the 
to the 
e bay 


and as 


to the 
DE to 
the 


let DEF be the triangle oppoſite to it. 
Civided into three equal pyramids having triangular bates. 


OF EUCLID. 


PROP. VII. THE OR. 
VERY priſm having a triangular baſe may ke Arided 


into three pyramids that have triangular bales, and 


ö are equal t to one another. 


Let there be a 3 i which the baſe is the triangle ABC, and 
the priſm ABCDEF may be 


Join BD, EC, CD; and becauſe ABED is a parallelogram of 
which BD is the diameter, the triangle ABD is equal“ to the tri— 


angle EBD; therefore the pyramid of which the baſe is the triangle 


ABD, and vertex the point C, is equal Þ to the pyramid of which 


the baſe is the triangle EBD, and vertex the point C, but this py- 
ramid is the ſame with the pyramid the baſe of which is the triangle 
EBC, and vertex the point D; for they arc contained by the fame 
planes. therefore the pyramid of which the baſe is the triangle 
ABD, and vertex the point C, is equal to the pyramid the baſe of 
which is the triangle EBC, and vertex the point D. 
FCBE is a parallelogram of which the dia- ns 
meter is CE, the triangle ECF is equal 840 | — 
the triangle ECB; 
of Which the baſe 3 13 the triangle ECB, and 
| vertex the point D, is equal to the pyra- 
mid the baſe of which is the triangle ECF, 
| and vertex the point D. but the pyramid | 
| of which the baſe is the triangle ECB, and 
Vertex the point D has been proved qual 
$ to the pyramid of which the baſe is the triangle ABD, and verte- 
the point C. Therefore the priſm ABCDEF is divided into thres 


N equal pyramids having triangular baſes, 
ADC, EBDC, ECFD. 


again, becaule 


therefore the pyramid D 5 Ot Bs IN 


[> 


Sp 


R dale 


| 7 baſe FCHKL, ſo the pyramid ABCDEM to the pyramid Book 
| * Therefore Pyramids, Kc. Q. E. D. 


. 
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34. 2. 


b 4. 12. 


VIZ, into the pyramids £ 
and becauſe the pyramid of which the 
L - baſe is the triangle ABD, and vertex the point C, is the ſame with 
the pyramid of which the baſe is the triangle ABC, and vertex the 
point D, for they are contained by the fame planes; and that the 
| Pyramid of which the baſe is the triangle ABD, and vertex the 
3 point C, has been demonſtrated to be a third part of the priſm the... 


2 850 


|| 


233 - TRE ELEMENTS 
Boo XI. baſe of wh: ich! 18 the tr tangle ABC, and to which DEF is the 05. 


p olite triangle ; therefore the pyramid of which the baſe is the ti. = 
ange ABC, and vertex the point D, is the third part of the prin * 
Which has the ſame baſe, viz, the triangle ABC, and DEF is the a 
2 
Opp ofite triangle. Q. E. . * 
Cor. 1. From this it is manileſt, that every pyramid is the th! hi 
part of a Priſm which has the ſame baſe, and is of an equal altitude 4 
With it; for if the baſe of the priſm be any other figure than a tri. B 
3 2 FREY | — 9 3 C . * — | tc 
angle, it may be divided into priſms having triangular baſes, 
CoR, 2. Priſms of equal alütudes are to one another as thei; . 
: 
baſes; becauſe the pyramids upon the ſame bates, and of the fame | 
3 a 
6. Gets. altitude, are © to. one another as their baſes. R 
5 5 = C 
PR OP, MI. THE OR. | 
8 Ak pyramids having triangular baſes, are oneto 1 { 
another in the triplicate ratio of that of their homc- 
ogous ſides. SE 
[ 


DN ta pyramids having the tr. jangles ARC, DEP for their bee, i 
and the points G, H for their vertices, be ſimilar and ſimilarly ftp. | 
ited. the pyramid ABCG has to the rad DEFH, the ttiplicz- 

atio of that which the fide BC has to the hom os ſide E P. 

8 N the pa wallelogra ams ABCM, GBCN, ABGK, and th: 
id parallelepiped ! BGML contained by theſe planes and thoſe 0p: 


4 + 1. 


polite to them. and in like manner complete the ſolid parallelepipe* 
'EHPO'contained b the three parallelograms DEFP, HEFk 
DEHX, and thoſe oppoſite to them. and becauſe the py ramid 
ABCG is ſimilar to the pyramid DE FH, the angle ABC is equi 


2 . vi ; - 
F, 4 4 * Det. 


ne 05 
he tri. 
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e third 
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BM, BN, BK are equal and ſimilar © to the three which are h 6. 4. 1 
to them, and the three EP, ER, EX equal and ſimilar to the three 


multangular baſes, are likewiſe to one another in the triplicate ratio 
of their homologous ſides. for, they may be divided into fimilar pyra- 
3 having triangular baſes, becauſe the ſimilar polygons which are 
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bs angle DEF, and the angle GBC to the angle HBF. and ABC Book XII. 


to DEH. and AB is b to BC, as DE to EF; that is, the ſides about CAA 
the equal angles are proportionals ; w! Nr the parallelogram b. 1. Pet. c. 


© BM is ſimilar to EP. for the fame reaſon, the parallelogram BN is 
ſimilar to ER, and BK to EX. therefor? the three par allelograms 


BM, BN, BK are ſimilar to the three EP, ER, EX. but the tl ee 


oppoſite to them. wheretfore the ſolids PGML, EHPO are con- 

tained by the ſame number of ſimilar planes; and their ſolid an gles 
are equal ; and therefore the {olid BGML is ſimilar * to the folid d. B. 12, 
EHPO. but fimilar ſolid parallelepipeds have the triplicate © ratio e. 33. 17s 
of that which their homologous ſides have. therefore the folid 


BGML has to the ſolid EHPO the triplicate ratio of that which the 
ſide BC has to the homologous fide EF. but as the ſolid BGM. 
je to the ſolid EHPO, ſo is f the pycamid ABCG to the pyramid f. 15. 5. 


8 PY 


DEFH; becauſe the . ramids are the ſixth part of the folids, ſince 


the priſm, which is the half 5 of the ſolid e 18 triple eh g. 28.11. 


of the pyramid. Wher refore likewiſe the pyramid ABCG has to the 8 
pyramid DEFH, th 12 ti iplicate ratio or that which BC has to the 
homologous ſide EF, Q. E. D. 


Cor, From Nis it is evident, that ſimilar pyr ram'ds which have See N. 


their baſes may be divided into the ſame number of ſimilar triangles 


Pomdlogous to the whole polygons ; th. refore as one of the tr; 
angular pyramids in the firſt multanaak wr pyramid is to one of the 
_ triangular pyramids in the other, 10 are all the tria 
in the firſt to all the triangular pyramids in the k that 18, ſo is 

te firſt multangular pyramid to the other. but one triangular py- | 
ramid i is to its ſimilar triangular pyramid, ia the triplicate ratio of 

their homologous ſides; ap the Trefore the fir{t. mult tangular Py: a- 

Pi has to the other, the triplicate ratio of that which one of the 


ngular pyramids. 


nes 


4 be. ww 


tides of the fir rſt has to the e homotogons {ide of the other. 


_ a = . 7 ? 


260 T HE ELEMENTS 
Book XII. „ 
. RO P. IX. THE OR. 
| HE baſes and altitudes of equal pyramids having tr. 
angular baſes are reciprocally proportional. and tri 
angular pyramids of which the baſes and alritudes are re- 
ciprocally proportional, are equal to one another. 


_ Let the pyramids of which the triangles ABC, DEF are the 
| baſes, 40a which have their vertices in the points G, H be equal to 
one another. the baſes and altitudes of the pyramids ABCG, DEH 

are reciprocaily proportional, viz. the baſe ABC is to the baſe DEF, 
a5 the altitude of the pyramid DEFH to the altitude of the pyri- 
mid ABCG, | 
Complete the E AC, 3e, GC; DF, DH, HF; and the 
folid parallelepipeds BGML, EHPO contained by theſe planes and 


— 


* 3 5 


thoſe oppoſite to them. and becauſe the pyramid ABCG is equal t 

the pyramid DEFH, and that the ſolid BGML is 5G 3 of the 

=PY Tamid ABCG, and the ſolid EHPO ſextuple of the pyramid 

4. 1. Ax. 5. DEFH; thereſore the ſolid BCM is equal * to the folid EHPV, 

but the baſes and altitudes of equal ſolid parallelepipeds are recip!o 

b. 34 17. cally proportional b; therefore as the baſe BY to the bale EP, {0 1 
the altitude of the ſolid EH PO to the altitude of the ſolid BGML. | 
e. 13. 5. but as the baſe BM to the baſe EP, ſo is © the triangle ABC to tht 
LE triangle DEF; therefore as the triangle ABC to the triangle DET, 

ſo is th e Aude of the folid EHPO to the altitude of "the {oli 

BME. but the altitude of the ſolid EH PO is the ſame with the 


„altitude ot the ee DEF 1 and. we altitude of the fol 
| Boll 


qual to 
of the 
yramid 
EHPO, 
ecipro- 
. {0 1 
GMI. 
to the 
DEF, 
le ſolid 
ith the 
> ſol 
3GML 


BGL, and the pyramid RDEFH the ſixth part of the ſolid 


Agb, and the fame altitude. 
TT linder; that is, the cylinder! is triple of the cone. | 
If the cylinder be not tr iple of the cone, it muſt either be grcet. Th 


OF EUCL 1D. 


pyramid DEFH to the altitude of the pyramid ABCG. wherefore 


the baſes and altitudes of the Pyramids ABCG, DEFH are e recipro- 
| cally proportional. 


Again, Let the baſes and altitudes of the pyramids ABCG, 


PDE be reciprocally proportional, viz. the baſe ABC to the baſe 
DEF, as the altitude of the pyramid DEFH to the altitude of the 
_ pyramid ABCG. 
DEFH. 


the pyramid ABCG is equal to the pyramid 


The ſame confiratiicn being made, becauſe as the baſe ABC to 
the baſe DEF, ſo is the altitude of the pyramid DEFH to the alti- 
tude of the pyramid ABCG 
there- 
fore the parallelogram BM is to EP, as the altitude ot the py- 


ramid DEFH to the altitude of the pyramid ABCG, bat the al- 

| titude of the pyramid DEFH is the ſame with the altitude of the 
ſolid parallelepiped EHPO; and the altitude of the pyramid ACG 

is the ſame with the altitude of the ſold paralletepiped BCML, as, 


therefore, the baſe BM to the baſe EP, fo is the altitude of the ſo- 
lid parallelepiped EHPO to the altitude of the ſolid parallclepiped 


_ BGML, but ſolid parallelepipeds having their baſes and alii- 


tudes reciprocally proportional, are equal b to one another. there- 


fore the ſolid parallele piped BGML is equal to the ſolid Parallelepi- 


and the pyramid ABC G is the ſixth part of the folj ! 
d EHPO. 
therefore the pyramid A B CG is 3 to the pyramid DEF E. 
T heretc ore the baſes, KC. Q. E. 


PROP. X. 


ped EHPO. 


THEOR. 


3 pyier cone is the third part of a cylinder which has 


the tame baſe, and 1s of an 1 equal altitud de with it. 


Let a cone ave: the fag me : bake with a cy kde 5 Wizz the circle 


than the triple, or leſs than it. Firſt, Let it be greater than te 
9 and deſcribe the ſan are ABCD | in the circle; 


; and as the baſe ABC to the baſe 
DEF, fois the parallelogram BM to the parallelogram EP; 


the cone is the third part of the c- 


Wear 
* 3 
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BMI is the ſame with the altitude of the pyramid ABCG. there- Book ri. 


* fore, as the baſe ABC to the baſe DEF, ſo is the altitude of the gy 


11. 
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Book XII greater than the half of the circle ABCD +. upon the ſquare ABCD 


SY erect a priſm of the ſame altitude with the cylinder; this priſm ig 


ſcribed about the circle; becauſe they are to one another as their 
baſes a. and the cylinder is leſs than the priſm u ou the {ſquare de. 


L. 32. IT, 


| 4585 Wit th the cylinder ; . each of theſe. 


b. 2. Cor: 
7. 1 


S. Lemma. 


ee, ir through the points E, F, G, H F 


greater than half of the cylinder; becauſe if a ſquare be deſcriveg 
about the circle, and a priſm erected upon the ſquare, of the ſame 
altitude with the cylinder, the inſcribed ſquare is half of that er 
cumſcribed; and upon theſe ſquare baſes are erected ſolid paralle 

pipeds, viz. the priſins, of the fame altitude; therefore the oi 


14111 


upon the ſquare ABCD is the half of the priſm upon the ſquare ce. 


ſcribed about the circle ABCD. therefore the priſm upon t the oa are 
ABCD of the ſame altitude with the cylinder, is greater N Half 
of the cylinder. Biſect the circumferences AB, BC, CD, DA in the 
points E, F, G, H; and join AE, EB, BF, FC, CG, GD, DH, Ha, 


then, each of the triangles AEB, BFC, CG D, DHA! is greater than 


the half of the ſegment of the circle in . 
which it ſtands, as Was ſhewn in Prop. 5 A. : 
2. of this Book, Erect priſms upon E 7 JM 

ach of theſe triangles of the ſame alti- 


J 


\ 
\ 


prifns is greater than half of the 43. B \ 
ment © 


10 


tne cylinder in w] hich it is; . be- 


paraliets be drawn to. AB, BC, CD, 


DA; and paralle elograms! ve completed C | 
upon the fame AB, BC, CD, DA, and ſolid parallelepipeds bee 


rected upon the p parallelogr ams; the priſms upon the triangles ...b, 
BFC, CGD, DHA are the halves of the ſolid parallelepipeds ®. and 
the ſegments of the cylinder which are upon the ſegments of bt 


circle cut off! by AB, BC ED, DA, are Jeſs than the ſolid para allele - 


1575 which co! ntain EA therefore the priſms upon the triangle 


DEC COD, DHA, are greater then half of the ſegment: 
of 0 cy linder in which they are. therefore if each of the circum 
| 55 be divided into two equal par ts, and ſtraight lines be draun 


from the points of diviſion to the extremities of the cir cumferences 


and upon the triangles thus made priſms be erected of the ſame ali 


tude with the cylinder, and ſo on, there muſt a at length remain ſome 
ſegments of the cylinder which together are leſs than the excels ot 


Ke cylinder above the triple of view cone. Jet them be thoſe upon the 
es of the circle AE, EB, BF, FC, CG, OP, DI, HA. there 


+. As Fas thewn.! in Irop. 3. of this Book. 3 | 5 for 
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TY *. 


fore the reſt of the cylinder. that is the priſm of which the baſe 1 is Book XII. 
the polygon AEBFCGDH, and of which the altitude is the ſame e SR 


8 With that of the cylinder, is greater than the triple of the cone. but k | 
dis priſm is triple d of the pyramid upon the ſame baſe, of which d. r. Ces. 1 
re the vertex is the ſame with the vertex of the cone; therefore the Mi 
. KF pyramid upon the baſe AEBFCGDH, having the fam vertex with } " 
n the cone, is greater than the cone, of which the baſe is the circle 1 
e. ABCD. but it is alſo leſs, for the pyramid is contained within the "i 
: WF cone; which is impoſſible. Nor can the cylinder be leſs than the 
e. triple of the cone. let it be leſs if poſſible. therefore, inverſely, the 
„e cone is greater than the third part of the cylinder, In the circle 
ic WF ABCD deſcribe a jquare, this ſquare is greater than the half of the 
e circle. and upon the Ty ABCD erect a pyramid having the ſame 
\, Fo vertex with the cone; this pyramid is greater than the half of thr 
n I cone; becauſe, as was bas demon{tr ated; i a ſquare be deſcri! Jed 
bout the circle, the ſquare ABCD is „ — 
the half of it; and if upon theſe = | , 
ſquares there be erected ſolid paralle- A — 5 —>D 
lepipeds of the ſame altitude with the an 7 \ e 
| cone, Which are alſo Fei the EE ] \ 8 
0 ann upon the ſquare ABCD ſball Dp 
be the half of that which is CIR the \ 1 //| 
0 uare deſcribed about the circle; ſor BR == q- 
they are to one another as the 5 Ds: — — 
= 855 as are alſo the third parts ob > 3 
Y them. therefore the pyramid the haſe of which is the ſquare ABD 
FF i5 halfof the pyramid upon the 100 are deſcribed about the circle. 
0 but this laſt pyramid 1 18 greater than the cone which it contains; 
= MM therefore the pyramid upon the ſquare ABCD having the lame ver- 
= Mm tex with the cone, is greater than the half of the cone. Biſcét the 
8 circumfere: nces AB, C, DA in the points E, F, G, B, and 
5 : : join AE, EB. BF Fe, "+ © GD, DH, HA: heren fre e: th Hf the 
„ triangles AEB, Bye, CGD, DHA is greater than half of the ſeg- 
went of the circle in which it 3. v90n each of theſs ria RES ret 
= 3 : pyramids having the ſame 3 ertex with the cone. therefore each of 
- F | theſe Pyra unids 15 greater than the half of the ſegment of th ie c. One 
e in which it is, as before was demonſtrated of the p priſms and icg- 
1 ments of tlie cylinder. and taus dividing each of the circumferentmgs 
c f 1 into two equal parts, and joining the points of diviſion and their x- 
= tremities | by tra aight lines, 2 Tm the tria! wgles-creciung P3 "Tan 


8 


2 
: agu: Nr 
R 4 $57 67 111 7 
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Book XII. having their vertices the ſame with that of the cone, and ſo on, 


fam 


Aw there 3 at length remain ſome ſegments of the cone which toge- oft 
ther ſhall be leſs than the excets of the cone above the third part of the the 
cylinder. let theſe be the ſegments upon AE, EB, BF, FC, CG, GD, ran 

DH, HA. therefore the reſt of the H EF 
cone, that is the pyramid, of which — db 
the baſe is the polygon AEBFCGDH, , T ——F e 
and of which the vertex is the ſame . N F 
With that of the cone, is greater than E & 25. Dh PR G F 
the third part of the cylinder. but this CNR „5 
pyramid is the third part of the priſm \ // * 
upon the ſame bale AEBFCGDH, 5 Ti 


and of the ſame altitude with the cy- EG 
Jinder. therefore this priſm is greater 55 | 
than the cyinder of which the baſe is the circle ABCD. but it is. 
allo Jets, for it is contained within the cylinder; which is impoſ- 
ſible, therefore the cylinder is not leſs than the triple of the cone. 
and it has been demonſtrated that neither is it greater than the triple. 
_ therefore the cylinder is triple of the cone, or, the cone is the third 
Part of the cylinder, Wherefore every cone, Kc. * D. 


FPR OP, XL. THE OR. 


(N ES and | colin Ws of che ſame altirude, a are to one 
auother as their baſes. 


Let the cones and cylinders, of which the baſes are the circles 
ABCD, EFGH, and the axcs KL, MN, and AC, EG the diameters 
of their baſes, he of the ſame altitude. as the circle ABCD | to the 5 
circle EFG H, ſo is the cone AL to the cone EN. | 

If it be not jo, let the circle ABCD be to the circle EFGH, FI 
: the cone AL to ſome ſolid cither leſs than the cone EN, or greater 

than it. Firſt, let it be to a ſolid leſs than EN, viz. to the ſolid X; 
and let Z be the ſo] lid which is equal to the exceſs of the cone EN 
aboxe the ſolid X; therefore the cone EN is equal to the ſolids * 
55 together. in the circle EF CH deſcribe the ſquare EFGH, there- 
fore this ſquare is greater than the halt of the circle. upon the 
' ſquare EFGH erect a pyramid of the ſame altitude with the cone; 
this pyramid! is greater than half of the cone. for if a ſquare be de · 
ſeribed al about t the cir 5 and a | pyramid be erected u pon it, having the 
lame 
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= fame vertex with the cone +, the pyramid inſcribed in the cone is half Bock XII. 
of the pyramid circumſcribed about it, becauſe they are to one ano- (EVE 
eder as their baſes*. but the cone is leſs than the circumicribed py- a. 6. 12 

„ amid; therefore the pyramid of which the baſe Is the ſquare 


 EFGH, and its vertex the ſame with that of the cone, is greater 
than half of the cone. divide the circumferences EF, FG, GH, HE, 
' each into two equal parts in the points O, P, R, 8, and join EO, OF, 
FP, PG, GR, RH, HS, SE. therefore each of the triangles EOF, 
FPG, GRH, HSE is greater than half of the ſegment of the circle 


nu which it is. upon each of theſe triangles er ect a pyramid having 

pe fime vertex with the cone; each of theſe pyramids is greater 

mm than the half of the ſegment of the cone in which it 1s. and thus 

— dividing each of theſe circumferences into two equal parts, and from 

pe points of diviſion drawing ſtraight lines to the extremities of the 

circumferences, and upon each of the triangles thus made erecting. 

1 Pyramids having the ſame vertex with the cone, and fo on, there muſt „ 

_— at length remain ſome {egments of the cone which are together leſsb d. Lemma, 

FF fan the lolid Z. let theſe be the ſegments upon EO, OF, FP, PG, | 

E + Vertex i is put in 1 place of altitude which is in the Greck, becauſe FR pyramid, 

3 in what follows, is ſuppoſed to be circumſctibed about the cone, and ſo mult have | 
_ the fame, vertex, and the ſame change is made | in ſome places following. . 
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Book XII. GR, RH, HS, SE. therefore the remainder of the cone, vir, the 
wm pyramid of which the baſe is the polygon FOFPGRHS, and it, 
vertex the fume with that of the cone, 1s greater than the folid x. 

In the circle ABCD deſcribe the polygon ATBY CVD ſimilar to 

the polygon EOFPGRHS, and upon it erect a pyramid of the {ame 

altitude with the cone AL. and becauſe as the ſquare of AC 1s tg 

| 0. 1% 1% BY ſquare of EG, {9 © is the poly gon AT BY CVD to tne Polygon 
| FOFPGRHS; and as the ſquare of. AC to the ſan uare of EG, ſo 
4. 2. 12. is d the circle AB CD to the circle EFGH - therefore the cirde. 

e. IL. S. ABCD is © to the circle EFGH, as the rolvmon ATN VDO to 


——ä—ỹ— —t we er 


/ 7 4 
——ü—E—h — ß —u— , — — 


the polygon EOFPGRHS. : but as the circle ABCD to the circle 
E FEG, ſo is the cone AL to the ſolid 3 X; and as the polyg 900 

a. 6. 12. AT BYCVDQ to the Pol gon EOFPGRHS, 401 is the pyramid oi 
which the baſe is the firit of thoſe polygons, and vertex L, to the 
' pyramid of which the baſe is the other polygon, and its vertex N. 
therefore as the cone AL to the ſolid X, ſo is the pyramid of which 
the baſe is the polygon ATBYCVDQ , and vertex L to the pyr Amid 
the baſe of which is the polygon EOFPGRHS, and vertex N. but 
the cone AL is greater than the pyramid contained in it; therciore 
f. 14.5. the ſolid X is greater f than the pyramid in the cone EN. but it 5 
less, as was ſhewn; which is abſurd. therefore the circle ABCD 5 
3 . nat 


rcle 
gol 
| of 
the 
. N. 
nich 
mid 
but 
fore 
it 1 


Di 


not 
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not to the circle EFGH, as the cone AL to any ſolid which is leſs than Book XII. 
the cone EN. In the {ame manner it may be demonſtrated that te: 
circle EFGH is not to the circle ABCD, as the cone EN to any ſo- 


lid leſs than the cone AL. Nor can the circle ABCD be to the circle 
EFGH, as the cone AL to any ſolid greater than the cone EN. for, 


if it be poſſible, let it be ſo to the ſolid I which is greater than the 


cone EN. therefore, by inverſion, as the circle EFGH to the circle 


ABCD, ſo is the ſolid I to the cone AL. but as the ſolid I to the | 
cone AL, fo is the cone EN to Tome ſolid, which mutt be leſs f than f. 14. 5. 
the cone AL, becauſe the ſolid I is greater than the cone EN. 
therefore as the circle EFCGH is to the circle ABUD, fo is the cone 

EN to a ſolid leſs than the cone AL, which was ſhewn to be im- 
poſuible. therefore the circle ABC D is not to the circle EF GH, as 

the cone AL is to any ſolid greater than the cone EN. and it has 

been demonſtrated that neither is the circle AB CD to the circle 

FG, as the cone AL to any ſolid lefs than the cone EN. there- 

fore the circle ABC is to the circle EFG . as the cone AL to the 

cone EN. but as the cone is to the cone, 10 5 is the cylinder to the 8 


(2 


each. Therefore as the circle ABCD to the eircle EF CH, ſo are the 
cylinders upon them of the fame altitude. Wherefore cones and 
3 of the ſame altitude, are to one another as their bales: 


PRO P. XII. THEOR. 


Sher Ar cones and cylinders have to one another th 6 . 


triplicate ratio of that which the diameters of the! 


E baſes have. 


Let the cones and cylinders of which the baſes are the circles 


 ABCD, EFGH, and the diameters of the baſes AC, EG, and KL, 


MN the axes of the cones or cylinders, be ſimilar. the cone of 
which the baſe is the circle ABCD, and vertex the point L, has to 
the cone of which the baſe is the circle EFGH, and vertex N, the 


B triplicate 1 ratio of that which AC has to EG. 


For if the cone ABCDL has not to the cone EFGHN 8 tri- 


3 plicate ratio of that which AC has to EG, the cone ABCDL ſhall | 


have the triplicate of that ratio to ſome ſolid which is leſs or greater 
than 


cylinder; becauſe the cylinders are triple h of the cones, each of h. 10. 12. 
Fo 


AG” a AAA as 
— = 
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— X. make the ſame conſtruction as in the preceding Propoſition, and 


4.24 Def. 


| e, $5 


" 


it may be demonſtrated the very fame way as in that Propoſition, 


that the pyramid of which the baſe is the polygon E OFPGRHS, and 
vertex N is greater than the ſolid X. Deſcribe alſo in the circle 
ABCD the polygon ATBYCVD Q ſimilar to the Polygon 
 EOFPGRHS, upon which erect a pyramid having the ſame vertex 
with the cone; and let LAQ be one of the triangles containing the 
pyramid upon the polygon eee the vertex of eh Is 


L; and let NES be one of the tr angles containing the pyramid upon 


the polygon EOFPGRHS of which the vertex is N; and join KQ 


MS. becauſe then the cone ABCD is ſimilar to the cone EFGHN, 
AC is to EG, as the axis KL to the axis MN; and as AC to EG, 
ſo b is AK toEM; therefore as AK to EM, fois KL to MN; and, 


' alternately, AK to KL, as EM to MN. and the right angles AKL, 

EMN are equal; therefore, the ſides about theſe equal angles being 
proportionals, the triangle AKL is ſimilar © to the triangle EM 
” + becauſe AK is to K., as EM to MS, and that theſe ſides 


ile 


4 8 Sie em. Al. cnn * 1 


5 
F 


ON 
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are about ecjual angles AKO, EMS, becauſe theſe angles are, Book XII. 


and that AK is equal to KQ_, and EM to MS, as Q to KL, ſo is 
SM to MN; and therefore, the ſides about the right angles QKL, 


1 8 MN being proportionals, the triangle LEQ is fimilar to the tri- 


angle NMS. and becauſe of the Gmilarity of the triangles AKL, 


each of them, the ſame part of four right angles at the centers .. 
M therefore the triangle AKQ is ſimilar © to the triangle EMS. c. 6. 6. 
and becauſe it has been ſhewn that as AK to KL, ſo is EM to MN, 


FMN, as LA is to AK, ſo is NE to EM and by the ſanilarity of the _ 


triangles AK , EMS, as KA to AQ, io ME to ES; ex aequalid, 


LA is to AQ , as NE to ES. again, becauſe of the if milarity of 


the triangles LOK, NSM, as LQ to QK, fo NS to SM; and from 


the ſimilarity of the triangles KA, MES, as KQ to QA, ſo MS 


to SE; ex aequali 4, a LQ is to QA, as NS to SE, and it was pro- 


„ 


ved that QA is to AL, as SE to EN; therefore, again, ex aequali, 


as QL to LA, ſo is SN to NE. wherefore the triangles LQA, NSE, 
having the ſides about all their angles proportionals, are equiangu- 


lar e and fimilar to one another. and therefore the pyramid of which 

the baſe is the triangle AKQ , and vertex L, is ſimilar to the pyra- 
mid the baſe of which is the triangle EMS, and vertex N, becauſe 
their ſolid angles are equal f to one another, and they are contained 


by the ſame number of ſimilar planes. but fimil ar pyramids which 
have triangular baſes have to one another the triplicate 8 8 ratio of that 
which their homologous ſides have; therefore the py ramid AKQL 
has to the pyramid EMSN the triplic>te ratio of that which AK has 


to EM. In the ſame manner, if ftraight lines be drawn from the 


points D, V, C, Y, B, T to K, and from the points H, R, G, P, 


F, O to M, and pyramids be erected upon the triangles having the 


e $ 6. 


g. 8. 12, 


ſame vertices with the cones, it may be demonſtrated that each py- 


_ Tamid in the firſt cone has to each in the other, taking them in the 
lame order, the triplicate ratio of that which the {ide AK has to the 


ſide EM; that is, which AC has to EG. but as one antecedent to 
its conſequent, ſo are all the antecedents to all the conſequents h; 


92 . 
thereſore as the pyramid AKQL to the pyramid EMSN, ſo is the. 
whole pyramid the baſe of which is the polygon DQATBYCY, and 
ertex I., to the whole pyramid of which the baſe is the polygon 
3 HSEOPPGR, and vertex N. wherefore alſo the firſt of theſe two 
aſt named pyramids has to the other the triplicate ratio of that which 
: AC has to EG. but, by the hypotheſis, the cone of which the baſe. 
155 18 wwe circle ABCD, 0 Vertex L has to the fold . 5 triplicate 
a ratio 


= _ —— _ — 
3 Le LD 
FFD - - 
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Book XII. ratio of that which AC has to EG; therefore as the cone of which 
— the baſe is the circle ABCD, and vertex L, is to the ſolid Xx, ſo 
is the pyramid the baſe of which is the polygon DOA TRVYCV, 


1. 14. 5 
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and vertex L to the pyramid the baſe of which is the polygon 


HSEOFPGR and vertex N. but the ſaid cone is greater than the 
pyramid contained in it, therefore the ſolid X is greater i than the 


pyramid the baſe of which is the polygon HSEOFPGR, and vertex 
N. but it is alſo leſs; which is impoſſible. therefore the cone of 
Which the baſe is the circle ABCD, and vertex L has not to any ſo- 


lid which is 125 than the cone of which the baſe | 18 "the circle 
EFH and vertex N, the triplicate ratio of that which AC has to 
EG. In the fame manner it may be demonſtrated that neither has 
the cone EFGHN to any ſolid which is leſs than the cone ABCDL, 
the triplicate ratio of that which EG has to AC. Nor can the con? 
ABCD have to any ſolid which is greater than the cone EFGHN, 
the triplicate ratio of that which AC has to EG. for, if it be pol⸗ 
ſible, let it have it to a greater, viz. to the ſolid Z. therefore, inverſe- 
, the ſolid 2 has to the Cone ABCDL the triplicate ratio of that 


ES hic? 


| common ſection of the plane Gil and RE N 8 


AE be the parallelogram, in any po- 


1 center of the circle AB, for the fame. 
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which EG has to AC, but as the ſolid Z is to the cone ABCDL, Book XII. 
d is the cone EFGHN to ſome ſolid, which muſt be leſs i than the 


cone ABCDL, becauſe the ſolid Z is greater than the cone EFGHN, i. 14. 8 


therefore the cone EFGBN has to a ſolid which is lefs than the cone 


ABC DL, the triplicate ratio of that which EG has to AC, which 


was demonſtrated to be impoſlible. therefore the cone ABCDL has 


not to any ſolid greater than the cone EFGHN, the triplicate ratio 


of that which AC has to EG; and it was demonſtrated that it 


could not have that ratio to any folid lels than the cone EFGHN. 


therefore the cone ABCD has to the cone EFGHN, the triplicate 


ratio of that which AC has to EG. but as the cone is to the cone, 


ſo k the cylinder to the cylinder, for every cone is the third part of k. x5 


Z » 


the cylinder upon the fame baſe; and of the fame altitude. there- 


fore alſo the cylinder has to the cylinder, the triplicate ratio of that 
which AC has to EG. Wheretore ſimilar cones, Kc. * E. D. 


PROP. xm. TRE OR. 


I. cylinder be cut by a plane paralle eto its. oppoſite 
10 


planes, yr baſes « IE divides the cylinc 


alk 10 che a 44 xis of the other. 
Let the cylind er AD be cut by the 


f F 
plane GH parallel to the oppoſite planes — — 4 
AB, CD, meeting the axis E F in the 4 
point K, and let "the line GH be the | 


the ſurface of the cylinder AD. let | T* 


ſition of it, by the revolution of which 3 


op} i into tO 27 | 
5 67s, one of w hich is to the 0. her as the axis of the 


See N. 


About the ſtraight line EF the cylinder 
Ab is deſcribed; and let GK be the 
common ſection of the plane G H, 4 
che plane AEFC. and becauſe the pa ue_—] 
T rallel planes AB, GH are cut by the 2 D 
| Plane AEKG, AE, KG, their common e 
ſections with it, are parallel“; where- T ERAS 5 167 £2 
1 fore AK is a parallelogram, and GK e- Rs N [EE 
qual to EA the ſtraight line from the V — — Q 
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points L, N, X, M. therefore the com- 
mon ſections of theſe planes with the 
cylinder produced are circles the centers N 
of which are the points L, N, X, M, 


theſe planes cut off the cy linders PR, X 
RB, DT. I Q. and becauſe the axes Y 
LN, NE, EK are all equi: al, therefore 


another as their baſes. but their baſes 38 
are equal, and therefore the cylinders Ci cake 
PR, RB, BG are equal. and becauſe 
the axes LN, NE, EK are equal to one 1 
another, as alſo the cylinders PR, RB,, 
B, and that there are as many axes as V 
cylinders; therefore whatever multiple 
the axis KL is of the axis KE, the ſame multiple! 18 the evlinder PG 

of the cylinder GB. for the ſame reaſon, whatever multiple the avis 

M is of the axis KF, the ſame multiple is the cylinder 8 of the 
cylinder GD. and if the axis KL be equal to the axis KM, the c5- 
linder PG is equal to the cylinder GQ ; and if the axis KL be 
greater than the axis KM, the cylinder PG is greater than the cy. 


THE ELEMENTS 


"reaſon, each of the tr aight lines drawn from the point K to the lin: 
GH may be proved to be equal to thoſe which are drawn from the 
center of the circle AB to its circumference, and are thercfore all 
equal to one another, thercfore the line GH is the circumference ot 
a circle dof which the center is the point K. therefore the plane GH _ 
divides the cylinder AD into the cylinders AH, GD; for they are 
the ſame which would be deſcribed by the 188 of the paral. 

lelograms AK, GF about the ſtraight linzs ER, KF. and it is to he 
 ſhewn that the cylinder AH! 13 to the 7 lrg HC, as . axis EK 


to the axis KF. 


Produce the axis EF both ways; and take any number of 
ſtraight lines EN, NL, each equal to EK; and any number FX. 
XM, each equal to FK; and let planes 3 8 


parallel to AB; CD paſs through the O « 


as Was pr oved of the plane GH; and - 


the cylinders „„ BG are © to one 2 — | 


nder GQ; and if leſs, leſs. ſince therefore there are four magii. 


' tudes, viz. the axes EK, KF, and the cylinders BG, GD, and that ; f 


Zi : of the axis EK and cy linder BG there has been taken any equimu. 


: Pics whatever 2 Viz, + me. axis KL and cylinder PG; and of the axis 


Kt 
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q KF ak cylinder GD, any equimultiples whatever, viz. the axis KM Bok XII. 
and cylinder GQ; and it has been demonſtrated if the axis KL be HY 


greater than the axis KM, the cylinder PG is greater than the cylin- 


der GQ; and if equal, equal; and if leſs, leſs. therefore d the axis d.5.Def. 1. 


4 EK is to the axis KF, as the x oapoo BG to the cy acer GD. 


2 Wherefore it a cylinder, &c. REL D. 


PROP. XIV. TUEOR. 


CONES and cylinders upon equal b bates are to one 


another as their altitudes. 


EF Let hs cylinders E EB, FD be upon the equal baſis AB, CD; 28 
F the cylinder EB to the cylinder 1995 ſo is the axis GH to the 


is KL. 
Produce the axis KL to the point N, and make LN equal to the 


| axis GH, and let CM be a cylinder of which the baſe is CD, and 


ö axis LN. and becauſe the cylinders EB, CM have the ſame altitude, 


Z they are to one another as their baſes?, but their baſes are equal, ther e. 


| fore alſo the cylinders EB, CM : 
| are equal. and becauſe the cy- 
Under FM is cut by the plane CO 


parallel to its oppoſite planes, as 
dhe cylinder C M to the cylindet EN 
| FD, ſo is d the axis IN to the 

| axis KL, but the cylinder (M 
| is equal to the cylinder EB, and 5 
te axis LN to the axis GH. |/ 
therefore as the cylinder EB to A 
the cylinder FD, ſo is the axis : . | | 
6s to the axis KL, and as the cylinder EB to the cy der FD; ſo 


2. 17. 125 


is the cone AB G o the cone C DK, becauſe the cy linders are 0. 15. 
_ triple d of the cones, therefore alſo the axis GH is to the axis KL, d 10. 23, 


s the cone ABG to the cone CDE, and the cylinder EB to the cy- 
| inder FD. Wherefore cones, &c. . E. P. 


V 
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PROP. xv. THE OR. 
4 HE baſes and altitudes of equal cones and cylinders, 
*- IQ reciprocally proportional; and if the baſes and 
altitudes be reciprocally proportional, the cones and cy- 


lin 5 rs are equal to one another. 


of ho Wo, «ar 4 
9 * „ . 5 


JIS parallel to the oppoſite -p 


mon {oC LON of the e plane TY 8 and the cy linder EO 


y '% y- 
: %Y CI A 4 
there. C1 i Ile 1 , 


Let the circles ABCD, Erh, the diameters of which are AC, 


EG, be the baſes, and KL, MN the axes, as alſo the altitudes, of 
0 cones and eee and let ALC, ENG be the cones, and 
AX, EO the cylinders, the baſes and altitudes of the cylinders AX, 
EO are reciprocally ae 
baſe EFGH, fo is the altitude MN to the altitude KL. 

Either the altitude MN is equal to the altitude KL, or theſe al- 
titudes are not equal, 


, EO being alſo equal, and cones and cylinders of the ſame alti- 


2. dude being to one another as their baſes , therefore the baſe ABCD) 
the baſe EFGH; and as the baſe ABCD is to the bak - 


is qual b to 
E 
4 


r GH, 0 is 85 Sal- 


and MN the greater 


( 

D | I. 7 LY. > al ; 
JOY e DANG 
of 4 

* 


fanes LY; the arcles EFGH, RO; 


is a circle, and conſequentiy Es is a cy linder, the baſe of which is 


the circle FH I, and Utitude MP. 


1s equal to: 


linders Ax, FS tre of the fame altitude; and as the cylinder £0 


4, 13: ?3. to the cylinde r ES, o 4 1 is the altitude MN. to the altitude MP, be- 


 cauk 


that is, as rhe baſe ABCD to the 


Firſt, let them be equal; and the cylinders | 


and becauſe the cylinder AX Y 
de cylinder EO, as AX is to the cylinder ES, ſo- s 
the cylinder FO to the fame ES. but as the cylinder AX to the 
cylinder ES, fo *15 the baſe ABCD to the baſe EFGH; for the cy 


4 
Of 


— W et Can 


6 cir 2 
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cauſe the cylinder EO is cut by the plane TYS darallel to its op- - Book XII. 


poſite planes. therefore as the baſe ABCD to the baſe EFG 
is the altitude MN to the altitnde MP. but MP is equal to 1 


altitude KL; wherefore as the baſe ABCD to the baſe Et GH, 0 


is the altitude MN to the altitude KL ; that is, the baſes o alri- 
tudes of the equal cylinders AX, EO are reciprocally propos tic), 


But let the baſes and altitudes of the cylinders AX, E O, DE le- 


ciprocally proportional, viz, the baſe ABCD to the baſe EFGil, as 
the altitude MN to the altitude KL. the 05 linder AX is equal to the 
cylinder EO. | 

Firſt, let the baſe ABCD be equal to the baſe EFCH, then be- 
cauſe as the baſe ABCD is to the baſe EFG H, ſo is the altitude 
MN to the altitude KL; MN is equal b to EL, and therefore che 
cylinder AX is equal * to the cylinder EO. 


But let the baſes ABCD, EFGY be unequal and let avon be 


Ly 


the greater; and becauſe as ABCD 1s to the baſe EFG H, ſo is the 


altitude MN to the altitude EL „therefore N is greater b than 
KL; then, the ſame conſtruction belag made as Peter e, becauſe as 


w we 


the baſe ABCD to the baſe EFGH, fo is th altitude! MN to th 


Fo titnde KL; and becauſe the Studs ek is equal to the-altitue.- 
MP; thaefore the. bale AB is“ to the bale EFGH, as the cylin- 
der AX to the cylinder ES; and as the altitude MN to the 


11388 
1 n 
1A. Alklc use 


MP or KL, fo is the cylinder EO to the cylinder ES, therefore the 


— » N "ph J 


E JJTTIJCCCCCCCCCCCCC > EF: ELLE m9. „ 
cylinder AX is to the cylinder ES, as the cvlindet EO 15 0 > The kane 
ES. Whence the cylinder AX is equal to the cy: k 2nd 


12.12 EF. FO, — 


he lame reaſoning holds in concs. Q. E. P. 


PROP. XVI. PROS, | 


ö 
* ſame center, a polyg gon of ai ev 8 = es of equal 
: ads, t. 1a t ſhall not mect the Is ler c cle. | : 


Let ABCD, EFG 11. be two given 29850 having the ſame center 


2 * 929 2 : 8 * 5 9 
K. it is required to inſer ibe in the greater circle ABOD a pohgon 
* — 8 8 ON 11 8 4 MS 5 2 2 2 4 ö 7 1 1 
of an 0 en number (03 equal des, that Iihall not meet the. cite 


& hroug h the cente - <2 draw the ausge at line: BD; arg + om the 
1 


Il 0 deſeribe! in the greater of two circles that have the 


27 5 


YR 


Bp point C. where it meets che circt umference « f th e ei Circle, di 1 
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Book xll. GA at right angles to BD, and produce it to C; therefore AC 
LL touches the circle EFGH. then if the e BAD be bi- 
a. 16 3. ſected, and the half of it be again biſected, and ſo on, there mu} 


it to N; and join LD, DN. there: 
fore LD is equal to DN, and be- 


b. Lemira. at length remain a circumference leſs b than AD. let this be LD; 


and from the point L draw LM 
perpendicular to BD, and produce 


cauſe LN is parallel to AC, and that 
AC touches the circle EFGH; _ 
therefore LN docs not meet the 
circle EFGH. and much leſs ſhall. 
the ſtraight lines LD, DN meet the * 
circle EFGH. fo that if ſtraight lines wal to LD be wp in 
the circle ABCD from the point L around to N, there ſhall be 4; 


ſcrib ed in the circle a polygon of an even number of equal tides n5t-. 


mcetn 3 the lee ler circle. Which Was to be done. 

In „ taper ums ABCD, EFGH be inſcribe eck in tie 
| 1 Fac Q R 

1 


Cree iter han II G. the fir: aig ohr line. KA from the center 


ok the circle iu W hich the greater ſides are, is greater than 


the tr ih line LE draw n from the ccuter 10 the cir- 


unf rence e of the other circle. 


If it be poſtible, let KA by not gr eater r than LE; chen K. A muſt. 
| be cither equal to it, or leſs, Firſt, let KA be equal to LE. the! 
| fore bec 10 in two equal circles, AD, BC in the one are equa oP 
;. EH, 10 in the other, the circumſer ences AD, BC are equal“! 

the circumferences EH, FG ; but becauſe the ſtraight lines 2 
D are reſpectively gr eater than EF, GH, the circumferences Ab, 


DC are greater than EF, HG. therefore the whole circ: umtference 


. ABCD : is greater tas. the whole EFGH; but it TE alſo equal toll, 


Which 


circles the centers of which ate the a K, Li and 
ie ſides AB, DC be parallel, as allo LF, II G; andthe 
ther four ſides AD, BC + EH, FG be al equal 10 one 
another; but the fide. AB greater than EF, and DC 


. v I OY Oy I 


LS 8 7— 


— S RI TY 
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which is impoſſible. therefore the 1 line KA is not equal Boo\ X21. 


to LE. 
But let KA be leſs than LE, and make LM qual to KA, and 


| from the center L, and diſtance LM deſcribe the circle MNOP, 
I meeting the ſtraight lines LE, LF, LG, LH, in M, N, O, p; and 

join MN, NO, OP, PM which are ref; pectively parallel Þ to, and leſs 
than EF, FG, GH, HE. then, becauſe EH is greater than MP, AD 

zs greater than MP ; and the circles ABCD, MNOP are equal, 


* 2 5 8 . . | 4 
l | b 
- i 8 C N | AX — —— wm As - —_—_— I: : 


ade the circumference AD! is greater than Mb; or the fame 
reaſon, the circumference BC ; is greater than NO: | and es the 


ſtraight line AB is greater than EF which is greater than MN, much 


more is AB greater than MN. therefore the circomference AV is 
greater than MN; and for the ſame reaſon, the circumference DC 


18 greater than PO. therefore the whole circumference ABCD 13 
greater than the whole MNOP; but it is lixewiſe equal to it, wilt 


18 impoſſible. therefore KA is not leſs than LE ; nor is it equal 
to it ; the en line! KA muſt therefore be greater than 3 


QE.D 


two ſides AB, DC; the ſtraight line KA mav, in the f. ſame manner, 


be demonſtrated to 5 greater than the {tr aight line draw a from the : 


center to the circumference of tl the : circle deferi ed. about the tri- 
angle. . 


. "Con. "And if there be an Moleles tr angle the ſides x which 
| are equal to AD, BC, but its baſe leſs than AB the greater of the 


8 PROP. 


OR 


0 celcribe in the greater a folid polyhedron the ſuperſicies of V Lich 


HE ELEMENT 


PROP. XVII. PROB, 


efcribe in the greater of two ſpheres which hav 
the ſame center, a ſolid pory nedton, the ſoperſce 
which [all 1 not ect the le ler ſphere. | | 

T-et mae two ſpheres about the lame center ; it is rechte 


11 
Is N 14 ; Te Ic '# bo? = } 228 | 
ti not me 5 he eller ſp lere. 


Fo Co IJ « = oth » / . * 33 1 5 . 0 
J et th Iph Acres be Cut by 4 Piane es thro' the center: the 


EE * 12 1 N : X * +} 1282 1a 1 +5 111 4A EF Þ A. 6 } 2 £570 S , 
& I LO ICCTIONS or it wit {1 the IVLECITO High Be circles „ Decdulel ne 
| Ft? . !!. 8 
ſphcre 1 15 Gelct 1 zxed | 3 the FEVONLOR Ot a ICIMICITCIE about the dis. 
V VVT 
meter remail 1178 unmoveable; O that in wh 1tevel Poiltion the ein- 
8 * 7 ;” 2 theo "CO ASAT cu oy) Jo 152 1 2 2 „ . 
C3: Cl e Ge CORCEIVER, e cemmon lectichl © LY, 5 In WPR3CH: 8 


3 0 18 ar right Angles O the P lane ©! i Ci Cl e BC Ly 


* 

none. and becar ſe Fi 3 1 thee 
ne. —44 U 1 * Ci 8 ra CEC Li A064 1 BRI 3 KXN, 1 PO! 11 144 i 
C 
3 
4 


* 125 5 72 17206 Y Rh 4 om 212 17 —_— A 4 * \ 
Vith 140 has of CLICKS O1 t 17 110 10 18 the c Ii Ct ite! CNCe o7 cl ext 
cl 


\ 
90 118 13 great A 18 O. tne pere, Decaule the di ame Cl Gt N 
„ö IENEEx: | 
ſphere III 


— 
GE 
« 


" > * 8 ,* : < 0 * 
h 131 ewe the diameter ot ine circle, is greater hen 


Ed I'=F IIS +} "> -; I, * ＋ ö 17 „ae r IE 
225 IEG 19h \t ime in U Circle Or tphcre. „ hen the Erol Naser. 
8 


NN { £5. 8 N 8 <E D) «x 4 2 , P | * 7 ; 4 * 1 = | 
WEtCAonOoT the P. 282 with the © Brea: r ipket > be E C I] E, aht with 


1 
} 


33 1 28 2 1 * RES 0 "Ti 3 ES! © 25 ; 5 11 „ 
11 r Del e . E 1 3 and Edi aw. the c O Siametée! — KF D, ( E K 
; . E 1 8 1 r 2 . 3 "\ * = 8 ; 5 NS * * 
right angles to one another, and in BCDE the greater of the tb 


* . 


3 _ - 0 : ) y > 1 FREE - 2 8 5 7 25 2 — * 42 24.4256 ! EE 3 3 
BTY BIBS deſcrih 12 b Tl PO 15 20n of Ali Even Humbel of CQUU I1des net 


OILS 775 C 2 — CO 4 1, 4 Oo EI) 3 | 4 & Y : "wb 
THCE 11.8 the! {oF el Ci. 'C: E i FG 3 41d Ict 118 {ides, Wl B. BC 10 Til 
5 4 ; 1. 3 ET ; ; ; : 2 2 1 . ; 2 Z 4 = | 
> vo 4 7 C1 EELC 4 11 Cie, be Bk, EL, LM 5 7.4 I. 5 Jon IJ A and oh Wc. ail if 


* 

1 

1 Nel, A 7 5 A Gra AN 10 5 5 | 3 e 
n ru A GraW: AAA 11 mnt 1155 108 O tlie pl. INC VO: th 1 Cine 

1 

S 


17 r e Es 1 — ; ji 4 0 7 E ay >. — = } 75 3 - - — |< 2 0 ' * Fes: iy 
TEST FOTO tlie ft PEriiCics OT 1 th C pere in the point X 3 and del 
3 = —_ Fo 1 <7 4 ; ; — * 
1 44108 [345 1444 \Þ AX änd cach of tl 5 tt als ht! ines, BD, . 5 * hich, 
% E | 7 | 
tom what has been faid, ſhall produce great circles on the ſupat- 


2 | = = Y 3. [ I 3 | * b 7 TSF qa ZN % + Sf 5 1 
KS OL.AHC e 4010 ET BXD, KS XN Ee the 5 thus 8215 
an Th; . )õ FN $0 as nl 
upon the 12m eters 42 N. therefore, becauſe XA is at right 


e BCTL E <= EYE Ey-Þ 
1 * „„ 2 K 
Hare at right angles to that 


. 


SLY Le 5 10 5 . ; 1 
18 65-4 Ce etc! 8 „RU N arc CC 21 ro Ohe another, 4H (ir fo urth un 


TILES a a on. aal thkoref | Fes dl 
„ „ 2 4 2485 © FL to C ne. d 0 1e er; " -THEIEIONEL 8 many 4 de 
1 2 13 3 #1 2 | , . 93 2 W * 2 8 FS, * f * 
tie pclygon as are in the fourth part BF, fo many there arc in BY, 


R 7 


RX eq nal LL 5 the ſides 1313 E, 1-1 an mop let th Se poly. 70) 19. 4 


„OP, PR, RX ; RS, ST,. 


* 


„ JFF 
deli i and ter ices be BO 


Co 


8 


* 
18 
4 
1 
& 
Lis 


5 U 
Ae“ 
ich kk 


+ * 
ur. Ce 
e. 


* } 147 
Id le 


* * : 


right angles to the plane BC DE, and in one of them BOX D, OV 18 
drawn perpendicular to AB the common ſection of the planes, 


SNA is at right angles to the plane BCDE. Join VQ_, and be- 
cauſe in the equal ſemicircles BX D, KXN the circumferences Bi), 


n y * 2 5 7 55 BS 6 | . ; ; 3* YN 3 2 . E 
ES are equal, and OV, 80 are perpendicular to their diametefs, 

N 8 . 3 * E : G . f : - LOS : g T3 ; 0 fe? 1 80 T- J iff 1 75 F + 72 f * ; : 
therefore WO 0 * 18 Ee Ual fo SQ 9 1 nd 3 \ "AB BL? ©O p< J Dur TI-.” 76 6 1 
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IX, and join OS, PT, RY; and from the points O, S draw OV, Book XII. 
8 Vperpendiculars to AB, AK. and becauſe the plane BOXD ig at 


therefore OV is perpendicular to the plane BODE, for the famed. 4. Pet. rt. 
reaſon S 18 perpendicular to the ſame plane, becauſe the plane 


1 2714 = oa »- — > 4 — 
4 


ASL. * eic! 


4 
1 


. ”.-4 8 
— U "Gat p £7 IJ wc 2,5 © qo 4 / ow 3 / '&. * ty 
1101 OE 9 there Ol lin 3 4 ü 


. ; 1 7 9 N i ü 
Wnole BA 18 equal to rhe b 


ons 1 i f ; . 7 5 3 17 OC 221 . S's 

2 11 2 a 45% 41 1 % We E: A p — 1 2 i hy - T2 : 7 2 121 ; 0 * * 4 () . 
Judd! 10 the 1 Emma I 11 2 * 2 a * the © (21 2 14 * 15 IG 9 IRS | 1. 15 2 — WC ea | 

\ of bs ; 8 » - f m_— a 5 1 FD . * } . ih * iN By 7 1 j e 2 : 5 
, wherefore VO is Parallele to BK. and Became yz wary e 
each Ob ti a ot. JCCTCy ͤ 0 a LAM A-C n | A : — 

Eu 4 Neem at Tight ebt4{22CD 10 1118 191411183 Ot ine 0 + a bl 

of - : 4 


* 


| } " 411 . 2 | Us | a 3. - | | 0 ; 4 Fi Rs 8 
PA! Ate] f to 80 and it bas to: proved N. IT 1} "uy 2 110 6 60 4 


1413 Deen 1 : | N 
je | T : ; L £ * . : J ' : * N I / * 48 a "AF; „ Is * 1 * 
raffte V G _ - 73 « ! J * . 5 F Oy. 199906 7 ers 18. 4 Cc? 2 * 5 
erer „ ate equal and parallel 5. an coke 6 53D | 


1 * * 2887 i as — 

[ | | . Pye : 
roll J 6 Trl PS of ＋ 1 on, ELD n 
Tadel to 80, and a. 0 KB; O8 18 i 22g OH TSF, 


8 


* . 
LY + 


\ 
» 
— 
— 
* 
2 
5 — 


5 
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Bock XII. Bo, KS which join them are in the ſame plane in which theſe paral. 
LY lels are, and the quadrilateral figure KBOS is in one plane. and if 
PB, TK be joined, and perpendiculars be drawn from the points P, 
I to the ſtraight lines AB, AK, it may be demonſtrated that TP js 
parallel to KB in the very ſame way that SO was ſhewn to be paral- 
h 9. 11. lel to the ſame KB; wherefore h TP is parallel to SO, and the qua. 
_ drilateral figure SOT! is in one plane. for the ſame reaſon the qua. 
drilateral TPRY is in one plane. and the figure FRA | is allo in one 


9 705 plane i. the refore, if 0 t. ne e points O, 8, P, T, R, Y x ther 7 
Th eee u ira g At lines to the point A, there all be N a folic 
r olyhedr: on between the circumferences BY, KX compoſed of pre 
mids the baſes of which are the quadrilaterals K B O8, SOPT Ly 


\ * 43 


'T'PRY, and the triangle YRX, and of which the common vertex 
e point A. and if the ſame conſtruction be made upon cach of 5 
des KL, LM, ME, as has been done upon BK, and the like be 


= 2 allo in the o ther three pion and in the other hemiſphere; 


there 8 La be forme a ſolid Fs dron de ſerib 01 in che erg 


* 
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fed of pyramids the baſes of which are the aforeſaid quadri- Book XII. 
wi. figures, and the triangle YRX, and thoſe formed in the like SY 


manger in the reſt of the ſphere, the common vertex of them all 


being the point A. and the ſuperficies of this ſolid pol; hedron does 


not meet the leſſer ſphere in which is the circle FG H. for from the 
point A draw k AZ perpendicular to the plane of the quadrilateral 


KBOS meeting it in Z, and join BZ, ZK. and becauſe AZ 1s per- 


ſtraight line meeting it in that plane; therefore AZ is perpendicalar 


toBZ and ZK, ad becauſe AB is equa to AE, and that the 


IZuares of AZ, 7B, are equal to the ſquare of AB; and the ſquares 
of AZ, ZK to the ſquare of AK *; therefore the ſquares cf AZ, 


Jg are equal to the ſquares of AZ, ZK. take from theſe equals the 


ſquare of AZ, the remaining ſquare of BZ is equal to the remaining 


ſquare of ZK; and therefore the ſtraight line BZ is equal to IK. 
in the like manner it may be demonſt trated that the ſtraight lines 
drawn from the point Z to the points O, S are 95 10 U br TN 
therefore the circle deſcribed from the center Z, and diftunce 2E 
ſhall paſs thro' the points K, O, S, and KBOS fhall be a quadritater=! 


fipure in the circle. and becauſe KB is greater than Oy, and 
8 1 


KA 11. 


WM pendicular to the plane KBOS, it makes right angles with every 


equal to SO, ther efore KB is greater than SO. bat EB is equal to 


each of the ſtraight lines BO, KS; wherefore each of the circumfe- 
rences cut off by KB, BO, KS is greater than that cut off by O8; 

and theſe three circumferences together with a fourth equal to one 
of them, are greater than the ſame three together with that cut off 


by OS; that is, than the whole circumference of the circle; there- 


fore the circumference ſubtended by EB is greater than the fourth 
part of the whole circumference of the circle KBOS, and conſequent- 

I the angle BZK at the center is greater than a right angle. aud 
becauſe the angle BZ K is obtuſe, the ſquare of BK is greater! than 

5 the ſquares of BZ, ZK; that is, greater than twice the ſquare ot 
BZ, Join KV, and ane 3 in the triangles KBV, CBV, KB, BY 
are equal to OB, BV, and that they contain equal angles; the an 8 4 
EB is equal ® to the angle OVB. and OVB is a right angle; 
therefore alſo KVBis a right angle. and becauſe BD is leſs than twice 
DV, the rectangle -omtained by DB, BV is leſs than twice the rect- 
angle DVB; that is n, the ſquare of KB is Jess than twice the 


Bt. 4.1 <=: 


-N:'- $$. 


ſquare of Ev. but the ſquare of KB is greater than twice the 


| ſquare of BZ; therefore the ſquare of KV is greater chan the iquore 
of BZ, and becaule BA | 15 equal to AK, and that the iquares on 
1 BA 
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Book XII BZ, ZA are equal together to the ſquare of BA, and the ſquares of. 
* KV, VA to the ſquare of AK; therefore the ſquares of BZ, 24 


are equal to the ſquares of KV, va; and of theſe the rd of KV 


18 greater than the ſquare of BZ, therefore the ſquare of VA is lf 


than the ſquare of ZA, and the ſtraight line AZ greater than Va 


much more then AZ is greater than AG, becauſe in the preceeding 


Propoſition it was fhewn that KV falls without the circle FGH. and 


AZ is perpendicular to the piane KBOS, and is therefore the ſhorteſt 
of all the ſtraight Uncs tat e can be drawn from A the center of the 


ſphere to that plane. Thel Core tue plane KBS docs not mect the 
leſſer ſphere. 
And that the other planes between the quadrants Bx. KX fall 


Tal 


without the leſſer ſphere, is thus dee e from the point A 


araw Al perpencicuiar to the plane of the quadriiateral SOP, and 


„ 411d 


join 10; and as was demonſtrated of the plane KB S ant the point 


Z, in the ſame way it may be ſhewn that the point I is the center of 
a circle deſcribed about SO PT, and that Os is greater than F 


— 3 c 
a EY 9 : 


and PL was ſhewn to be parallel to O8. therctore becauſe the two 


Os parallel, as alſo OS, FF; and their other ſides BO, KS, OP 


trapeziums KBOS, SOP inſcribed in circles have their ſides EK 


7 


1 7 ö 


8 T all equal to one another, and that BK is greater than 08, ind C8 


greater than PT; therefore the ſtraight line ZB is greater 9 than 10. 
Join AQ which will | De equal to AB; and becauſe AIO, AZB are 


right angles, the ſauares of AI, IO are equi ral to the ſquare of AQ or 
of AB; that is, to the ſquares of AZ, ZB; and the ſquare of ZB 


is greater than the ſquare of IO, therefore the ſquare of AZ is fs 
than the ſquare of Al; and the {tr aight line AZ lefs than the firaight | 
line AI. and it was proved that AZ is greater than AG ; much 
more then is AI greater than AG, therefore the plane S0 PT falls 
wholly without the leſſer ſphere. in the ſame manner it may be de- 
monſtrated that the plane TPRY falls without the ſame here * 


allo the triangle YRX, viz. by the Cor. of 2d Lemma. and after 


the ſame way it may be demonſtrated that all the planes which con- 


tain the ſolid polyhedron fall without the leſſer ſphere. therefore in 
the greater of two ſpheres which have the ſame center, a ſolid pe!r- 


; hedron is deſcribed the ſuperficies of . hich doe 2S not meet the leſſer 


iphere. Which was to be done. AER, 
But the ſtraight line AZ may be deriiciaſtrated to * greg iter than 


AG otherwiſe and in a ſhorter manner, without the kelp of Prop. | 


1 6. as tollows. From the point G draw GU at right ang! <5 to: 


4944 


O F E UC LI D. 


and] join AU. A then the circumference BE be biſected, and its half Book XII. 
j again biſected, and ſo on, there will at length be left a circumference — 
leſs than the circumference which is ſubtended by a ſtraight line e- 


qual to GU inſcribed in the circle BCDE. let this be the circumfe- 
rence KB. therefore the ſtraight line KB is leſs than GU. and be- 


_ canſe the angle BZK is obtuſe, as was proved in the preceeding, 


therefore BK is greater than BZ. but GU 1s greater than ER; 


the ſquare of BZ, and AU is equal to AB; therefore > the {ſquare of 
AU, that is thc "I es of AG, GU are ang] to the ſquare of AB, 
that is to the ſquares ef AL, ZB; but the ſquare of BZ is leis than 
the ſquare of GU; therefore the ſquare of AZ is. greater, than the 
ſquare of AG, and the ſtraight line AZ conſequently greater tha 
the ſtraight line AG. | 

Cor. And if in the leſſer ſphere there be deſcribed a ſolid poly- 
hedron by drawing ſtra! BY lines betwixt the points in which the 
ſtraight lines from the center of the ſphere drawn to all the any 


les 

the ſolid polyhedron in "i gr eater ſphere meet the ſuperficies of the 
leſter; in the fame order in which are join ied the points in which 155 
_ ame lines from the center meet the ſuperficies of the greater if P Bere; 


the i; 


icter of the ſphere 


. 
"% 


m 
BCDE has to the diameter of the other here. for it ele tx 0 


* 


lids be divided into the fame number of pyramids, and in the far 
order; the pyramids ſhall be ſimilar to one a. nother, el. 465 eh 


becauſe they have the ſolid angles at their common vertex, the ceu- 
ter of the ſphere, the fame in each pyramid, and ther other ſolid 
angles at the baſes equa! to one another, 0 8 to cach a, becauſe 
they are contained by three plane angles equal cach to cach; and the 


pyramids are contained by the fame number of ſin;itar Plancs; - and 


are therefore ſimilar b to one another, e ach to each. but fimilar py- 


ramids have to one another the triplicate © ratio of their homo dale W 


ſides. therefore the pyramid of which the baſe is the quadrita feral 


KBOS, and vertex A, has to the pyramid. in the other FS, 05-the 


11% 


of that ratio which AB from the ce nter of the greater {ſphere has 


to the ſtraig] 1t line from the ſame center to the ſuperkicis of the 


wy 
Iller ſphere. and in like manner each pyramid in the greater {Pi cre 


has to each of the ſame order in the leſſer, the tr 805 cate ratio ot that 


the ſolid poly! zedron in th e ſphere BCDE Las to this Other ſolid po- 
Tyhedron the triplicate ratio ON ha which the dia 
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much more then is GU greater than BZ, and the iquare of GU than 


1 . 


b. 11. Def. 


11. 
5 Cor. 8. mo 


lame or der, the triplicate ratio of their homo! ogous ſides; thi it is, 


which AB has to the ſemidiamcter of the leller ſ ſphere, and as one 


- anteceucnt 


8 —— P 
8 x > 22 — - - Ye 
. — 
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Bock XII. antecedent is to its conſequent, ſo are all the antecedents to all a 
Rn conſequents. Wherefore the whole ſolid polyhedron in the greater 
ſphere has to the whole ſolid polyhedron in the other, the triplicate 
ratio of that which AB the ſemidiameter of the firſt has to the ſe. 
midiameter of the other; that is, Which the diameter BD ot the 

| mm has to the diameter of the other 1 8 8 | 


PROP. XVII. THEOR. 


'Pnent: 8 ane to one another che triplicate ratio Ga 
that which their diameters have. 


Loet ABC, DEF be two ſpheres of which the diameters are BC, 
EF. the ſphere ABC has to the ſphere DEF the e ratio of 
that which BC has to EF. | 
For if it has not, the ſphere ABC ſhall have to a ſphere either leſs 
or greater than DEF, the triplicate ratio of that which BC has to 
EF. Firſt, let it have that ratio to a leſs, viz. to the ſphere GHK; 
and let the ſphere DEF have the ſame center with GHK; and in 
2. 17. 12. the greater ſphere DEF deſcribe * a ſolid polyhedron the ſuperficies 
of which does not meet the lefizr ſphere GHK ; and in the ſphere 5 


ABC deſcribe another Gmitar to that in he bse DEF. ther efore 
be ſolid polyhedron in the ſphere ABC has to the ſolid polyhedron 
b. Cor. 27. in the ſphere DEF, the triplicate ratio o of that which BC has to 
C ſphere ABC has to the ſphere GHK, the triplicate ra- 
tio of that which BC has to EF; therefore as the ſphere ABC 0 
the ſphere GK, ſo is the ſolid 8000 hedron in the ſphere ABC to tie 

ſolid polyhedron in the ſphere DEF. but the ſphere ABC is greater 


e. 14. . than the lol d Polyhedron i in it; therefore © allo the ſphere GHK is 
| Srea ater | 


OF EUCLID. 


has to the ſphere ABC, the triplicate ratio of that which the diameter 
EF has to the diameter BC. but as the ſphere LMN to ABC, fo is 
the ſphere DEF to ſome ſphere, which mult be leſs © than the ſphere 
ABC, becauſe the ſphere LMN is greater than the ſphere DEF. 


5 therefore the ſphere DEF has to a {pherc leſs than ABC the tripli- 


cate ratio of that which EF has to BC; which was ſhewn to be 
impoſlible. therefore the ſphere ABC ny not to any ſphere greater 


than DEF the triplicate ratio of that which BC has to EF. and it 

Was demonſtrated that neither has it that ratio to any ſphere leſs 

| than DEF. Therefore the ſphere ABC has to the ſphere DEF, the 
© iplicns 33 ratio of that which BC has t to EF, — E. D. 
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greater than the ſolid polyhedron in the ſphere DEF. but it is 2 alfo Book XII. 
leſs, becauſe it is contained within it, which is impoſſible. therefore HY 
| the ſphere ABC has not to any ſphere leſs than DEF, the triplicate 
| ratio of that which BC has to EF. In the ſame manner it may. be 

demonſtrated that the ſphere DEF has not to any ſphere leſs than 

ABC, the triplicate ratio of that which EF has to BC. Nor can the 
ſphere ABC have to any ſphere greater than DEF, the triplicate ra- 
tio of that which BC has to EF. for it it can, let it have that ratio 
to a greater ſphere LMN. therefore, by inverſion, the ſphere LMN 
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DEFINITION I BOOK L 
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length, breadth and thickneſs, in order to underſtand aripht. 


* is neceſſary to conſider a ſolid, that is a magnitude which has 


the Definitions of a point, line and ſuperficies ; for theſe al! 


arſe from a ſolid, and exiſt in it. the boundary, or boundaries 
which contain a ſolid are called ſuperficies, or the boundary Which 
is common to two ſolids which are contiguous, or which divides one 


ſolid into two contiguous parts, is called a ſuperficies. thus if BCG F 
be one of the boundaries which contain the ſolid ABCDEFGH, or 


which is the common boundary of this ſolid, and the folic 
BELCENMG and is therefore in the one as well as the other ſolid, 
is called a ſuperficics, and has no thickneſs. for if it have any, this 


E- thickneſs muſt: either be a part ff II T 
the thickneſs of the ſolid AG, or of _ H PARTE G — NI 
| the ſolid BM, or a part of the thick E | N * 
| neſs of each of them. It cannot be 2E E 
part of the thickneſs of the folid Þ} | | |_| | 
BM, becauſe if this folid be remo- D 3 3 L 
ved from the ſolid AG, the ſoperfi- , , f 
cies BCGF, the boundary of the ſo- V 
lid AG, remains fill he Gon as it A | B KK 


2 


was. Nor can it be a part of the thickneſs of the ſolid AG, becauſ- 


| it this be removed from the ſolid BM, the ſuperficies BOGF, the 
| boundary of the ſolid BM, does nevertheleſs remain. therefore the 
ſuperficies BCGF has no thickneſs ; bat only length and breadth. 

| The boundary of a ſuperficies is called a line, or a line is the 
| common boundary of two ſuperficies that are contiguous, or Which 
| divides one ſuperficies into two contiguous parts. thus if EC be on: 
| i the boundaries which contain the ſuperficies ABCD, or which is 


| the common boundary of this ſuperficies and of the ſuperſicies 
E TN . . . 28 — | * 4 . | o i 
KBCL which is contiguous to it, this boundary BC is called u line. 


e breadth of the ſuperficies ABCD, or of the ſuperſicies K BCI. 


. 7 part of each of them. It is not part of the breadth of the fuper— 
EF ices KPOCT WE Ia. 3 > EE 
| CIS RBCL, for if this ſuperſicies be removed from the ſaperficics 


Abc, the line BC which is the boundary of the ſaperficies ABCD 


| 


7 remain 


200 N FN 
Book I. remains the fame as it was, nor can the breadth that BC is fangs: 
WY ed to have be a part of the breadth of the ſuperficies ABC, he. 
cauſe if this be removed from the ſuperficies KBCL, the line BC 
vehich is the boundary of the fuperficies KBCL does nevertheleſ; 
remain, therefore the line BC has no breadth, and becauſe the line 
0 is in a ſuperficies, and that a ſuperficics has no thickneſs, as was 
ſewn ; therefore a line Has neither breadth nor thickneſs, 9 
length. r 

The boundary of a line is called a point, or a point is the com. 
mon boundary or extremity of two NC | 

lines that are contipuous, thus it B H G | NM 
be the extremity of the line AB, or FN 
the common extremity of the wo Ev PF —— 
line AB, KB, this extremity is cal- 


led a point, and has no len: 5th, boy Bl © [-- L = 
if ic hare any, this length muſt ei: FE I 


ther be part of the length of the 


line AB, or of the line EP, 1 #2 => K UT 


> + — T) C 

0 Fork t of the length of KB, for if the lin 2 KB be removed fm MW 
9 1 1 „ r 3 3 

AB b i 1 5 1038 iT 5 NV hich 18 the e tremit7 * Or whe 110 2 AB TEmMARS he ö 

" d . 75 8 

ame as it was, nor 18 it part of the Net 29th of the Ene AB; tor il | 

A 7 Far QI?) s \ "op 8 4 . FI t 11 10 B t] 3 B 1 {1 . 3497s ] | 

£34 KW S310 ea 14 10. (De Ine K 79 Ne point * 2 W hich 42 the EXtre 8 = 
IS BY 118 45 75 ö 3 3 | : 1 ch * 

213 ity on of Hi ws line © RB, docs DC -crtheieis remain. the cre C Si © point ] 

7 Fs | AIRY « Ee of «7? 55 Ha na 1 | 

B has no leg ch. and becauſe a point is in a line, and a line has hei- 


ther breadth nor thickneſs, therefore a point has no length, breadth 
nor thickneſs, And in this manner the Delinitions Ot a Point, line 
and ſt PELASIES. are to be und Cerſtocd. 


IT | E F. VII. B. E = FT 

Taft ead of this Deb idlon as it is in the Greek copies, a more ſk + 1 
diſtin one is given from a property of a plane ſuperficies, which We 

manifest buppoledi in the Elements, viz, that a ſtraight liue d απ⁹u We 

from an) ny panes in a PRIN: to any other i IN ir, is whol! Y yin that plane. We : 


DEF. VIII. . + 
. ſeem 45 that he who made this Definition g define ed that it ſhout. 
comprehend not only a plane angle contained by two ſtraight lis: 
but likewiſe the angle which ſome conceive to be made by : a {tr: igt 
tine and a curve, or by two curve lines, Which mect one a mother I 


A pla ne. but tho the meaning of the words © in Eu Jeter; that is, I 
2 Oxrgjont 


more 
nch b 
rawn 
lane, 


Molle 
lines 
traiglt 
ther i 
+ is, i 
rajont 


73 alſo AD and BC. join BD; the 
=P two ſides AD, DB are equal t 80 the . 
two CB, BD, and the baſe AB is equal | 
do the baſe CD; therefore by Prop. 8. ES 
of Book 1, this angle ADB is equal to SY angle CBD: 1 by : 
Prop. 4. B. 1. the angle BAD is equal to the angle DCB and 
Agb to BDC; and therefore allo the angle ADO is equal 90 the : 


% 
Vr. 
Be 

Q 

5% 
Ces 
© Ig 
— 3 
. 
Ns 
* . 
1 LN 
25 


'N- r FE . 


to be underſtood by theſe words, when a ſtraight line and a curve, or 


timo curve lines, are faid to be in the ſame direction; at leaſt it can- 
not be explained in this place; which makes it probable that this 


Definition, and that of the angle of a ſegment, and what is faid of 
the angle of a ſemicircle, and the angles of ſegments, in the 16. and 
31, Propoſitions of Book 3. are the additions of ſome leſs ſkilful 
Editor. on which account, eſpecially ſince they are quite ulvlets, 
theſe Definitions are e from the reſt by aver ed do able 
commas. 


DEF. XVII. B. J. 


The words by which alſo divides the circle into tw 0 equal p: arts“ 
are added at the end of this Definition in all the co; pies, but are now 


| left out as not belonging to the Definition, being only a Corolary 


from it. Proclus demonſtrates it by conceiving one of the parts into 
which the diameter divides the circle, to be applied to the other, tor 
it is plain they muſt coincide, elſe the ſtraight lines from the center 


do the circumference would not be all equal. the ſame thing! is caſi- 
ly deduced from the 3 1. Prop. of Book 3. and the 24. of the 


ſame ; from the firſt of which it follows that ſemicircles are ſimi- 
lar ſegments of a circle. and #: rom the other, that they - are q ual t to 


one another. 


8 . E F. XXXIII. . 5 | 
'T his Defint ion has one condition more. than is neceſſa ry; 1 


eaſe every quadrilateral figure which has its e 92 es equal to 


one ieh has likewiſe i its s oppoſite anger equ al; and on the con- 


trary. 


Let ABCD be a quadrilateral figure, of which th 1 0 _ poſt te fides 
AB, CD are equal to one another; = q 


angle AC. 


4 Araight line, or in the fame direction, be plain, when two ſtraioht Book l. 
lines are ſaid to be in a ſtraight line, it does not appear what ought On 


＋ 3 . Aa 


r 
And if the angle BAD be equal to the oppoſite angle BCD, wad 
the angle ABC to ADC; the oppoſite ſides are equal. Becauſe by 
Prop. 3 2. B. 1. all the angles of the quadrilateral uy ABCD are 


together equal to four right angles, and Ar 
the two angles BAD, ADC are toge- * 5 
ther equal to the two angles BCD, 
ABC. wherefore BAD, ADC are the 
Falk of all the four angles; that is, I S 
BAD and ADC are equal to two right angles, and therefore AR, 
CD are parallels by Prop, 28. B. 1. in the ſame manner AD, BC 
are parallels. therefore ABCD is a parallelogram, and its oppoſite 
ſides are egal DT 34. Prop. B. 1 


0 


PROP. . 


There are two calcs of this Propoſition, one of which i is not in 
che Greck text, but is as neceſſary as the other. and that the caſe 
left out has been formerly in the text appears plainly from this, that 
the ſecond part of Prop. 5. which is neceſſary to the Demonſtration 
ofthis caſe. can be of no uſe at all in the Elements, or any where 
elle, but in this Demonſtraticn ; becauſe the ſecond part of Prop. 5, 
clearly follows from the firſt part, and Prop. 13. B. I. this part | 
muſt therefore have been added to Prop. 5. upon account of ſons 

Propoſition betwixt the 5, and 13. but none of theſe ſtand in need 
of it except the 7. Propoſition, on account of which it has been 
added. beſides the tranſlation from the Ar abic has this caſe expli 
citely demonſtrated, and Proclus acknowledges that the ſecond part 
of Prop. 5, was added upon account of Prop. 7. bu gives a ridicu- 
ous reaſon for it,“ that it might afford an anſwer to obje&tions made 
«< againſt the 7.” as if the caſe of the 7, which is left out, were, i 
he expreſly makes it, an Objection againſt the propoſition itſelt 
Whoever is curious may read what Proclus ſays of this in his com- 
| mentary on the 5. and 7. Propoſitions; for it is not worth vie to 

relate his tr rilles at full length. % onus 

It Was thought proper to chats the enuntiation of: 5 7 15 prop. 
ſo as to preſerve the very ſame meaning; the literal tranſlation from 
the Greek being extremely harſh, and difficult to be underſtood by 
beginners, ES 


3 


PROP 


lite | 


Prop, 


from 


d by 


07. 


ſides of the triangle which includes it; 
this condition, viz. that the triangles maſt be upon the {ume N 0 


P Whois ſo dull, tho' only beginning 
to learn the Elements, as not to. = 


from the center F. at the diſtance 


N OTE 8. N | 293 

| | 75 . Book f. 

PROF. M. B. I. NAY 
A Corolloray is added to this Propoſition, which is neceſſary to 

Prop. © B. 11. and otherwiſe, 


PROD. NN, and . B. 1. 
proclus in his Commentary relates that the Epicureans derided 


this Propoſition, as being manifeſt even to aſſes, and nec ding 90 


Demonſtration ; and his anſwer is, that tho' the truth of it be ma- 
nifeſt to our ſenſes, yet it is ſcience which muſt give the reaſon why 
two ſides of a triangle are greater than the third. but the right an- 
wer to this Ge Won againſt this and the 2 1. and ſome other plain 
Propoſitions, is, that the number of Axioms ought not to be en- 
creaſed without neceſſity, as it muſt be if theſe Propoſitions be not 
demonſtrated, Monſ. Clairault in the Preface to his Elements of 


Geometry publiſhed in French at Paris Ann. 17 41. ſays that Eu- 


clid has been at the pains to prove that the two ſides of a triangle 
which is included within another are together leſs than tue two 
ut he has forgot to ada 


becauſe unleſs this be added, the ſides of the included triangle may 


be greater than the ſides of the triangle which includes 1 in any 


ratio which is leſs than that of two to one. as Pappus Alexandri- 
nus has demoaſtrated in Prop. 3. B. 3. of his Mathematical Col- 
ſections. „„ | 1 8 | 


PROP, XXII. B. l. 
"Bins Authors blame Euclid becauſe he does not 0 trade 


that the two circles made uſe of in the con ſtruction of this Prob! em 
muſt cut one another. but this is very p! ain from the determination 


he has given, viz, that any two of the rai, 3h it lines BP, FG, Gil 


muſt be greater than the third. for 


perceive that the circle deſcribe 


FD, muſt meet FH. betwist F and 


| | H, becauſe FD 1 18 1813 than FH; 35 76 "05 a | 14 
and that, for the like reaſon, the cir cle d deſerive WY rom = center Gr, 
He the ſtance GH or G2 1 muſt meet DG dere It Da .; and 


& 


— —— — ee — 
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NOT ES. 


Book I. that theſe circles muſt meet one another, becauſe FD and GH are 


Wa) toither greater than FG? and this 


eber mination is eaſier to be under- | 
{90d than that which Mr. Thomas 
Simpſon derives from it, and puts 


aſtead 4 of Euclid's, in the 49. page [ [| \ 
of His 1 Elements of Geometry, that xy: I | 7 6 5 | 54 

AF 2 
he may ſupply the omiſſion he | 8 


Plames Euclid for; which determination is, that any of the th; 


{traight lines muſt be leſs than the fam, but greater han the diffe- 
rence of the other two. from this he ſhews the circles muſt mea 


one another, in one caſe; and ſays that it may be proved after the 


{ame nianner in any other caſe. but the ſtraight line GM which he 
bids take from GF may be greater than it, as in the figure here an- 


nexed, in which caſe his demonſtration muſt be changed into ano- 


ther. 


PROP. XXIV. B. I. 


To this is added © of the two ſides DE, DF, let DE be that 
© which is not greater than the other;” that is, take that fide of 
the two DE, DF which is not greater than the other, in order t0 

make with it the angle EDG equal to 7» 5 
BAC. becauſe without this SS ien, 
there might be three different caſes of 


the P ropoſition, as Campanus and Others 
make. | 8 

Mr. Thomas Simplon i in p. 262. of b the 

cond edition of his Elements of Ccome- 4 


> Ann. 17 60. obſerves in his E e 23 
Notes, that it ought to have been ſhewn © | CN 


15 the point F falls below the line EG; 135 F 


his bets Euclid omitted, as it is ver y 1 to \ perceive that DG | 
being equal to DF, the point G is in the circumference of a circle | 
ack 5 crined from the center D at the diſtance DF, and muſt be in that. 
Pa of it which is above the ſtraight line EF, becauſe DG fall | 


ibove Dr, the angle EDG being + Anza than the angle EDF. 


PROP, XXIX. B. * 


The ee which is uſually called the 5. Poftulate, 0 or II. 2 5 
FE by ſome the 12 on Which this 29. depends, has given a 


great 


«. 4 Dr 


\ 


, 2 


further from the ſame PE. and, in F ah 


* K ES, 


tom the poitt B to the point C, go D — 


in like man ner, the ſtraight line 


1 GH cannot go further m DE, as from F to G. and then, from 
G to H, come nearer to the lame DE. | and 10 in the laſt caſe as in 


lig. 2. 
55 1 PROP. x: OO 
If two equal ſtraight lines AC, BD be each at at right ang! es to the 
ſame ſtra ight line AB; if the points E, D be joined by the fiesen 


line CD, the ſtraight line EF drawn from any 1 Ss E in AB uno 
D, at EY angles to AB, ſhall be equal to :\ be or BD. 


5 
If EP be not equ "al to AC, one of them mult be greater than the 


other; let AC be dae greater; then becauſe Fi: 15 lets than C4, the 


5 78 5 1 | 
we rarer — L 
Wy 
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great 550 to do both to antient and modern Geometers, it ſeems Pack 1. 
hot to be properly placed among the Axioms, as, indee ed; 1613-07 Ke — 
ſelf. evident; but it may be demonſtrated * | 
DE F-1N EF +Q0-N: 
The diſtance of a point from a ſtraight tine, is the pe rpendi- 
cular drawn to it from the point. 
HE £4: 2. | 
One & aight line is faid to go nearer to, or farther from an other 
ſtraight line, when the diſtance of the points of the fiſt flom the 
other ſraight line become leſs or greater than they were; and two 
ſuaight lines are {aid to keep the Fane diſtagce from one another, 
when the diſtance of the points ot one of them from the other is 
always the ſame. | 
| A X I O M. 
A ſtraight line cannot firſt come nearer to another ſtraight line, 
and then go further from it, be- A 1 'S 
fore it cuts it; and, in like man- — S 
ner, a ſtrai ght | nne cannot go fur- — — k, 
ther from another echt de and N H 
then come nearer to it; nor can a » . 
ſtraight line keep the ſame diſtance from another firaioht line, and 
then come nearcr to it, or go further from it; or a fre 98 line 
keeps always th 2 fame. direction. JED 
For example, the raig! it line ABC cannot firſt come nearer to 
the ſtraight Tits DE, ds from the PR 
point A to the boint B, and then, A : - 88 


* 
l 
{ 

i 
þ 
! 
; 
f 
| 
| 1 
| 
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bat becauſe DB is greater than FE, 


AB at the point D than at F, that is 
FD goes fu rther f. rom AB from F to 


„„ ante! die ACD 16 equal b to the anple ( k 


7 BD C. from any point E in AB di 


Als by mY 1, EF is equal to ＋ EO | = 
| AC, Or BD; rherefore, as has _— Fo 5 F. ; B | 


juſt now ſhewn, the angle ACP is e- 


AO YT ES 


T. 
Book I. ſtraight line CFD is ncarer to the ſuaight line A at the point Þ 


AA than at the point C, that is CF comes | 
nearer to AB from the point C to F. COLES | "> 


the ſtr aight line CF2) 1 18 farther from © 


"V3 


4 "therefore the ſtraight line CFD, — 


% - eo Ines = 
t comes nearer to the ſtraight line A 8 £5 
AT 
£4 


50. 


poltble. and the fame thing will follow, if FE be lid to be greater 
than CA, GE 5. ther cto; 10 FL I 18 Dot unequal 0 A that 18, jt 18 


0 equal to it. 


Ii two equal ſtraight lines AC, = be each at richt angles to the 


ſame ſtraight line AB; the ſt raight line CD which Joins their extre · 
mities makes right angles with AC and BD. 
Join AD, BC; and becauſe in the triangles CAB, DBA, CA; 
AB are equal to DB; BA, and the angle CAB equal to the angle 
DBA; the baſe BC is equal © to the b: aſe / AD. and INE triangles 

ACD, BDC, AC, CD are equal to BD, be. and t he baſe AD is 


equal to the baſe BC, therefore the 


4 
AW: 
unto CD. at 11; ht angles to AB 


qual to the hs EF C. in che ſame manner the 40 e BDF is | equi 


to the angle EFD; but the angles ACD, BDC are equal, there- 
e.1o. Oc. . fore the angles EFC and EFD 2 are e equal, and right angles *; „ Where 


fore alſo the angles ACD, B De are right angles, 


Cor. Hence, if two ſtraicht lines AB, CD be at right angle: 600 
the ſame ſtraight line AC, and if betwi ixt them a Qraight line BD be 
drawn at right angles to either of them, as to AB; ops BD 85 


equal to AC, and BDC is a right angle, 


If AC he not equal to BD, take BG equal to AC, 3 1025 cc | 
- ther cfore, by this Propoſition, the angle ACG is a right angle; but 
ACD 1 is . a light as . herefore the angles ACD, ACG are 

| | eq va 


D 


iB. and then 023 further from it, before it cuts it, whicts 15 Im- 
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cgcual to one another, which: | is impoſſible. therefore BD is equa | to Book I. 
= - AC; _ by this Propoſition BDC is a right * | YRS 
JFF | . | 
If two ſtraight lines which contain an angle de pr oduced, there 
may be found in either of them a point Heme which the pe rpendicu— 
lar drawn to the other ſhall be — than any given ſtraight 
line. 1 i 5 „ . 
l Let AB, AC be two Nraight lines which make an angle u ene . "on 
| | another, and let AD be the given ſtraight line; a point may be | 
. found either in AB or AC, as in AC, from w dich the perpendicular 
er drawn to the other AB ſhall be greater than AD. 
s In AC take any point E, and draw EF perpend icular to AB; 
produce AE to G ſo that EG be equal to AE; and produce FL 10 
| H, and make EH aps to FE, 40 join 116. becauſe, in the tri- 
< angles AEF, GEH, AE, EF are equal to GE, EH, each to cach, 
= Ah” contain ap angles, the angle GRE is therefore equal Þ to 4.15. 
N the angle AFE Which is a rig zt ang Ale, | draw GK . to b. 4. 1 
„, Ag; and becauſe | 


| che ſtraight lines A Lal ——— — 
. EX, 10 are at MT | 
s right angles to FH, INE z 
and KG at right <. 
E angles to FK; KG 15 t 
1 chatte FH, by D . | T, 
Cor. Pr. 2; that is 8 
10 the Lak of FE. in the ſame manner, if fac! be produced to J. ] 
fo that G L be equal to AG, and LM be drawn per pendicular to AB, 
dien Lis double of GK, and fo on. In AD take AN equal to FE, 
a F andAO equal to KG, that is to the double of FE, or AN; alto. 


- | take AP equal to LM, that is to the double of KG, or AO; and 5 

- dis be done till the ſtr aight line taken be greater than AD. let this 

=—_ ſtraight line ſo taken be AP, and becauſe AP is equal to LM, ther e. 

: fore EM is is greater: than AD. W nay was to be done. 

= © 5 „ EE 

5 lk two » lasch lines AB, CD e + onal ang oles E AB, ECD | 

Vith another ſtraight line EAC towards the "Sy parts of it; AB 

= and CD are at right angles to ſome ſtraight line. ** 

th Hhiſect AC in F, and draw FG perpendicular to AB; ache cli in 1 

2 the ſtraight line CD equal to AG and on the contrary fide of AC to g 

= = at on which AG is, 1 join FH. Taereforsrk in the triangles AFG, 9 
85 85 cn 5 1 
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Book I. 


"NOT BK 
CFH the ſides FA, AG are equal to FC, CH, each to _, and 


LY the angle FAG, that * is EAB 1s equal 


a; 15. 1. 


b. 4. is 


FCA are equal to two right = means 
angles. but, by the hypothe- Nj | VR D 
ſis, the angles EAB, ACD ff 

are wanker. leſs than two 


to the angle FCH; wherefore b the 
angle AGF is equal to CHF, and AFG 35355 
to the angle CFH. to theſe laſt add __ GA B 


the common angle AFH, therefore 5 Ba Fairs 
the two angles AFG, AF H are equal 


to the two angles CFH, HFA which | 


two laſt are qua together to two right . 8 oh 5 


angles , therefore allo AFG, AFH are 
equal to two right angle 5 and conſequently 1 GF and FH are in one 
ſtraight line. and becauſe AGF is a right angle, CHEF which is e- 
qual to it is allo a right angle. therefore the ſtraight lines AB, CD 
are at right angles to Gil | 

nes PROP. 5. 
If two ftraight ! lines AB, CD be cut by a third ACE fo as to 
make the interior angles BAC, ACD, on the fame {ide of it, toge- 


ther leſs than two right angles; AB and CD being produced (all 


meet one another towar qs the parts on which : are the two angles 


which are leſs than to 0 right angles. | 
At the point C in he ſtraight line CE make * the angle ECE 

— quad to the angle EAB, and draw to AB the ſtraight line CG at 
right anples to CF. then becauſe the angles ECF, EAB are equa! | 

to one another; and that tte „ 
= angles ECE, FCA are toge- = FE, 
1. ther coual b to two rig ght e 


angles 5 | the angles EA B 5 ; M 8 | : . . 


right angles, therefore te A 0 it 7" 


angle FCA is greater than 


. ACD, and CD "tolls between CF and AB. "Md becauſe C CF : and 
CD make an angle with one another, by Prop. 3. a point may be 
found in eithe r of them CD from which the perpendicular drawn to 
CF ſhall be or eater than the ſtraight line CG. let this point be H, 
and draw HK per pendicular to CF meeting AB in L. and be- 


* ak . 


cauſe AB, CF contain equal angles with AC on the ſame ſide of it, 5 


| by * 4. AB and CF are at right oſs to the frraight line 
f NMNO 


„ 
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MNO which biſects AC in N and is perpendicular to CF, therefore, Book I. 
by Cor. Prop. 2. CG and KL which are at right angles to CF are 


equal to one another. and HK is greater than CG, and therefore js 
greater than KL, and conſequently the point H is in KL produced. 


Wherefore the ſtraight line CDH drawn betwixt the points C, H 


- which are on contrary es of AL, matt n neceſſarily cut the ſtraight 
line AB. 1 


PROP. V. B. . 

The Demonſtration of this Propoſition is changed, becauſe if the 
method which is uſed in it was followed, there would be three cates 
to be ſeparately demonſtrated, as is done in the tranſlation from the 
Arabic; for in the Elements no caſe of a Propoſition that requires 
a different Demonſtration ought to be omitted. On this account we 
Fare choten the method which Monſ. Clairault has given, the fir{: 
of any, as far as 1 know, in his Elements, page 2 1 and which af- 
terwards Mr. Simpſon gives in his, page 3 2. but whereas Mr. Simp- 


on makes uſe of Prop. 26. B. 1. from which the equality of the 


two triangles does not immedia tely follow, becauſe to prove that, 

the 4. Of B. 1. muſt likewiſe be ma ide uſe of, as may be ſeen, in the 

very ſame caſe, in the 34: Prop. B. 1. it was thought better to 
make uſe only of the 4. of B. 1. . 


3 ! BCE: 
The ſtraight line KT! is pod to be parallel 1 to FL from the 
33. Prop. whereas KH is parallel to FG by conſtruction, and 


KHM, FGL have been demonſtrated to be tr: aight lines. a Cor: Olla- 


ry is added fre om Commandine, as. W often uſed, 


| vile given their Demonſtratio: ns 5 of thele cales, 


PROP. XIV. B. TE: 


in the Demonſtration of this, ſome Greck Editor has ignorantly 
Iinferted the Words, but if not, one of the two. RE, KD. is the 
greater; ; 


N this pp only acute et triangles. are ; mentioned: Fe 
I whereas it holds true of « every triangle. and the Demonſtrations 1 
ol the caſes omitted are added; Commenting and Clavius have like- : 


©" Nous H. 
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» 


. 


Book III. greater; let BE be the greater and produce it 0 F. as if it Was 


Book III. 


any other way. 


ot any conſequence whether the greater or leſſer be produced, 


15 efore inſtead of theſe words, there oeh to be read oni), e put 
© if not, produce BE to * | 


PROD.L 5. m. 


8 EVER. LT Author 85 elpect ally among the modern Math mati. 


cians and Logicians, inveigh too ſeverely againſt 1 indirect, or 


L 
Apagogic Demonſtrations, and tometimes. ignorantly 1 not 
being aware that there are ſome things that cannot be Gemonſirated 


1. 
C 


er 
— — 4 
FR | 
2 
WH 


ſtance, as no dee Demonſtration can be given of it. becaule, be 


be- 


fides the Definition of a circle, there is no principle or property te. 
lating to a circle antecedent to this Problem, from Which either a 


direct or indirect Demonſtration can be deduced. Whercforc it is 
neceſſary that the point found by the conſtruction of the Problem be 
proved to be the center of the ks. by the help of this Peguitien, 


Cal 


and ſome of the prececding „ and becauſe 4 in the be. 


monſtration, this Propoſition muſt be brought in, viz, ſtraight lines 


from the center of a circle to the circumference are equal, and that 
the point found by the conſtruction cannot be allumech as the center, 
tor this is the thing to be Jemonſtra ted ; it is m: anifeſt ſome other 


point mult be aſſumed as the center; and ir irom this aſſ. umption an 


abſurdity follows, as Euclid de monſtrates there maſt; then it is not 


true that the point aſſumed is the center; and as any point what- 


ever was aſſumed, it follows that no point, except chat found by the 
conſtruction can be the center, from which the neceſſity of ; an in- 
direct Deen this caſe is evident, 


PRO P. XIII. B. 111. 
As it is much caſier to imagine that two circles may tonch one 


another within in more points than one, upon the ſame fide, then 
upon oppoſite ſides ; the figure of that caſe ought not to have ben 
omitted; but the onder uon in the Greek text would not have 
ſuted with this figure ſo well, becauſe the centers of the cir cles muſt 
have been placed near to the circumferences. on which account 
another conſtruction and demonſtr ation is given which is the ſame 


with the ſecond part of that which Campanys has tranſlated from 
the 


ne preſcit Propoſition i is a Very C ces ar in- 


thi 


int 


8 


— 


T 
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the Arabic, where without any reaſon the Demonſtration is divided Book III. 


PROP. XV. B. It. 


The converſe of the ſecond 225 of this Propolition is wanting, 
tho in the preczeding, the converle is aided, in a like caſe, both in 


the Enunciation and Demonſtration; and it is now added in this. 
beſides in the Demonſtration of the! Gr part of this 15th the dia- 


meter AD (fee Commandine's figure) is proved to be greater than 


the ſtraight line BC by means of another Araight line MN; whereas 


it may be better done without it. on which acconnts we have given 
2 different Demonſtration, like to that which Euclid gives in the 
preceeding 14th, and to that which Theodoſius gives, in Prop. 6. 
B. 1, of his Spherics, in this very affair. 


PROP, XVI. B. il. 
a this we have not followed the Greek, nor the Latin tranſlation 
literally, but have given what is plainly the meaning of the Propo- 


| ſition, withont mentioning the angle of the ſemicircle, or that which 
ſome call the cornicular angle which they conceive to be made by the 


circumference and the ſtraight line which is at right angles to the 
diameter, at its extremity; which angles have furniſhed matter ot 
great debate between ſome of the modern Geometers, and given 0c- 

caſion of deducing ſtrange conſequences from them, which are quite 


avoided by the manner in which we have expreſſed the een 


and i in like manner we have given the true meaning of Prop, 31. 


B. 3. without mentioning the angles of the greater or leſſer ſeg- 
ments, theſe paſſages Vieta with good reaſon ſuſpects to be adulte- 
rated, in me 3 86. + page of his Os Math. 


PROP. xx. B. I. 


he firſt words of the ſecond part of this Demonſtration, 46 4e 


„ dee n T4” are wrong tranſlated by Mr. Briggs and Dr. 
Gregory * Rurſus inclinetur,” for the tranſlation ought to be © Rur- 


5 : 
5 ſus infletatur” as Commandine has it. a ſtraight line is aid to 
be inflected either to a ſtraight, or curve line, when a ſtraight line is 


drawn to this line from a point, and from the point in "which" it 


meets it, a ſtraight line making an angle with the former is drawn 
to another point, as is evident 985 the 9 0. Prop. of Euclid's Data; 
for thus the whole line betwixt the fiele and 1a aſt points, is inſlected 


Or 


no two part. 0 e — 
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Bock III. or broken at the point of inflexion where the two ſtraight line: 


= — meet. And in the like ſenſe two ſtraight lines are ſaid to be inflected 
4 from two points to a third point, when they make an angle at this I 
144d Point: as may be ſeen in the deſcription given by Pappus Alexn. Wt 
"1 drinus of Apollonius Books de Locis planis, in the Preface to his ). 1 b 
LY ook. we have made the "oe eſſion * from the 90. Prop, of b 
4 the Data. 0 
$1 PROP; XXI. B. HI. 5 11 
; There are two caſes of this Propoſition, the ſecond of which, z. 5 
11 when the angles are in a ſegment not greater than a ſemicircle, 
4; wanting in the Greek, and of this a more fimple Demonſtration i; = 
; 4 =: given has that which is in Commandine, as being derived only from I | 
1 p the firſt caſe, without che help of tr iangles. WE 
* . PR OP. XXIII. and XXIV. „ — 
1 In Propoſition 24. it is demonſtrated that the ſegment AEB muſt 
| K. coincide with the ſegment CFD (fee Commandine's figure) and that 
i it cannot fall otherwiſe, as CGD, fo as to cut the other circle in 
_ third point G, from this, that if it did, a circle could cut another in ÞÞ 
_, _= more points than two. but this ought to have been proved to be 
Wi impoſſible in the 23. Prop. as well as that one of the . pps on 5 
1 not fall within the other. this part then is left out in the 24-8 
1 * : put my its proper place the 23d Propoſition.” 
i PROP. XXV. B. III. 
1 This Propoſition! is divided into three cafes, of which two har | 
| bak the ſame conſtruction and demonſtration : therefore it is now dl. 
* Vided ny} into two caſes. 
= PROP. xXXXIII. B. Ill, 
..- This allo 1 in ihe Greek i 18 divided into three caſes, of which tuo, 
1 viz, one, in which the given angle is acute, and the other in which 
we it is obtuſe, have exactly the fame conſtruction and demonſtr ation; 
3 on which account the demonſtration of the laſt caſe is left out © 
dl. quite ſuperfluous, and the addition of ſome unſkilful Editor; be · {oY 
| | ſides the demonſtration of the cafe when the angle given is a right | 
| angle, is done a round about way, and is therefore 8 os em 
1 more ſraple one, as Was done by Clavius. 1 
5 . . PRO? | 


[av — —— 


4 
kl 
4 


— 


* 


— 
= — 4 as 


— — 
— 


5 


re. 


. 


r 


RSP. AN. B. m. 
As the 2 5. and 33. Propoſitions are divided into more caſes, fo 


| 3 this 3 5. is divided into fewer caſes than are neceſſary. Nor can it 
be ſuppoſed that Euclid omitted them beeauſe they are caſy ; as he 
has given the caſe which by far is the caſicft of them all, viz. that in 
- which both the ſtraight lines paſs thro' the center, and in the fol- 
lowing Propoſition he ſcpar RET demonſtrates the caſe in which the 
ſtraight line paſſes thro? the center, and that in which it does not 
paſs thro' the center. ſo that it ſeems Theon, or ſome other, has 
thought them too long to inſert. but caſes that require different de- 
monſtrations, ſhould not be leſt out in the Elements, as was before 
taken notice of. theſe caſes are in the tranſlation from the Arabic; 

and are now put into the Text, | 


P-R OP: XXXVII. B. III. 
At the ad of this the words in the ſame manner it may be de- 
* monſtrated, if the center be i in ACP are left out as the addition of 


| fome n Editor. 


DEFINITIONS of BOOK IV. 


THEN a point is in a ſtraight, or any other line, this point is 
by the Greek Geometers ſaid d, to be upon, or in 


| that ine. and when a ſtraight line or circle meets a circle any way, 
the one is ſaid a7]ta to meet the other. but when a ſtraight line 
or circle meets a circle ſo as not to cut it, it is ſaid fππνννο, to 
touch the circle; and theſe two terms are never promiſcuouſly uſed 
by them, therefore in the 5. Definition of B. 4. the compound 
| 0x7 ara muſt be read, inſtead of the ſimple Anras. 8898 in the 


14,7. and 6. Definitions i in Commandine's tranſlation ** tangit“ 
muſt be read inſtead of © contingit.” and in the 2. and 3. Defini- 


tions of Book 3. the ſame change muſt be made. but in the Greek | 
text of Propoſitions 11, 12, 13, 1 8, 19. B. 35 the compound 
verb ĩs to be put for the Gimple. 


PR 0 p. IV. B. IV. 
In this, as alſo in the 8. and 13. Propoſitions of this Book, it is 


demonſtrated indirect chat the cir ele touches 3 ſtraight line; 
whereas 


Book III. 


— PZ, 


— Ris — 


* 
! 
| 
| 
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Book IV. whereas in the 17. 33. and 37. Propoſitions of Book 3. the fame | : 
thing is directly demonſtrated. and this way we have choſen to ule = 
in the Propolitions of this Book, as it is ſhorter. . 


RO P. v. B. Iv. = = 
The Demonſtration of this kas been ſpoiled by ſome uncl = 
hand. for he does not demonſtrate, as is neceſſary, that the two 
ſtraight lines which biſect the ſides of the triangle at right angles, 
mult mcet one another; and, without any reaſon, he divides the 
Propoſition into three caſes, whereas one and the ſame conſtruction 
and demonſtration ſer ves for them all, as Campanus has obſerved ; 
which uſeleſs repetitions are now left out. the Greek text alſo in 
the Corollary is manifeſtly vitiated, where mention is made of a 
given angle, tho' there neither is, nor can be any thing 1 in te Pro- 
polſition n to a given angle. | 


PROP. xv. and XVI, B. IV. 1 
in the Corollary of the firſt of cheſs, the words equilaterdl: nd = 
eq uiangular are wanting in the Greek. and in Prop. 1 6. inſtead of 

the circle ABCD ought to be read the circumference ABCD, where 
mention is made of its containing fifteen equal parts. 


Book V. | 5 D E F. III. B. V. 8 


JAN of the modern Mathematicians reject this Definition. 
Lk the very learned Dr. Barrow has explained it at large at the 
end of his third Lecture of the year 1666, in Which alſo he an- 
ſwers the objections made againſt it as well as the ſubject would al- 
low. and at the end gives his opinion upon the whole, as follows. 
4 T ſhall only add, that the Author had, perhaps, no other de- 
5 ſign | in making this Definition, than ( that he might more e full | 
explain and embelliſh his ſubject) to give a general and ſummary. 
idea of ratio to beginners, by . this Metaphyſical 3 Defi- 
nition, to the more accurate Definitions of ratios that are thc 
ſame to one another, or one of which is greater, or leſs than the 
other. I call it a Metaphyſical, for it is not properly a Mathemi- | 
tical Definition, ſince nothing in Mathematics depends om it, or is 
deduced, nor, as I judge, can be deduced from it. and the 
Definition of Analogy, which landen, VIZ, . Analogy is the 8 
| FCC | 8 * hituce 


NO r ES, 


5 litude of ratios, is of the ſame kind, and can ſerve for no purpoſe 


** 


f 


a 


« and con! uſed notion of Analogy, but the whole of the doctrine of 


« Ratios, and the whole of Mathematics depend upon the accurate 

% Mathematical Definitions which follow this. to theie we orohe 
principally to attend, as the doQrine of Ratios is more per fed. 7 
explained by them; this third, and others like it, may ve anirely 
ſpared without any loſs to Geometry : as we ſee in the 7. Look Ot 
„the Elements, where the proportion of numbers to one atorher 33 
« defined, and treated of, yet without giving any Deſitiiijoi of i the 
ratio of numbers; tho' ſuch a Definition was as neceſſary and uſe- 
ful to be g given in that Book, as in this. but indeed there is ſcarce 
any need of it in either of them, tho' I think th at a thing o fo 
general and abſtracted an * and thereby the more difficult to 
be conctived, and explained, cannot be more commodionily de- 
fined, than as the Author has done. pon Which account 1 
* thoaght fit to explain it at large, and defend it againſt the capti- 
** OUS oh ections of thoſe who attack it.“ to this chation from 
Dr. Barrow I have nothing to add, except that I fully believe the 
3. and 8. Dekuldons are not = ic's, but added i by {ome unſkilfu! 
Editor. | | 


PSY 


* 


[4 7 
1 
4 


* 


** , 


c 


- TN : ** 
* * * 


* 
** 


It was nect ary to add the word“ continual”. before © propor- 

** tlonals” iu this Definition ; and thus it is cited in the 33. Prop. 
of Book 1 l. 

After this Definition onght to have followed the Definition of 
Compound ratio, as this was the proper place for it; Duplicate anc! 
Triplicate ratio being ſpecies of Compound ratio. B at Theon has 
made it the 5. Def. of B. 6. where he gives an abſurd and entirl; 
_ uſeleſs Definition of Compound ratio. for this reaton we have laced 
another Definition of it betwixt the 11. and 12. of this Book, 
- which, no doubt, Euclid gave; for he cites it exprelly in Prop. 23. 


3 & 


B. 6. and which Clavius, Herigon and Barrow have likewiſe given 
but they retain alſo Theon S, Which they ought to have left out ot 


che Llements. 


i DEF; XIII. B. V. 
This and the reſt of the Definitions following, contain the ex- 
plication of ſome terms which are uſed in the 5. and folIoW IA 
| 2 605 8 7 


in Mathematics, but only to give beginners ſome general tho . . 
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Bock V. Books; Which, ex :cept a few, are caſily enough underſtood from 
YN the Propoiitions of this Book where they are firſt mentioned. they 


ſcem to have been added by Theon or ſome other. However it be, 


they are explained nn more NRA for the lake of 


_ Tearners. | 


PROP. IV. B. V. 


in the conſirucii on preceeding the demonſtration of this, the 
words x £7vxt, any Whatever, are twice wanting in the Greek, a; 
allo in the Latin tranſlations; and are now added, as being wholly 
neceſſary, . 

Ibid. in the demonſtration; in the C rect, and in the Latin tranſ. 
Jation of Commandine, and in that of Mr, Henry 8 which 
was publiſhed at London in 1620, together with the Greek text of 
the firſt ſix Books, which tranflation in this place is 1 by 
Dr. Gregory in his edition of Euclid, there is this ſentence follow. 
ing, viz, © and of A and C have been taken equimultiples K. Ez; 
© and of B and D, any equimultiples whatev er (4 £7vy:). M,N; 
which is not true, the wor ds * any whatever” ought to be leit out, 
and it is ſtrange that neither Mr. Briggs, who did rigut to lde 
out theſe words in one 2 of Prop. 13. of this Boo ol; nor Dr. 
Gregory who: changed them into the word © ſome” in het placcs, 
and left them out in a fourth of that ſame Prop. 1 3. did not allo 
ive thera out in this place of Prop. 4. and in the ſccond of the 

wo places where they occur in Prop. 17 . of this Book, in neither 
of which they can ſtand conſiſtent with truth. and in none of all the 
PLES, ven in thoſe which they corrected in their Latin tranſlation, 
Have they cancelled the words 4 ET e in the Greek text, as the; 
ought to have done. N N 
The fame words & ł & are found in four places of Prop, 11. 
of this Book, in the firſt and laſt of which, they are neceſſary, but 
in the ſecond and third, tho? they are true, they are quite ſuperſſu- 
dus; as they likewiſe are in the ſecond of the two places in which 
they are found in the 12. Prop. and in the like places of Prop: 
22, 23. of this Book. but are Wanting in the laſt PRIcy ot IIs 
3. as allo in Prop, 25. B. II. 1 


2 


COR. PROP. 5 v. 


This Coroltary has been unſkilfally annexed to this Propolti 


and has been made inſtead of the legitimate demonſtration V hich 
| Wit. 110 


pe. 


oa. reed” a. 6 a. ON | + wa © wes Rob 


hon is 838 anc. i 13 £4, 
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without doubt Theon, or ſome other Editor has taken away, not Book W. 
from this, but from its proper place in this Book. the Author of yay 


it deſigned to demonſtrate that it four magnitudes E, G, F, H 
proportionals, they are alſo proportionals inverſely; that is, G is 


to E, as Hto F; which is true, but the demonſtration of it 


does not in the leaſt depend upon this 4. Prop. or its demonſtrati- 
for when he ſays © becauſe it is demonſtrated that if K be 


ks . crete than M, L is greater than N“ &ec. this indeed is ſhown in, 
the demonſtration of the 4. Prop, but not from this that E, C _ 


F, H are proportionals, for this laſt is the concluſion of the Propo- 


ſition. Wherefore theſe words becauſe it is demonſtrated“ &c. 


are wholly foreign to his deſign. and he ſhonld have proved that if 
K be greater tlian M, L is greater than N, from this, that E, C, 


F, H are proportionals, and from the 5. Def. of this Book, which 


he has not; but is done in Propoſition B, Which we have given, in 


its proper place, inſtead of this Corollary. and another Corollary is 
placed after the 4. Prop. which is en of uſe, and is neceſſary to 
the Demonſtration of Prop. 18. of this 2 Book. 


DROP. V. B. V. 
10 tue confirattion which precedes the demonſtration of t 13 


grolen it is required that EB may be the ſame multiple by 
G, that AE is of CF; that is, that EB be divided into as many 


S 8 parts, as there are parts in AE equal to CF. from which it is 


evident that this conſtruction is not Euclid's. for he does not ſhev 
the way of dividing ſtraight lines, and far leſs other magnitudes, in- 
to any number of equal parts, until the 9. Pro; ofition of BY 


and he never requires any thing to be done in the conſtruction, of 

which he had not before given the method of doing. 8 

for this reaſon we have changed the conſtruction to | G 

one which without doubt is Euclid' 8, in Which inet” 

thing is required but to add a magnitude to itſelf a cer- = (2.1, 

tain number of times. and this is to be found in the |. ＋*4 
tranſlation from the Arabic, tho' the enunclation ph. : MS: 

the Propoſition and the demonſtration are there ve R . 

much ſpoiled. Jacobus Peletarius who Was the ff * 

is far as I know, who took notice of this error, gives | 

alſo the right conſtruction in his edition of Euclid, after he h. 1 


given the other which he blames. he ſays he would not 1855 e it out, 
becauſe | it Was fine, and might ſharpen one's genius to iny ent others. 
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Bk V. like it; whe eas there is not the leaſt difference between the pro 

WY demonſtrations, except a ſingle word in the conſtruction, which 
very probably has been owing to an unſkilful Librarian. Clavins 
likewiſe gives both the ways, but neither he nor Pelctarius take; 
notice of the reaſon hy one is preferable to the other. 


PROP. VI. B. v. 


There are two caſes of this Propoſition, of Which only the $16 


and ſimpleſt is demonſtrated in the Greek, and it is probable Theon 


honiht | it was ſufficient to give this one, ſince he was to make ue 
of ncither of them in his mutilated Edition of the 5th Book; and 
he might as weil have left out the other, as alſo the 5. Propoſition 
tor the ſame : reaſon. the demonſtra ation of the ot her als; 1S now ad- 


ded, becauſe both of them, as alſo the 5. Propoſition, are nech, 


to the demonſtration of 0 1 8. Prop. of this Book. the tranilatic! 
{com the Arabic £ gires both cafes br Kiely. 


PROP. A. B. 


8 


25 3 


ceſſarv in the 
I 1. and 1 


FY 

PR 
of 
9.0 


iements 


be got from the 5. Def. of this Book. Nor can there be any doubt 


that Endoxus or Euclid gave it a Fee | in the Elements, When ve 
d 1 


ſee the 7. and 9. of the f ame Book demonſtrated, tho” they ar 
quite as ea 

Jrom this Propoſition to cenſure the 5, Definition of this Book ver) 
ſcrerely, but moſt unjuſtly. in page 126, of his Euclid reſtore! 


printed at Fila in 165 8, he lays, Nor can even this lealt Cepree df 


* of knowledge be abtaiaed f zom the forefaid property, . VI. kh 
Which is contain ed! in F. Def. 3. That if four magnitu- des be Fro 


3 3 the third muſt neceſſarily be greater thun the fourt 


* when the firſt | 18 greater than the 3 a3 Clavius i 


* ledges in the 16. Prop of the 5. Book of the Elements.” t 
tho! Clavius makes no ſuch re en expreſly, he has give 
Borellus a handle to ſay this of him, becauſe when Clavius in de 
abore cited place cenſures 5 and that very juſily, 10 
de monſtrating this Propoſition by help of the 16. of the 5, Jet n. 


Irs þ . is frequently uſed by Get meters, unk ir is ne. 
„ Frop-: of this Book, 31. of the 6. and . of the: 
the 12. Book. it ſeems to have becn taten ot of the 
Theon, becauſe it appeared vide! ir enough to Fim, 
and others who ſubſtitute the confuſed and inciting idea the vul⸗ 
gar have of proportionals, in place of that accurate idea winch js to 


ay and ©) ident as this. Alphonius Borcllus takes occaſion 


nab. a— 


a> 


— — 
— 


| himſelf gires no demonſtration of it, but thinks it plain from the Book V. 


nature of Proportionals, as he writes in the end of the 14. and 16. AA 
Prop. B. 5. of his edition, and is followed Dy Herigon in Schol. 1. 


Prop. 14. B. 5. as if there was any nature of ' Proportionals anteces 


dent to that which is to be derived and underſtood from the Dct:- 
nicion of them, and indeed, tho! it is very eaſy to give a right de- 
monſtration of it, no body, as far as I know, Fas given one, es REP! 
the learned Dr. Barrow, who, in anſwer to Botellus 8 objection, de- 
monſtrates it indirectly, but very briefly and clearly from the =. 
Defnition, in the 3 2 2 page of his Lect. Mathem. from which De— 
finition it may alſo be eaſily demonſtrated directly. on which, ans 


count we have placed it next to the Pr opolitions coucernit g CCL t- 


. 
7} 1 [tip Es. 


PROF. B. BO OR. V. 
This allo is caſily deduced from the 5. Def. B. 5. and therefore - 
placed next to the Other, for it was very wards made a Co- \ 
rotary from the 4. Prop, of this Book, See the note on that Co- 


*. 


1 9h Ar \ 6 
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p. R 01 i . B. V. 
WY His 18. ſrequen athy mace uſe of by Geometers, and 13.nect 
to the 5. and < 6. Propoſitions of the 10. Book, Clavius in his Notes. 
ſubioined to the 8. Def of BOOK 5 demonitrates it only in num 


bers, by help of ſome of the Propoſitions of the 7. Book, in order 
"ao 


1 IF 
be 6 
[hd * 
* * 
7 —— 
A 


to demonſtrate the proper ty contained in the 5. Definition of ihe 5. 
Book, When a ae to numbers, from the property of Proportio- 


nals con tnined 1 in the 20. Def, of the 7. Book. and moſt of th 


Commentators judge it difficult to prove that four magnitudes Which 


arc proportionals i to the 20. Def. of 7. B. are allo Pro. 


portionals according to the ©, Det. of 5. Book. but this is Fey 


made ont, as follows: 5 „ 7 
Firſt, If A, B, C, D be four eg. 3; . F „„ 
nitudes, ſuch that A is the fame DP] | II } 
multiple, or the fame part of B,. D. e 
which C is of D; A, B, C, D are 3 
proportionals. this 8: demonſtrated 8 2 1 
in Propoſition C. = 5 e 1 . N 
Secondly, If AB contain the ſame. A NM. 
parts of CD that EF docs of GH; N 3 15 
. 1 BE os OP „ A 


N 0 TE © 39) 
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Bock V. in this cafe lkewiſe AB is to CD, as EF to GH. 


ST EST 


Let CK be a part of CD, and GL the ſame part of GH; and 


let AB be the ſame maltiple of CK, that EF is of GL, therefor by 
Prop C. of 5. Book, AB is to CK, as 


| | by 95. 5 : 
EF: to GL. and CP, GH are equi- B | * | | 


f | 7 | | Ez +4 | 
multiples of CK, GL the ſecond and NH HE 
fourth; Wherefore by Cor. Prop. 4... ; E 

| 4 77 

B. 5, AB is to CD, as KF to HII. 

FCC. 

And if four magiitndes be pro- | -x- I 
portionals according to the 5 Def. 
12 — How are: 1 "CANE Firs <q 3 * *. 72 N 
. 5. they are alſo prop ortionals ac C E GM 


cording to the 20. Def. of B. 7 | | 
Firſt, If A be to B, as C to D; then if A be any multiple o- 
part of B, C is the ſame multiple or part of D, by Frop. E 


I 
. 
* Wa 


B. 5. 

Next, If 4 \B be to CI), as EF to GH; then if AB contains any 
parts of CD, EF contains the ſame parts of GH. tor let CK be! 
part of CD, and GL the ſame part of GH, and. tet AB be a mul. 
Uuple of EK; EF is the ſame multiple of GI.. Take M ER 5 
mult UpLC of GL that AB is of CK; therefore by Prop. C. of B. x. 


AB is to CK, as M to GL; and CD, GH are cquimultip'cs of CE, 
61 1 Wherclote by Cor. Prop. 4. B. 5. AB. 15 to CD, as M to GH. 
and, by the Hypothefis, AB is to 5 as EF to GH; therefore N 
18 £qual to EF by Prop. 9. B. 5. and conſequently EF is the lane 

multiple e of GL that AB is of CK. „„ | 


PROP. D. N 


This is not vnfrequent! y uſed in the ew ation of other Pro. 
poſitions, and is neceſſary in that of Prop. 9. B. 6. it ſeems T heon 
has left it out for the reaſon mention ed 1 in the d Notes at t Prop. A. 


PROP. VIII. 8. FT. 


In ͤ the demonſtra ation of this, as it is now in the Greek, there are © 


two caſes, (ſee the demonſtration in Hervagius, or Dr. Gregory's 


lat ito!) of which the firſt | 18 that in Which AE is leſs than EB; and 


1 this, it neceſſarily follows that HO the multiple of EB is greater 
than ZI the fame multiple of AE, which laſt multiple, by the con- 
ſtruction, is greater than A; whence alſo HO muſt be greater than 


A. but in the ſecond caſe, viz, that in which EB 1 is leſs than AE, tho“ 


1 


2 Il be greater than o, yet HO may. be leſs than the lame 4; fo that 
35 there 


r 3 


chere cannot be taken a multiple of A which is the firſt that is Book V. 
greater than K, or HO, becauſe A itſelf is greater than it, upon yay 


n this account, the Author of this n e found it neceſſary to 
change one part of the conſtruction that was made uſe of in the 
firſt caſe. but he has, without any neceſſity, changed alſo ano— 
ther part of it, viz. when he orders to tale N that multiple of a 
which is the firſt that is greater | 

than Z H; for he might have 2 2 
taken that multiple of A which | f 111 2 
zs the firſt that is greater than i * \ 

F HO, or K, as was done in the Ht A 'F P 

flrſt caſe. he likewiſe brings in 2 5 | 

*  _ this K into the demonſtration of | Et HA 

51 both caſes, without any reaſon, 1 1 InP. EE | 

for it ſerves to no purpoſe but | © 5 A . 0 R 

0 to lengthen the demon tration. 1 „ 

3 There is allo a third cafe, which is not mentioned in this demonſtra 

l tion, viz. that in Which AE in the firſt, or EB in the ſecond 67 hs 

£ I two other cates, is greater than D; and in this any . wy 

. as the doubles, of AE, EB are to be taken, as is done in t NY 

on, Where all the caſes are at once Semafiratel, and from this it 


. | is plain that Theon, or ſome other unkilkul Editor has vitiated this 
{-— Propoſition. 


V 
p RO P. IX. B. V. 
of this there is given a more explicit demonſtrati 0 than that 
which! is now in the Elements. 
; PROP. FEB, v. 
It Was neceſſar ry to give another demonſtration of this Propofiti- 
on, becauſe that Nich is in the Greek, and Latin, or other editions, 
. is not legitimate. for the words greater, the ſame or equal, leut hure, 
oY, | D FR a quite different Mean ing when applied to Magn itudes and ratios, 
is plain from the 5. and 7. Definitions of B. 5. by the help of 
? | theſe let us examine the demonſtration of the 10. Prop. Which pri2- 


| ceeds thus. Let A have to C a greater ratio, than B to pt a 
c 5 

that A is greater than B. for if it is not greater, it is cither « qual, 
or leſs. but A cannot be equal to B, becauſe then each of them 


Th 


—_ would have the ſame ratio to C; but they have not. herefare 


te 


A is not equal to B.“ the foree of which reaſoning * this LE: A 
7M 4 | 55 150 


BOOK V. 
ALY NS 


ha to C, the ſame ratio that B has to C, then if any equimultipte, 
whatever of A and 3 be tahen, and any multiple whatever of C; 


it the multiple of A be greatcr than the multiple of C, then, by 
the 5, Def. of. B. 5. the multiple 6 g is Sion: greater than that of C. 


— 
1 
PR” 
— 4 
VP 
— 4 


from the Hypotheſis that A has a greater ratio to , than B ha; 
to C, there 

oA and B, and jome muliipic of C fach, that the multiple of A js 
greater than the mullivle of C, but the nwitiple of B is not greater 


muſt, by the pl Def. of 1 ©, be certain eqQuimuitiples 


4 


Fon the 2 multiple of C. and this Propoſition directly conua- 
s the precceding; wherefore A is not equal to B. the denicn- 

e 0 Fs > 10. Propoſition gocs on thus, “ but vcithe er is A les 

than B, becauſe then A v. onld have a lets ratio to O, than B has 


cc 7 ro » 4 4 ws 7 . p< © | A To % 4. [ you > + 17 43 kh - 
to it. but it has not ales rdtiO, thereſore A 1: not e n 
23 3 ce 7 * os, } Fig a 3 17 
Kc. Bere it is faid that A woul oS have a lcls ratio to C „ UGH 15 . 
5% 6 - hs 1 a: wv AV * r « 22 - *7 #7: ! + 2 K-75 2714 15 ? we, 5 28 J. 

to C, or, Which is the ſame thing, that g Would nave a Feat 

, ? WW DR 


7310 to. C, than A to C; that is, by 7. Det; B. there. mut be. 


2 111 o 1 oP £ 4 7 2 14 ; ; 1 4 . . ! LES 4 * OO Fc . K N 

101 nl 11} Mes $5 4 21 4 i 4 BY % (0 4 44icch 
els im 13 of B and A, and fome mul ple C LUCN, -| 

4? 8 . * F . 

e e Of Bis greater than the multiple of C, but the miltirk 
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Crer the iaultiple of 1 is greatcr than the multiple or C 
J 
UC 


—— 


this is demonſtrated it x Fil be cvident that B cannot kave a great 
ratio to C, than A has to C, or, which is the ſame thing, that A 
cannot have a lets ratio to C, than B bas to C. but this 43 not a all 
proved in the 10, Propolition ; but it the 10. were once demon- 


ſtrated it would immediately follow from it; but cannot x without it 


be caſily Ecroultrated, as he that tries to do it will find, wheretore 
2 10. Fropolition is not ſufliciently demonſtrated. and it ſeems 
that he who has given the demonſtration of the 10. Propolition a5 


we now have it, i Aſtead or that which Eudoxus or Euclid had g uy 


ven, has been deccived in applying what is manifeſt when under- 


tod of. magnitr des, unto ratics, viz, that a magnitude cannot be 
both greater and leſs than another. That thoſe things which are. 
equal to the ſame are equal to one another, is a moſt evident Axiom 


when underſtood of ma agnitudcs, yet Eucli id does not make uſe of it 


to inter that thoſe ratios which are the ſame to the ſame ratio, 
the ſam to one another; but explicitely demonſtrates this in * 
CCB, g. the demonſtration we have given of the 10. Prop. is 


* 


viz. the 7. of the 5. 


. . ratio than B to C, and if of A and B there be 


; 18 Mo gre $f = TE than F 


greater than F; much more therefore D is "gr eater than F. 


lation from the Greek. but the ſenſe evidently requires that it he 


of Commandine's Euclid printed in 8% at Oxford; but in the later 
* editions, at leaſt in that oy I 747 7, the error ot the Greek text Was | 
-B kept 1 in. 


20 and 21, Prop. of this Book, and! is as s uſetu] as the Fr of ofition, 


F | 313 
a0 doubt the ſame with that of Eudoxus or Euclid, as it iz imme- Pook V. 
diately and directly derived from the Definition of a greater ratio, 


The above mentioned Propoſition, viz. If A have to Ca gr eater 
| 
taken certain equimnltiples, and ſome mul- | | 
tiple of C, then if the e multiple of B be greater | 
than the multiple of C,-the m uitiple or Als 
pos greater than the ſame, is thus den non- A ol 
1 


rated. == | 1) 
Let Þ, E be equim! n[tiples of A, "IM and 


Fa multiple of C, fach, that E the 1 5 . | 
of Bis greater than F; D the multiple of A] | ſ 


8 
1 


Becauſe A has a 835 er ratio to C, than T 
B to C, A is greater than B, by the 10. Prop. | 
3, 5. therefore D the multiple of A is greater 1 
than E the ſame a of B. and E is 


PROP. XIII. B. V. 
1 In Commandinc 5 Briggs 8 and Gr egory's : Tranfations, at the be- 
. of this demon ſtration, it is ſaid, And the multiple of C is 
*-oreater than the multiple of D; but the multiple of E is not 


cc 


greater than the multiple of F,” which vords are a literal tranſ- 
read, “ fo that the multiple of C be greater than the multiple of D; 


« | 1 
but the multiple of E be not greater than the multiple of F, and 
thus this place was reſtored to the true reading in the firſt editions 


There! is a Corollary added to Props 13. as it is neceſſa ry to the 


PROP. XIV. B. v. 


The two caſes of this which are not in the Cd are added; ; the 


demonſtration of them not being exactly the lame with that of the 
firſt caſe. | 


PROD. 


NOT ES, 


PROP, XVIL B, V. 
The order of the words in a clauſe of this is changed to ons 
more natural. as was s alſo Gone I in Prop. 11. 


PROP. XVIII. B. V. 
The demonſtration of this is none of Euclid's, nor is it legitimate. 
for it depends upon this Hypotheſis, that to any three magtitudes 
two of which, at leaſt, are of the ſame kind, there may be a fourth 


proportional; which if not proved, the Demonſtration now in the 


text is of no force. but this is aſſumed without any proof, nor can 
it, as far as J am able to diſcern, be demonſtrated by the Propoſiti. 


ons preceeding this; 5 far is it from deſerving to be reckoned 80 


Axiom, as Clavius, after other Commentators, would have it, : 
the end of the Definitions of the 5, Book, Euclid does not 6 
monſtrate it, nor does he ſhew how to find the fourth pro; 

nal, before the 1 2. Prop. of the 6. Book. and he never EAR 
thing in the demonſtration of a Propoſition, which he had not be- 
fore demonſtrated; at leaft, he aſſumes nothing the exiſtence or 
which is not evidently poſſible; for a certain a can Never 
be deduced by the means of an uncertain Propoſition. upon this 


account we have given a legitimate Demonſtration of this Propo- 


fition inſtead of that in the Greek and other editions, which ver; 
probably Theon, at leait ſore other has put in the place of Euckl's 


becauſe he thought it too prolix. and as the 17. Prop. of which 


this 18. is the e is demonſtrated by help of the 1. and 
2. Propoſitions of this Book, fo in the demonſtration now given of 


the 18th, the 5. Prop. and both caſes of the 6, are neceffary, and 


theſe two Propoſitions are the converſes of the 1. and 2. Now the 
F. and 6. do not enter into the demonſtration of any Propoſition in 
this Book as we now have it, nor can they be of uſe in any Pro. 
poſition of the Elements, except in this 18. and this is a maniiel 
proof that Euclid made uſe of them in his demonſtration ot it, 
and that the demonſtration now given, which is exactly the con- 
verſe of that of the 17. as it ought to be, differs nothing from that 


of Eudoxus or Euclid. for the 5. and 6. have undoubtedly been 
put into the 5. Book for the ſake of ſome Propoſitions in it, as al 


the other Propoſitions about equimultiples have been. 
Hieronymus Saccherius in his Book named Euclides ab omni 
naevo vindicatus, printed at t Milan Ann. 1733, in 4to, GA 
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chis Vlewiſh 3 in the demonſtration of the 18. and that he may re- Book v. 
move it, and render the demonſtration we now have of it legitimate, = 

he endeavours to demonſtrate the following Propoſition, which is 

in page 11 5 of his Book, viz. 

„Let A, B, C, D be four magnitudes, of which the two firſt 

are of one kind, and alſo the two others either of the fame kind 

with the two firſt, or of ſome other the lame Kind with one ano- 

ther. I ſay the ratio of the third C to the fourth D, is either 

equal to, or greater, or leſs than the ratio of the firit A to the 

*# ſecond B.“ 

And after two Propoſitions premiled as Lemmas, he proceeds 


* 
** 


Lg 
Lay 


Lay 
Lag 


Ld 
Ln 


thus. 
Either among all the poſſible equimultiples of the firſt A, and 
«© of the third C, and, at the fame time among all the poſfible equi- 
* multiples of the ſecond B, and of the fourth D, there can be found 
. dome one multiple EF of the firſt A, and one IK of the ſecond B, 
that are equal to one another; and alſo (in the ſame caſe) ſome 
one multiple GH of the third C equal to LM the multiple of the 
fourth D. or ſuch equa Uity is no where to be found. If the firſt 


. 8 

a 12DDEN | | | „ 
K Inalitv is to be Wy. 5 
“quality is to be B 5 F 
cc £ : 18 5 | E. | d b. 


found,] it is 


« manifeſt fem m . V 
* What is before C CT G „%% = Rn 
demonſtrated , -D- 3 1 3 | REA N 

* that A is to B, VV“, 
as C to D. but if ſach ſimultaneous equality be not to be found 
upon both ſides, it will be found either upon one ſide, as upon 


the ſide of A [and B; ] or it will be found upon neither ſide; if 


he firſt happen; therefore (from Euclid's Definition of greater 


© and leſſer ratio foregoing) A has to B, a greater or leſs ratio than 
ad CtoD; according as GH the multiple of the third C is leſs, or 
* greater than LM the multiple of the fourth D. but if the ſecond 
* caſe happen; therefore upon the one ſide, as upon the fide of A 
the firſt and B the ſecond, it may happen that the multiple EF,[viz. 
of the firſt] may be leſs than IK the multiple of the ſecond, while | 
on the contrary, upon the other ſide, [viz. of C and D] the multiple 
* GH [of the third C] is greater than the other mult inle LM [of 


*© the fourth D. ] and then (from the fame Definition of E Luclid) the 
ratio 
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Bock V. © ratio of the firſt A to the ſecond B, is leſs than the ratio of the 
WA third C to the fourth D; or on the contrary. 


© Therefore the Axiom, [i. e. the Propoſition before {ct down, 
remains demonſtrated” &c. | 
Not in the leaſt; but it remains ſtill undemonſtrated: for What 
he ſays may happen, may in innumerable caſes never happen, and 


therefore his demonſtration does not hold. for example, if .\ be the 


{fide and B the diameter of a {ſquare ; and C the ſide and D the dia- 
meter of another ſquare; there can in no caſe be any multiple 
A equal to any of B; nor any one of C equal to one of P, as i; 
well known; and yet it can never h. appen that ha any multiple of 
A is greater or {3 than a multiple of B, the n 8208 = of C can, 


upon the contrary, be leſs or greater than tlie mul EP. of D, vis 
taking equimaltiples of A and C, and equimu ltiples of B and D. 5 | 


A, B, C, D are proportionals, and ſo if the 1 altiple of A be 


greater &c. than that of B, ſo muſt that of C be greater &e, n 
chat of D. e | 


£ I he ſame objection holds goo: 4 acainſt the D Demonſtration Whleh 
ſome give of the 1. Prop. of the 6. Book, which we have made a- 
gainſt this of the 18. Propoſition, becauſe it depends u 3 the fame 


| inſufficient {01 undation with the other. 


PR 0 T. AIX. B. = 

A Corollary i is added to this, which is as requen- ly uſed as t ie 
Propoſition itſelf, the Corollary which is ſabjoined to it in the 
Greek, plainly ſhews that the 5. Book has been vitiated by Editor 


ho were not Geometers, for the converſion of ratios does not de- 


pend upon this 19. and the Demonſtration which ſeveral of the 


| Commentators on Euclid give of Converſion, is not legitimate, as 
Clavius has rightly obſerved, who has given a good Demonliration 
of it which we have put in Propoſition E; but he makes it a Co- 
rollary from the 19. and begins it with the words, © Hence it ea 


5 ſuy follows,” tho' it does not at al follow from! it. 


PROP. XX, XXI, XXII, xxIIl, XXIV. B. v. 


The Demonſtrations of the 20. and 21. Propoſitions are ſhorter 
than thoſe Euclid gives of eaſier Propoſitions, either in the precees- 
ing, or following Books. wherefore it was proper to make them 
: — — explicit. and the 22. and 23. Propoſitions are, as they ought 
to be, extended to any number of magnitudes. aud in like manner 

Pay FO te _— 


and to this general caſe the Enuntiation * hich! Nauds 


N O T 3 | ?17 


may the 24. be, as is taken notice of in a Corollary: and anothes Book V. 
Corollary is added, as uſeful as the Propoſition.” and the e 


« any whatever” are ſupplied near the end of Prop. 23. * hich a 


wanting in the Greek text, and the tranſlations fromm it. 
In a paper writ by Philippus Naudacus, and publiſhed, alter his 


death, in the Hiſtory of the Royal Academy of Sciences of Berlin, 
Ann. 1745. page 50. the 23. Prop. of the 5. Book is cenſured as 


being obſcurely enuntiated, and, becauſe cd this, prolixly demon- 
ſtrated. the Enuntiation there given is not Euclid's but Facquet's, 
as he acknowledges, which, tho' not fo well expreſſed, is, upon the 
matter, the ſame with that which is now in the Elements, Nor is 
there any thing obſcure in it, tho” the Author of the paper has ſet 
down the proportionals in a diſadvantageous order, by which it ap- 
pears to be obſcure, but no doubt Eachd enuntiated this 235 as 
well as the 22. ſo as to extend it to any number of magnitudes, 
which taken two and two, are proportionals, and not of ſix only; 
daeus gives, can- 
not be well applied. | . 
The Demonſtration which is given of this 23. in that paper, is 
quite wrong ; becauſe if the proportional n im be 3 Or 


ſolid foures, there can no rectangle (which he Ros ly calls a 


Product) be conceived to be made by any two of them — it 5. 
ſhould be ſaid, that in this caſe ſtraight 1 are to be = en WIN ich 
are proportional to the agnres, the Dt emonſtration would this way 
become much longer than Euclid's. but even tho' his Demonſtra- 
tion had been right, who docs not ſee tat 1 it could not be made ate 


of in the 5, Book? 


2PROP;.F, G; H. K. B. . 5 
Theſe Pr opoſitions are anneved to the 5. Book, becauſe thor are 
frequently made uſe of by both antient and modern Geometers, and 
in many caſes Compound ratios cannot be brot ught i: into DemonQra- 
tions, without making uſe of them. = 
Whoever deſires to ſee the doctrine of f Ratios delivered 3 in this 5. 


Book ſolidly defended, and the arguments brot aht againſt it by 


And. Tacquet, Alph. Bor ellus and ot! 1ers, fully retute d, may read 5 


Dr. Barrow's Mathematical Lectures. VIZ, the 7. and 8 8. of the year 
4668. IDNR. 


The - Book being Has ned I moſt read! 4: y agree to wh: bat 


the learned DI Barrow rye” ub That there! iS nothing in the whole“ "Page 236 


body 
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body of the Elements, of a more ſubtile invention, nothing more 


Wy © ſolidly eſtabliſhed and more accurately handled, than the doctrine 


Book VI. 


* of Proportionals.“ And there is ſome ground to hope that Geo. 


meters will think that this could not have been faid with as good 


reaſon, ſince T heon' s time till the | hs 


DEF. II. and V. of B. VI. 


| HE 2. Definition does not ſeem to be Euclid's but ſome nn. | 


ſkilful Editor's. for there is no mention made by Euclid, 


nor, as far as I know, by any other Geometer, of reciprocal figures, 
it is obſcurely expreſſed, which made it proper to render it more 
diſtinct. it would DC better to put the Flowing Definition! in 1 place 


of it, iZ. 


DE E F. II. 


TW o magnitudes are ſaid to be reciprocally proportional to two 
others, when one of the firſt is to one of the other magnitudes, a as 
rhe remaining one of the laſt two is to the remaining one of the firſ. : 
But the 5. Definition, . hich ſince Theon's time has been kep! 
in the Elements, to the great detriment of learners, is now juſtly 
thrown out of them, tor the reaſons given in the Notes on the 23. 
. Frop. of this Book. „5 3 | 3 


PROP. L and II. B. VI. 


10 the firſt of theſe 2 Cor ollary 125 added which is olten ul, FF 
and the Enuntiation of the ſecond | is made more e general. 


PROP. III. 8 vi 


A . caſe of this, as uſeful as the firſt, is given in prop. A Y 
viz. the caſe in which the exterior angle of a triangle is biſected by 
a ſtraight line. the Demonſtration of it is very like to that of the 5 
firſt cale, and up on this account may, 3 hare been left out, 

as alſo the Enuntiation, by ſome unſkilfal Editor, as leaſt it is cet· 3 8 
tain, that Pappus makes uſe of this caſe, as an May Propoli Ez 
tion, without a Demonſtration of it, in Pr oP. 39. of bis 7. Book & | 

| Ddathiem. Collections. 


PROP. 
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PROP. VII. B. VI. 
To this a caſe i is added which occurs not untrequently in De- 
monſtrations. 


PROP, VIII. B. VI. 


It ſeems plain that ſome Editor has changed the Demonſtration 
that Euclid gave of this Propoſition, | for after he has demonſtrated 


that the tr angles are equiangular to one another, he particularly. 


fhews that their ſides about the equal angles are proportionals, as it 
this had not been done in the Demonſtration of the 4. Prop. ot this 
Book. this ſuperfluous part is not found in the Tranjlation from 
the Arabic, and is NOW left out, 5 


PR 0 ** 
This is demonſtrated in a particular caſe, viz. | that in which the 


third part of a ſtraight line is required to be cut of; which is not at 


all like Euclid's manner. beſides, the Author of the Demonſtration, - 


from four magnitudes being proportionals, concludes that the third 
of them is the ſame multiple of the fourth, which the firſt is of the 
ſecond; now this is no where demonſtr ated in the 5. Book, as we 


now dune l. but the Editor aſſumes it from the confuſed notion 


which the vulgar have of proportionals. on this account it was ne- 
cel flary to give a genera dal aud legitimate Demonſtration of this Pro- | 
Poſition. 


PROP. III. B. . 


* he Demonſtration of this ſeems to be vitiated. for the Propo- 


fition ; 18 demonſtrated only 1 in the caſe of quadrilateral figures, with- 


out mentioning how it may be extended to figures of five or more 
ſides. beſides from two triangles being equiangular it is inferred 


that a fide of the one 1s to the homologous fide of the other, as ano- 


ther ſide of the firſt is to the ſide homologous to it of the other, 
without permutation of the proportionals ; which is contrary to Eu- 
clid's manner, as is clear from the next Propoſition. and the ſame 
fault occurs again in the concluſion, where the ſides about the equal 
angles are not ſhewn to be proportionals; by reaſon of again ne- 
glecting permutation, on theſe accounts a Demonſtration is given 


in n Euclid's manner, like t to that he makes uſe of ! in the 20. Prop. 


_ 
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Book VI. of this Book ; and it is extended to five ſided figures, by which! 
wu may be [cen how to extend it to figures of ny number of fides, 


PROP. XX Im. B. VI. 
Nothi ing is uſually reckoned more difficult in the Elemen'd 0: 


Geometry by learners, than the doctrine of Compound ratio, which 
Thcon has rendered abſurd and ungeometrical, by ſubſſituting the 


5. Definition of the 6. Book, in place of the right Definition which 
without doubt Eudoxus or Euclid | gave, in its proper Place alt 
the Definition of Triplicate ratio &c. in the 5. Book. Theor 


Definitio: a is this; a Ratio i i ſald to be compounded of rat 408 Pf | 


ai To 3 % h ,, £0 WNUTHG ννννντνντννðẽ)/ OTH THT Th: 
which Commendine thus tranſlates, quando rationum quantitates 
* inter ſe multiplicatae aliquam efficinnt rationem ;” that is, When 
te quantities of the ratios being multiplied by one another make: 
certain ratio. Dr. Wallis tranſlates the word Tranornures, © ratio- 
num exponentes,” the exponents of the ratios. and Dr, Gregory 
renders the laſt words of the Definition by © illius facit quan Malo, 


makes the quantity of that ratio, but in whatever ſenſe tl he © onan- 


cc 


* tities” or e:poneuts of the ratios,” and their“ mvltip:ication 
be taken, the Definition will be ungeometrical and uſcleſs. for there 
can be no multiplication but by a number; now the quantity or 


exponent of a ratio (accordivg 2s Eutocius | in his Comment, on. 


Prop. 4. Book 2. of Arch. de Sph. et Cyl. and the moderns explain 


that term) is the number which multiplied into the conſequent teri 
ol a ratio proguces the antecedent, or, which is the ſame thing, te 
number which ariſce by dividing the antecedent by the conſequent: ; 
but there are many ratios ſuch, that no number can ariſe from the 
Alviſion of the antecedent by the conſequent ex. gr. the ratio whit h 
the diameter of a Raue has to the fide of it; and the ratio Wich 
the circumfcrence of a circle has to it diameter, and ſuch like, 
Beſides, there is not the leaſt mention made of this Definition it 
the wiitin 23 of Euclid, Aerie jedes, Apollonius, or other antients, 
tho” they frequently make uſe of Compound ratio. and in this 23. 
Prop. of the 6. 8 where Compound ratio is firſt mentioned, 
there is not one word which can relate to this Definition, tho here, 
if in any place, it was neceſſary to be brought in; but the right 
Definition is pry cited in theſe words, 1 but 5 ratio of K 50 
N derber the ratio of K to A and of the ratio of 


2 8 to NI. 75 this D Deſinilion therefore Or 'T heon 1 is Aas uſcleſs and 
| | | a |  abiurd! | 
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* 8 -bſurd. for that Theon bronght it into the Elements can ſcarce be Book VI. 
doubted, as it is to be Rnd 1 in his Commentary upon Ptolomy's LI 
Meyaxn v, page 62. where he allo gives a childiſh explication 

of it, as agreeing only to ſuch ratios as can be expreſſed by num- 


6. bers; and from this place the Definition and explication have been = | 
ch. exactly copied and prefixed to the Definitions of the 6. Book, as = 
the . appears from Hervagius's edition. but? Zamber tus and Commandin | "1 
OW, in their Latin Tranſlations ſubjoin the ſame to theſe Definitions, "nn 
Wn BE Neither Camparius, nor, as it ſeems, the Arabic manuſcripts from il. 
as WU which he made his Tranſiation, have this Definition. Clavius in his A b 
. bſcrvations upon it, rightly judges that the Definition of Com- tf 
l yound ratio might have been made after the ſame manner in which 1 
ee the Definitions of Duplicate and Triplicate ratio are given, viz. 4 
wm WU that as in ſeveral magnitudes that are continual proportionals, Eu- al : 
e i * cid named the ratio of the firſt to the third, the Duplicate ratio [ : 
10 KH © of thefirſt to the ſecond; and the ratio of the firſt to the fourth, " 
1 the Triplicate ratio of the firſt to the ſecond; that is, the ratio 1 
n, c compounded of two or three inter mediate ratios that are equal 1 
a to one another, and ſo on; ſo in like manner if there be fred | 
ous magnitudes of the ſame kind, following one another, which are : ll. 
55 * not continual proportionals, the firſt is ſaid to have to the 122: . 
TIE * the ratio compounded of all the intermediate ratios, — only { for 1 
on * this reaſon, that theſe intermediate ratios are inter poſed betwixt | 
{ain «the two extremes, viz. the I ſt and laſt magnitudes; even as in bl 
ons „the 19, Definition of the 5. Book, the ratio of the firſt to the 5 


* third was called the Duplicate ratio, merely u pon account of two. 

i" | _ © ratios being interpoſed betwixt the extremes, that are equal to one 
1 * another: : ſo that there is no difference betwixt this compounding 

* of ratios, and the duplication or triplication of them which are 


— 
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_ | defined in the 5. Book, but that in the duplication, triplication 
le. & c. of ratios, all the interpoſed ratios are equal to one another; 
1 © whereas in the compounding of ratios, it is not neccſary that the 
un, RS . intermediate ratios ſhould be equal to one other Alſo 
N [| 3 Mr. Edmund Scarburgh, in his Englith tranſlation of the firſt fi « 


— Books, page 238, 266. exprelly allirms that the 't. Definicon of -: 


erer 7 the 6. Book, is ſuppoſititious, and that the true Dx >hpition of Com- 
jolt : pound ratio is contained in the 10. Definition of the 5. Book, viz, 
dhe Definition of Duplicate ratio, or to be underſtood from it, to 
i L Voit, in the ſame manner as Clavius has explained it in the Pere aug | | 
and 5 e Let theſe, and the reſt of che! Moderns, do norwithſt andling — = 


e retan oo 


2 
2 
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Book VI. retain this 8, Def. of the 6. B. and illuſtrate and explain it by louy 


YR 
from the Elements. 


Commentaries, when they ought rather to have taken it Quite away 


For, by comparing. Def. 2 B. 6. with Prop, 5. B. 8. it will 
clearly appear that this Definition has been put into the Elements in 
place of the right one which has been taken out of them. becauſe in 
Prop. 5. B. 8. it is demonſtrated that the plane number of which 


the ſides are C, D has to the plane number of which the ſides are 


E, Z (ſee Hervagius's or * Gregory s Edition) the ratio which is com- 
pounded of the ratios of their ſides; that is, of the ratios of C to 
E, and D to Z. and by Def. 5. B. 6. and the explication given of 
it by all the Commentators, the ratio which is compounded of the 


ratios of C to E, and D to Z, is the ratio of the product made by 


the multiplication of the antecedents C, D, to the product of the 
e E, Z, that is the ratio of the plane number of Which 
de ſides are C, D to the plane number of whe 1 the ſides are E, I. 


. the Propoſition which is the 5. Def. of B. 6. is the E very. 


1 5 . X | \ . T3 - C * * FER . 4 72 Ag. / * — — ! a - 
lame with the 5. Prop. of B. 8. and therefore it ought neceſſatily 
4 be e 11. 155 Th FJ it H [bo 1, 2250s JP? + qt qt A A 
10 Y LCCLICTE 1 ORC O1 [nee PLACES 5 ee ie Ft 18 blur 114 ne 
fame Pr Opoſition ſhould ſtand as a Defiaition in one place of the 
FO A * 1 8 28 I ; _ : ; 8 ISIS 7 1 8 
Elenents, and DE de onſtr ated in anot ii CF pla Ce Gi DCE, NOW OUT 
2 T 3. * [- as ts ela Feten 
is no doubt that ! op. 5. B B. 8. ſhould have a place in the Element: 
« - — 4. 7 1 - On 1 51471 

as the ſame n enen Acc in it e Phan e n abe. 5 


rams; NV 0 Def 5. B. 6. ought not to 1 e in 1 1 e Sri nt 


and from this it is evident that this Delinition! 15 not Euclid's but 
T heon's 8, Or ſome other unſkcilful Geometer's : 


But no body, as far as know, has Miche to ſhewn the tru e 
of Compound ratio, or fo what purpole it has been iatroduced mto 


Geometry; for every Propeſition in which Compound ratio is mad 
ue ot, may without it be both enuntiated and demonſtrated. Now 
the ule of Compound ratio conſiſts wholly in this, that by mca ns of 1 5 

it, circumlocutions may be avoided, and thereby Propoſitions m 

be more briefly either enuntiated or demonſtr ated, or both may be | 


done; for inſta ance, if this 23. Propoſition of the 6. Book were | 
be enuntiated, without mentloning Compound ratio, it might be 1 


done as follows; If two par allelograms be equiangular, and if as 4 
| fide of the firſt to a ſide of the ſecond, ſo any aſlumed ſtraight line 
be made to a ſecond ſtraight line; and as the other ſide of the firſt 
t the other ſide of the cou, fo the ſecond ſtraight line be max 


to 


NO YE 8. 323 


w s a third: the firſt parallelogram is to the ſecond, as the firſt Book VI. 

ay W- ſtraight line to the third. and the Demonſtration would be exactly EF | 

| the ſame as we now have it. but the antient Geometers, when the if 
vill obſerved this Enuntiation could be made ſhorter, by giving a namo 0 
in to the ratio which the firſt ſtraight line has to the laſt, by vhich 1 
in I name the intermediate ratios might likewiſe be ſignified, of the firſt | 
ich to the ſecond, and of the ſecond to the third, and ſo on if there | 
are were more of them, they called this ratio of the firſt to the laſt, the 

m- ratio compounded of the ratios of the firl! to the avi 1 and 8 the 

to ſecond to the third ſtraight line; that is, in the preſent example, of 

| of the ratios which are the fame with the ratios of the ſides. 5 by Ul: 

the they expreſſed the Propoſition more briefly thus, If there be two 

'by cquiangular parallelograms, they have to one another the ratio 

the which is the ſame with that which is compounded ot ratios that 

Ach are the ſame with the ratios of the ſides. which is ſhorter than the 

„. preceeding Euuntiation, but has preciſely the ſame meaning, or yet 

very ſhorter thus; equiangular parallelograms have to one another the 

artly ratio which is the ſame with that which is compounded of the ra- 

gu tos of their ſides. and theſe two Enuntiations, the firſt e TR Ally, 
de agree to the Demonitration which is now in the Greek, the Propo 0. | 
here ſition may be more briefly demonſtrated, as Candalla docs, a 805 7 1 | 
ent Let ABCD, CEFG be two equiangular parallelograms, and com- 1 
bers, plete the parallelogr am CDHG; then, becauſe there are three pa- i 
lelo. rallelograms AC, CH, CF, the firſt AC (by the Definition Ot Com- 1 
ente Pound ratio) has to the third CF, the D 1 
bit ratio which is compounded of the ratio . W 11 : {| 

bl the firſt AC to the ſecond CH, and „ : 

£ Pi 3 of the ratio of CH to the third CF; B — 0 (F 
| into. but the parallelogram AC is to the pa- c 1. 

made rallelogram CH, as the ſtraight line 1 F 

Now BC to CG; and the parallelogram CH : * 
ins Of is to CP, as the ſtraight line CD is to CE; therefore the parall elo-⸗ 
m ß a gram AC has to CF the ratio which is compound Jed | of ratios that 
a5 be are the ſame with the ratios of the ſides. and to this B. Demonſts ation 
ere agrees the Enuntiation which is at preſent in the text, viz. equian- 
ht be | gular parallelograms have to one another the ratio which, 15 e 5 
t 4 Pounded of the ratios of the ſides. for the vuloar reading © which 
it 1106 is compounded of their fides” is abſurd, But in this Edition Vs 
e ful hare kept the Demonſtration which is in the Greek text, tho" not 

made ſo ort a8 Calidalla's 8; becauſe! the day of b nding the ratio Wi ich _ 


3 
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"Fook 1 


r 


is compounded of the ratios of the ſides; that ! is, of finding tl tue 


— PTY „atio of th e par: aliclograms, is ſhewn in that, but not in Candally': 


ho 


Penonſtration z whereby beginners may learn, in like caſes, how to 


ad the ratio which is compounded of two or more given ratios, 


F rom what has been faid it may be obſerved, that i in any magni- 
ges whatever of the ſame kind A, B, C, D &c. the ratio com- 
poinced of the ratios of the firſt to the ſecond, of the ſecond to the 
tlird, and fo on to the laſt, is only a name or exprefiion by whick 
the ratio which the firſt A has to the laſt D is ſignified, and by. - 
which at the ſame time the ratios of all the mapnitudes A to B. 
. to C, C to D from the firſt to the laſt, to one another, whethe: 
ey be the ſeme, or be not the ſame, are indicated; as in magyi. 
tices Mich ate continual proportionals A, B, C, D Sec, the Pu- 
Picate ratio of the fi ſt to tl e Gori is only a name, or = IT 
by which the ratio of the firſt A to the third C is ſigniſicd, and by 
Wich, at the fame time, is ſhewn that there are two ratios of the 


1 


mate fron the {firſt to the laſt, vir. of the grit A to the ſe. 


4 
$ 7 _ 


cord B, and or thelecondB to the third or laſt 10, Which aré the ame 


another; and the Triplicæ te rat 10 of th 0 frit to the feeond 
1 


\ wo 


48 2 Hamme Or EN prefiion by: | W nich tlie Val 110 of ne nl A tO the 
* 5 TA, 0 a Pans ! — K =Y i 
forrtn D381 JAIL 2d, Alle! Dy which, 85 the far 1C tum 8 {Down thot 


Ya 


* 6 3 5 3 
there are tie 12 208 of the magnit nets from the Gl 40 the lalt, 


Viz. of the firſt A to ines {cond B, and of B to the third = and of 
©.to the fourth or laſt P, which are all the fame with one another; 
ard: ſo in the caſe a1 any Other Multipl cate ratios. And that thus is 
te right explication of the meaning of theſe ratios os plain from | 
the Deb hltions of Duplicate and 17 iplicate ratio in which Euc mg 
makes uſe b he Word Afyeray, s ſaid to be, or is called; Which 

ward, be noc J0ubt mace uſe e of : 1101 in the Definition o Compo 


5 
1 
1. 
p 


129 10 witch 7 heon, or ſome other, has expunced from the on te 


YN 6 


nents; Art very fan ne word is Rill retained | in the wrong De u- 
tion o dase ratio which is now the 5. of the 6. Book 7 Mc. 


in the citation or FtheleD Delinicions it is ſome times retained, as in the 5 


Demo ſtration of Prop. 19. B. 6. © the firſt is ſaid to have, e 


4 


a-3£7%, to the third the Duplicate ratio” Sc. which is wrong 


tranGated by Commandine and others“ has” inſtead of is fad to 


* have;” a nd ſometimes it is left out, as in = Demonſtration . 


p. 95. 33 of the 11. Bock, in which we find © the fire) ey EN 


tothe third the Triplicate ratio;” but without doubt £1, * has. 


* 
” 


a s place 8 ſigwities the lame as xen Are, 18 laid to haue. 0 
4 | kene 


immediately concluded that the ſides about the Other equal-auglcs 
were proportionals, VIZ. I om P. 1p. 34 H. . 200 rep, B 


of this Propoſition, has been vitiated by lone un | 
alter this Editor had demonſtrated that © as the bebte 12 8 


N O F E 8. 


fikewiſe in Prop. 23. B. 6. we find this citation “ but the ratio of 
« K to M is compounded, ovyze7a, of the ratio of K to L, and e 


« the ratio of L to M,“ which is a ſhorter way of expreſing the 


From theſe Remarks, together with the Propoſitions ſuhioloc 


to the 5. Book, all that is found concerning Compound ratio di- 
ther in the antient or modern Geometers may be und zer flood a aun 


explained. 


PROP. XXIV. B. VI. 
It ſeems that ſome unſkilful Editor has made up this Demos 
ſtration as we now have it, out of two others; one oF Which may 
be made from the 2. Prop. and the other from the g. of Us 


- Book, for after he has from the 2. of this Book, and G 


and Permutation, demonſtrated that the ſides about the angle cou. 


mon to the two Set 1 grams are propor tionals, he mint lar 


Lai 


CI 


! 


. 1 5 J, 5 * %'Y | 45 A 4 - YT ; * Ek A \ C 7 >. ae 
this he does not, but proceeds to ſhew. that the tria 9 and Para. 


ſelograms are ee and in a tedious War, by herp. e a ETD, ; 
4. of this Book, and tlie 22. Of B. 5. geddes the eme conclüfſon. 


from which it is p! ain that this il compose Demo OR AT 
Euclid's. theſe {uperiuons things are now lest out, ard ahnt 


5 ſimple Demonſtration is given fk the 4. Prop. of this Beck, the 
tame which is in the Tranſlation tren-the Arabic; by heols.of.the 


2. Prop. and Compoſition; but in this the nn Daly Fermi 


I. 


tation, and does not new the parallels: rung to de eqbian gta, as 


is proper to do for the 12 take : of 1 —— innen I'S. 


„ R O p. XXV. 5. VI. | 
It ! is rery evident Far the Demonſtration whic h Fnc if ha J en 
9. 7 | 

12 & i 


Hur! 


ABC is to the 1 ectllincal KGH, ſo is the e I BE to the 
© para llelogram EF, 2 nothing more ſhould have been added bet 


* this, © and the rectilinea! figure ABC is equal to tic Parabel Stain | 


FEY 


60 e 
BE, therefore the reQilinea 1 KG3H is equal to the Pain frat 


g 4 
= EF,” VI. from 5 14. B. 5 but betwint Ns hy Nene 
he has inferted this, 


—_ 


„ wherefore, ©: By Perm JET], as the rebellincs 


22 Cot > 


ſame thing, which, according to the Definition, ought to has > been: 
_ expreſſed by 5rd Meera, is ſaid to be compoünded. 


FC 
Book VE; ** * figure ABC to the par all e BE, ſo is the refiitineal KGH 
to the parallelogram EF ;” by which, it is plain, he thought it 
was not ſo evident to conclude that the ſecond of four proportionals 
13 equal to the fourth from the equality of the firſt and Y RO whic! 
13 a khin 8 demonſtrated in the 14. Prop. of B. 5. as to conclude 


— 


that the tl ird is equal to the fourth, from the equality of the fr 
and ſecond, which is no where demonſtrated in the Elemente ag we 
vw have 2 but tho' this Propoſition, viz. the third of four 
proportionals is equal to the fourth, if the Hirt be equal to the ſe 
cond, had been given in the Elements LDN Euciid, as very probably 
it Was, 585 he would not have made uſe of it in this place, becauſe, 
as Was laid, the concluſion could have been immediately deduced 
Vithout this luperfinons ſtep by Permutation. this we have f new 
at the greater length, both IND it aſtords a certain proof of tf 
vitiation of the Text of Euclid, for the very fame blunder is found 
EVICE in the Greek Text of P op. 23. B. 1 . ind twice in Prop. 2. 
B. 1 2. and in the 3 and 18. Of that B. ies in Waich 
Places of B 1 2. except the laſt of thera, it 181! ohtiy Jeſt out in the 
5 Oxtord E dition of Commandine's Tr: anſlation: and allo that Geo- 
meters may beware of making uſe of Permutation in the like cas, 
for the Moderns not unirequently commit this miſtake, aud among 
others Commandine himſeif in his Commentary on Prop. 5. B. 3. 


3.0 


— 


p. G. b. of Pappus Alexandrinus, and in other places. the vulgar no- 
tion of proportional has, it ſeems, pr mad many {0 much, that 
they do not ſuſſiciently underſtand the true nature of than, 
do not iufticientiy underſcand the true nature of thei, | 
| Beſide 5, tho” the rectilineal figure ABC, to which another is to 
be made {im Har, may be of: any kind Wer yet in the Peer 
660 en 
ſtration the Greek Text has triangle inſtead of „ rectilineab i- 
gure,” which error is corrected in the above named OCatord 


PROP. XXVII. B. VI. 

T he ſecond Caſe of this has Gg, otherwiſe, Pere to it, as l f 
it was a different Demonſtration, which probably has been done by 
TOO unſkilful Libra arian. Dr. Gregory has rightly left it out. the 
{cheme of this ſecond Caſe ought to be marked with the ſame let. 
ers of the Alphabet which are in the ſcheme of the firſt, as is now 
cone. ) Or 


C, according to the determi- | 


qual to C; produce ED to F, {4% _ 
0 the at EF be equal to AD or 
DB, and from the center E, . 
at the diſtance EF deſcribe a 


N 0 T E 8. 


PROP. XXVIII. and XXIX. B. VI. 
Theſe two Problems, to the firſt of which the 27. Prop. is ne- 


ceſſary, are the moſt general and uſeful of all in the Elements, and 


are moſt frequently made aſe of by the antient Geometers in the 
ſolution of other Problems; and therefore are very ignorantly left 
out by Tacquet and Dechales in their Editions of the Elements, who 


pretend that they are ſcarce of any ule, the Caſes of theſe Problems, 
V herein it is required to apply a rectangle which ſhall be equal to a 
given ſquare, to a given ſtraight line, either deficient or excecding 


by a ſquare; as alſo to apply a rectangle which ſhall be equal to 
another given, to a given ſtraight line, Geßcient or exceeding by a 
ſquare, are very often made uſe of by Geometers. and on this ac- 
count, it is thought proper, for the ſake of beginners, to give their 


h ructions, as follows. 


3 apply a rectangle which ſhall be equal to a given ſquare, 


toa given ſtraight line, deficient by a ſquare, but the x GIVEN Aare 


maſt: not be greater than that upon the half of the given line. 
Let AB be the given ſtraight line, and let the Tone: upon the 


given ſtraight line 8 be that to which the rectangle to be applied 


6 


mult be equal, and this ſquare by the determination, is not greater | 
than that upon half of the ſtraight line AB. 5 


Biſ⸗ ect an in D, and if hs ſquare upon AD be EQ! nal to the 


ſquare upon C, the thing required is done, but! it it be not equal 5 
it, AD muſt be greater than 1 | BH k = 
| | - 


nation. draw DE at ris ht Es 
angles to AB, and make it e- SR == 


0 


circle meeting AB in G, and upon GB deferit ibe the qua re G BRH, 


and comple te the rectangle AGHL ; alſo join EG. ale becauſe AB 


is biſected in D, the rectangle AG, GB together with the {quar e of 


D is equal a to (the ſquare of DB, that is of EF or EG, that is 
to) the ſquares of ED, DG. take away the ſquare of DG from each 


of theſe equals, therefore the remaining rectangle AG: GBis equal to 


the quare of ED, that is of C. but the rectangle AG, GB is the rect- 


| angle AH, becauſe Ell is equal to GB. therelore the rectan gle AH 


X 4 3 
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Book VI. is equal to the given ſquare upon the frraight line C. wherefore the 7 
ALY rectangle AH equal to the given ſquare upon C, has been applied to 


. 6. . 


AG, GB together with the ſquare 
of DB is equal * to (the ſquare of + 
DG, or DE, that is to) the ſquares. e 
of EB, BD. from each of theſe 1 
equals tale the ſquare of DB, 


BE, that is to the {quare upon C. but the rectangle AG, LB = ? 


the given ſtr aight line AB, deficient | by the {qua are Gb. W hich was 
to on: done. 


. To apply a rectangle which ſhall be equal to a given ſquare, 


toa os en ſtraight line, exceeding by a ſquare. 


Let AB be the given ſtraight line, and let the ſquare upon the 


given ſtraight line C be that to Vi hich the red tang'e to be applicd 


mag be W 8 

Biſect AB in D, and draw BE at right angles to it, ſo that BE. 
be Kg to C, and, havi ing joined DE, from the center D at the 
diſtance DE deſcribe a circle meeting AB Pp: oduced in G; upon BG 


deſcribe the ſquare BG HK, and 
complete the rectangle AGHL. 
and becauſe AB is biſected in D, 


and produced to G, the rectangle 


therefore the rema ning rectangle AG, GB is equal to the ſquare of - 
5 1 | 


« |: 


rectangle AH, becauſe GH is equal to GB. therefore the rectang Us 


AH is equal to the ſquare upon C. whereſore the rectangle N 
equal to the given ſquare upon C, has becn applied to the vive 


Nraight line AB, exceeding 5 the Tyme GK. W hich was to > be 
done. 5 „ 
"4," T0 apply "4 rectang! e to a given ſtr Acht line which ſhall be , 


equal to a given rectangle, and be deficient by a ſquare. but the 


given ee muſt not be greater than the 1900 are upon the halt of 


_ thegiven ſtraight line. = 

Let A be the g given ſtraight Ude, St let the given rectangle be 

| that which is contained by. the ſtraight lines C, D, which is not 
enter: than the {quare upon the half of AB. it is required to ap- 
ply to AB a rectangle equal to the rectangle C, D, , deficient bya 
ſquare. 


Draw AE, Br at 295 SPIE to AB, upon hs ſame ade of „ 


8 ns make AE equal to C, and BF to D. join EF and biſe&t it in G, 
and from the Center G, at the diſtance GE deſcribe a circle emeeting 


AE. 


3 


FAB, AB and HF are parallels, and All and BF are parallels, where- 
fore AH is equal to BF, and the rectangle E, 5 AH equal to the 


GF are equal to one another, and AE, LG, BF parallels, there- 


: —— O | E 18 not Sre 24lE r than 


| ſquare of AL | is © equal to the HB) 
rectangle EA, AH, that is to 


that which was required is 


in the points M, N, and upon NB deſcribe the {quare NBOP, and 


it has been proved that AL is equal to LB, therefore AM 1s _ 
to NB, and the rectangle AN, NB equal to the rectangle NA, AM, 


rectangle AN, NB is the rectangle AP, becauſe PN is equal to NB. 
therefore the rectangle AP is equal to the rectangle C, D, and the 
rectangle AP equal to the given rectangle C, D has been applied to 
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* again in I; join HF and draw GK parallel to it, and GL pa- Book VI. 


rallel to AE meeting AB in L. See 
Becauſe the angle EI F in a ſemicircle is equal to the right angle | 


rectangle EA, BF „that is to the rectangle C, D. and becauſe EG, 


fore AL and LB are cqual; alſo EX is equal to KH*, and the a. 3. 3. 
rectangle C, D, from the determination, is not greater than the 
[quare 5 AL the half of AB, whereiore the rectangle EA, AI is 

not greater than che far Hare of AL, that i is of KG. add to each the 

ſquare > of of KE, therefore the ſquare Þ of AK is not greater than b. 6. a. 
the ſquares of EI, KG, that is . 
than the ſquare of EG; and 


poem prone the ſtraight line 


AZ 


GE; NOW, if GE be equal to 
GL, the circle EHF touches 
AB in L, and thei fore Ae 


c. 36. 3. 


the given rectangle C, D; and 


done. but if EG, GL be un- 
equal, EG muſt be the greater, 3 N 
and therefore the circle EHF cuts the ſtraight line AB; let it cut it 


complete the rectangle AN PO. becauſe ML is equal to 9 EN, and d. 3. 3. 


that is to the rectangle © EA, AH or the rectangle C, D. but thee. Cor. 36. 3. 


the given ſtraight line AB, deficient by the quare BP. W. nich Was 
to be done, | 


4. To apply a 3 to a given firaight line that 0 be | 


equal to a given rectangle, exceeding by a ſquare. _ : | 


Let AB be the given — Une, ang the + rftagl C, D * 
| | - Siren | 
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Book VI. given rectangle, it is required to apply a rectangle to AB equil to 


[&. D, exceeding by a ſquare. 


| 2. 35. 3. 


it in G, and from the center G, at the diſtance GE deſcribe a cir 

meeting AE again in H; join HF, and draw GL pa 1 2121 to AE: 
. | 4.3 

let the rs meet AB # laced ; „ 


and therefore AH and BF are 
equal, and the rectangle EA, 
A equal to the rectangle EA, 


D. and becauſe ML is equal to LN, and AL to LB, therefore M1 


Draw AE, BF at right angles to AB, on Fr contrary {ides of! i, 
and make AE equal to C, ind BF equal to D. join EF and biſcct 


in M, N, and upon BN deſer ibe 
the ſqua re NBOP, and com- 
plete the rectangle ANPQ. be- 
cauſe the angle ERF in a ſemi- 
circle is equal to the right angle 
EAB, AB and BF are par allels, 


BF, that is to the rectangle C,. 


. was to be done. 


Willebrordus Snellius was ; the firſt, as © as 1 low; who gare 
theſe conſtructions of the 3. and 4. Problems in his Apollonius Ba- 
tavus. and afterwards the learned Dr. Halley gave them in the Scho- 
lium of the 18. Frop. of the 8. B. Ol one onius's Conics reſtored 
| by him: 
e ne Problem 18 -ather wiſe enuntiated thus, To cut a gien 
ſtraight line AB in the point N, fo as to make the rectangle AN, NB 
equal to a given ſpace. or, which is the fame thing, Having given . 
AB the ſum of the ſides of a rectangle, and the e of it be- =: 
ing likewiſe given, to find its ſides. | 
And the 4. Problem is the ſame with this, To find a point * in 
the given ſtraight line AB produced, fo as to make the rectangle 


AN, NB equal to a given ſpace. or, which i is the ſame thing, Hay- 


; ing given AB the difference of the ſides of a e and the muy: | 
nitude of it it, to find the lides, 2 


* F 


+ 5 


is equal to BN, and the rectangle AN, NB to M A, AN, that is 0 
the rectangle EA, AH or the rectangle C, D. therefore the rect- 
angle AN, N . that is AP 1 is equ zal to the rectal C, D; and to 
the given ſtraight line AB the rectangle AP has been applied equal 
to the given rectangle C. D, en by the ſquare BP. Vick 


en Of 


d to 
q Ual z 
nich 


Tbe 26. Prop. is demonſtrated from the 3 2. as ; follows 
If two ſimilar and ſimilarly placed parallelograms have an angle : 
. common to both, or vertically . angles 5) their diameter s are 
in the ſame ſtraight line, 
& Firſt, Let the parallelograms ABCD, ARFG have the angle 
Bab common to both, and be ſimilar, and 1 paced ABCD, 5 
* 8 are about the lame diameter. 55 


Produce | 
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FPR OP. XXI. B. „ 8 
in the Demonſtration. of this the inverſion of Propor tionals is 
:wice neglected, and is now added, that the concluſion may be le- 
gitimately made by help of the 1 Prop. of B. 5. as Clavius had 
done. | 
PROP. XXXII. B. VI. 
The Enuntiation of the precceding 26. Prop. is not general 
cnough; becauſe not only two ſimilar parallelograms that have an 
angle common to both, are about the ſame diameter but likewiſe 
two ſimilar parallelograms that have vertically eppolite angles, have 
their diameters in the lame ſtraight line. but there 80 to have 
Deen another, and that a dire ect Demonſtration of theſe caſes, to 
which this 32. Propoſition was necdful. and the 3 2 may be other- 
mile and ſomething More briefly demonſtrated as follows, 
„„ Ly PROP. XXX It. B. VI. 
Ik two tr jangles which have two ies 0 the one, &c. 
Let GAF, HFC be two triangles which 1 have two ſides AG, S 
5 proportional to the two ſides FH. iu, VIZ. AG to Gr, „ 28 Fil to 
BC; and let AG be parallel t „„ 6 15 
and F to HC; AF and FC are in a \ Arp AT ta trragrer (nt 
5 {traight line. DS I I” i 5 : i 
Draw CK para el to FH, and let 1 15 F IHM 31, 1. 
it meet GF produced in K. becauſe | * 
2, KC are cach of them parallel to 5 | 
F, they are parallel b to one another, D —— K e C b 30. r. 
and therefore the alternate angles „„ „ 
AF, FKC are equal. and AG is to GF, as (FH to HC, that] is © a 6 % 
C to KF; wherefore the triangles AGF, CKF are equiangular d, d. 6.6. 
and the angle AFG equal to the angle CFK. but GFK is a ſtraight ne. 
7 line, therefore AF and FC are in a ſtraight line ©. . 14. 1. | 
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r E 
Produce EF, GF, to H, K, and join FA, FC. then becauſe the 


WAV parallelograms ABCD, AEFG are fimilar, DA is to AB, as G4 U 


b. 32. 6, 


Book XI. 


equal mes; for from the proportionality of the ſides only, or 7 
rom 


a. Cor. 195, AE; wherefore the remainder DG is* „„ | 
to the remainder EB, as GA to AE, A ART OTE — 0 
but DG is equal to FH, EB to HC, 235 F 555 
and AE to GF. therefore as FH to E | J_— JH 


HC, ſo is AG to GF; and FH, HC 
are parallel to AG, GF; and the tri- _ 'T | 
angles AGF, FC are joined at one B — — 
angle, in the point F; wherefore A, K — 
FC are in the ſame ſtraight line b. „ 

Next, Let the parallclograms KFHC, GFEA which are fmilar 
and ſimilarly placed, have their angles KF, GFE vertically opro. 


ſite; their diameters AF, FC are in the ſame ſtraight line. | 
Becauſe AG, GF are parallel to FH, HC; and th at AG is to CF, 
a8 FH to HC; therefore AF, FC are in the ſame ſtraight line b. 


PROP. XXXIII. B. VI. 


The words © becauſe they are at the center,” are left t out, as the 


addition of fome unſkilful hand. | 1 
In the Greck, as a alſo 1 in the Latin Tranſlation. 5 Hanke 4 £7- 


*, any whatever,” are left out in the Demonſtraticn of þ : 
parts of the Propoſition, and are now added as quite neccſſary. e 
in the Demonſtration of the ſecond part, where the triangle BCC 2 = 
proved to be equal to CGK, the illatire anlkel⸗ 4% in tlie Crect 
Iext ought to be omitted. _ . 


The ſecond part of the Propoſition is an addition of T heon's, 
as . tells us in his Commentar ** on Talea) 8. NM. 7 ura, 


* 50. 


PROP. B. C, D. B. VI. 


Theſe three Propoſitions are added, becauſe they are fr Frequent V 
TO made uſe of by Geometers, 


5 EF. IX. and XI. . XI. 


8 HE | Gmilitade of lags wan 18 | defined ** the equality 1 
their angles, and the proportionality of the ſides about the | 


Ca: 


nar 


Nt 


7 


not follow, except in the caſe when the figures are triangles. 
* {milar poſition of the ſides, which contain the figures, to one ano- 


NC r ES, 


3 gom the equality of the angles, the ſimilitude of the Figures does Book X1, 


ther, depending partly upon each of theſe, and, for the fame rea- 
ſon, thoſe are ſimilar ſolid figures which have all their ſol lid angles 


equal, each to each, and are contained by the ſame number of ſimi- 
lar plane figures. for there are ſome ſolid figures contained by ſimi- 


lar plane figures, of the fame number, and even of the ſame mag- 


nitude, that are neither ſimilar nor equal, as ſhall be demonſtrated 


after the Notes on the 10. Definition. upon this account it was 
necefary to amend the Definition of ſimilar ſolid figures, and to 
place the Definition of a ſolid angle before it. and from this and 


the 10. Definition, it 1s ſufficiently plain how much the Elements 


have been ſpoiled by un{kilful Editors. 


BEE. X. B. XI. 


Since the meaning of the word ** equal“ js known and eſtabliſhed: 
| before it comes to be uſed in #5 Definition, therefore 
tion which is the 10, Definition of 1 Book, is a Theorem the 


truth or falſnood of which ought to be de monſtrated, not aſſumed; 


ſo that Theon, or ſome other Editor, hos ignorantly turned a The- 
brem Waich ought to be demonſtrated into this 1 O. Definition, that 
fures are ſimilar, cnght to be proved from the Definition of ſimi- 
by ſigures; that they ; are equal ought to be demonſtrated from the 
Axiom, Magnitudes that wholly coincide, are equal to one ano- 
or from Prop. A. of Book 5. or the 9. Prop. or t the LAG 


5 


* ther: 
of the ſame Book, from one of which the equality of all kind of 


- figures muſt ultimately be deduced. In the precceding Books, Eu- 


clid has given no Definition of equal figures, and it 1s certain he did 


not give this, for what is called the 1. Def, of the 3. Book, is real» 


ly a Theorem in which theſe circles are ſaid to be equal, that have 


the ſtraight lines from their centers to the crenmferences equal, 
— whichis plain from the Definition of a circle, and therefore has by 


lome E ditor been improperly place >d among the Definitions. T The 
equality of figures ought not to be defined, but demonſtrated 


therefore tho' it were true that ſolid figures contained by the ſame 


number of ſimilar and equal plane figures are equal to one another. 


Jet he would juſtly deſerve to be blamed who ſhould make a Defi- 
nition of this Propoſition which ought to be demonſtrated. But if 
this e be not Ane muſt it not be confeſſed that Geome- 


ters 8 


the Propoſi- | 
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Book XI. ters ls for theſe thirteen hundred years been milieu in this 


F 0 TEL 


* Elementary matter? and this ſhould teach us modeſty, and to gc. 


C. 


8. 1. 


knowledge how little, thro' the weakneſs of our minds, we are able 


to prevent miſtakes even in the principles of ſciences which are juf. 


ly reckoned amongſt the moſt certain; for that the Propoſition j; 
not univerſally true can be ſhewn by many ed, the follow. 
ing is ſufficient. - 

Let there be any plane rectilincal figure, as the trian Zle ABC, 


and from a point D within it draw the ſtraight line DE at richt 


angles to the plane ABC; in DE take DE, DF equal to one ano. 


ther, upon the oppoſite ſides of the plane, and let G be any point in 


EF; join DA, DB, De,; EA, EB, EE; FA, FB, FC; GA, Cg, 


(Ci. becauſe the ſtraight line E DF is at right angles to tae plane 


ABC, it makes right angles with DA, DB, DC which it mects i- 
that plane; and in the triangles EDB, FDB, ED and DB are equi! 
to FD and DB, each to each, and they contain right angles, there 
ſore the baſe EB is equal b to the baſe FB; in the ſame manner EY 
is equal to FA, and EC to 0 
FC. and in the tr angles 
EBA, FBA, EB, BA are 
; equal to FB, BA, and the 
"hats EA is equal to the 
baſe FA; -wherelore the 
angle EBA is equal® to the 
angle FBA, and the tri- _ 
angle EBA equal Þ to the 
triangle FBA, and the o- B 
ther angles equal to the 
other angles ; therefore 


. Def. 


in the ſame manner the 5 ä 
b EBC! is ſimilar to the triangle FBC, 1 the trian nole EAC 


theſe tr Wh are ſimilard. 


to FAC; therefore there are two ſolid figures each of which 1 is con- 
_ tained by ſix triangles, one of them by three triangles the comm? 
vertex of which | is the point G, and their baſes the ſtraight lines 15 


| BC, CA; and by three other triangles the common vertex 0¹ 
Which is the point E, and their baſes the ſame lines AB, BC, C A. 


the other ſolid is contained by the ſame three triangles the common 
_ vertex of which is G, and their baſes AB, BC, CA; and by three 


k 
other triangles of which the common vertex is the point F, and 


their 


MP 
1 


EAC 
con. 
mon 
AB, 
x 0 
amo! 


three 
and 
their 


NOTES; 


their baſes the ſame ſtraight lines AB, BC, CA. now the three Book XI. 
triangles GAB, GBC, GC 2A are common to both ſolids; and the Sed 


three others EAB, EBC, ECA of the firſt ſolid have been ſhewn 
equal and ſimilar to the three others FAB, FBC, FCA of the other 
ſolid, each to each. therefore theſe two ſolids are contained by the 


Ame number of equal and ſimilar plan es. but that they are not 


equal is manifeſt, becauſe the firſt of them is contained in the other, 
therefore it is not univerſally true that ſolids are equal which are 


contained by the fame number of equal and ſimilar planes, 
Cor. From this it appears that two unequal ſolid angles may be 


contained by the ſame number of equal plane angles, 


For the ſolid angle at B which is contained by the four plane 
angles EBA, EBC, GBA, GEC is not equal to the ſolid angle at 
the ſame point B which is contained by the four plane angles 
FBA, FBC, GBA, GBC; for this laſt contains the other. and each 
of them is contained by four plane angles, which are equal to one 


another, each to each, or are the ſelf fame; as has been proved. 
and, indeed, there may be innumerable ſolid angles all unequal to 


one another, which are each of them contained dy plane angles that 
are equal to one another, each to cach. it is likewiſe manifeſt that 


the before mentioned ſoli. 48 are not ſimilar, Jince. cheir tolid angles 
are not all equal. | 


And that there may- be 1 ſolid angles all unequal to 


ene another, which are each of them contained by the {ame plane 


angles diſpoſed in the ſame order, will be plain from the three fol- 
low! ing FIopoligone, . | „ 


PROP. I. PROBLEM. 
Three magnitudes A, B, E being given, to find a tourth ſuch, 


2 th at every three ſhall be greater than the remaining one. 


Let D be the fourth, therefore D muſt be leſs than A, B. 0 to- 


be gether, of the three A, B, C let A be that which is not leſs than 
either of the two B and C. and firſt, let B and C together be not 
leſs than A; therefore B, C, D together are greater than A. and 


becauſe A is not leſs than B; A, C. D together are greater va B. 


in the like manner A, B, D together are greater than C. where- | 
7 fore in the caſe in which B and C together are not les than A, any 
; Magnitude D which! is leſs than A, B, ; £4 : PINT will anſwer the 


| Froblem, | 


But it B and C gether be lefs than * then becauſe. it is re- I 
3 quired : 


A. OC n—m—_a gem — 


) 
» 
. 
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N T- ES 


rw taking away B, C, the remaining one D muſt be preater than the 


exceſs of A above B and C. take therefore any magnitude D which 
is leſs than A, B, © together, but greater that the exceſs of A abou 
B and C. then B, C, D together are greater than A; and becauſe 
A is gre eater than either B or C, much more will A wt D, together 


with either of the two B, C be greater than the other. and, by the 


conſtruction, A, B, C are together greater than D. 

Cor. If beſides, it be required that A and B together ſhall nc 
be leſs than C and D together; the exceſs of A and B together a. 
bove C mult not be leſs than D, that is D muſt not be greater thin 
that exceſfſs. | 


PROP, II. PROBLEM. 


Four magnitudes A, RED being given of which A and B to- 
gether are not leſs than C and D together, and ſuch that any three 


of them whatever are greater than the fourth; it is required to find 


a fifth magnitude E ſuch, that any two of the three A, B, E ſhall be 


15 gr eater than the third, and alſo that any two of the th ree C, D, E 
58 ſhall be greater than the third, Let A be not leſs than B, and C not 
5 leſs e D. | 


Firſt, Let the exceſs of C above D be not leſ: than the excel; of ; 
A above B. it is plain that a magnitude E can be taken which i: ll 


_ the ſum of C and D, but greater than the excels of C abore 


; Jet > be taken, then E is greater likewiſe than the exccls of A 


LR ; whe crefore E and B rogether are greater than A; and A 
is not = than B, therefore A and E together are greater than Þ, 
| and, by the Hypotheſis, A and B together are not leſs than C and 
P together, and C and D together ay are e chan E; therelore 

likewiſe A and B are greater than E. e 


But let the exceſs of A above B ks greater - than the excels of C 


above D. and, becauſe, by the Hypotheſis, the three B, C, D are 
5 together g greater than the fourth A; C and D together are greater 
than the exceſs of A above B. ee a magnitude may be taken 
Which is leſs than C and D together, but greater than the exceſs 0! 


A above B. Let this magnitude be E, and becauſe E is greater than 


the exceſs of A above B, B together With E is greater than A. and, 
as in the preceeding caſe, it may be ſhewn that A together with E's 
| | mae than. B, and that A together with B 15 a than E. 


ther fore 
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. WM threfore in each of the caſes it has been ſhewn that any two of the Book xI. 
i. WM three A, B, E are greater than the third, © . 
% IF © And becauſe in each of the caſes E is greater than the excels of 
Cabove D, E together with D is greater than C, and, by the Hy- 
potheſis, C is not leſs than D, therefore E together with C is greater 
than D; and, by the conſtruction, C and D together are greater 
than E. therefore any two of the three, C, D, E are greater than 
Yo Oo Fo a Ca 


ove 
uſe 
her 


the 


PROP: III. THEOREM. . 
There may be innumerable ſolid angles all uncqual to one ano- 
ther, each of which is contained by the ſame four plane angles; 


7. 
Lan 
placed in the ſame order. 8 8 1 
Take three plane angles A, B, C, of which A is not leſs than eie — o 
ther of the other two, and ſuch, that A and B together are leſs than TED Þ 
| two right angles; and by Problem 1. and its Corollary, find a — 
fourth angle D ſuch, that any three whatever of the angles A, B, | | 
C,, P be greater than the remaining angle, and ſuch, that A and B 
| together be not leſs than C and D together. and by Problem 2. 
r WF finda fifth angle E ſuch, that any two of the angles A, B, E be 
not WF greater than the third, and alſo that any two of the angles C, D, E 


.o ... NS E 


2 


| = be greater than the third. and becauſe A and B together are leſs 
of C. WE than two right angles, the double of A and B together is leſs than | 
jan our right angles. but A and B together are greater than the angle 
ater E, wherefore the double of A and B together is greater than the 
en free angles A, B, E together, which three are conſequently lefs 
vo than four right angles; and every two of the ſame angles A,B, E 
than | de greater than the third; therefore, by Prop. 23. 11. a ſolid _ 
and, angle may be made contained by three plane angles equal to the 
foe | PISA, B, E, each to each. Let this be the angle F contained bß 
nE. che three plane angles G FH, HFK, CFK which are equal to ths 

5 ) - 3 


Book XI. angles A, B, E, each to each, and 88 the e C, D together 


Wo are not greater than the angles A, B together, therefore the angle; | 
C, D, E are not greater than the angles A, B, E. but theſe 1af F  ( 
three are leſs than four right angles, as has been demonſtrated, Ef 

| wherefore allo the angles C, D, E are together leſs than four right x 
angles, and every two of them are greater than the third; therefore FE 
a folid angle may be made which ſhall be contained by three plane t 
1 23.17. angles equal to the 1 Al D, E, each to each *, . and 5 Prop, WF t 
U 
0 
Pp 
a 
{i 
b 
26. 11, at the point F in the ſtraight line FG a ſolid angle may be 
made equal to that which is contained by the three plane angles t 
that are equal to the angles C, D, E. let this be made, and let th WW t: 
angle GFK, which is equal to E, be one of the three; and let KI, WW t 
FL be the other two which are equal to the angles C, D, ach to is 
each. thus, there is a ſolid angle conſtituted at the point F containd WF ti 
by the four plane angles GFH, HFK, KFL, GFL hie cl are equi A. 
do the angles A, B, C, D, each to each. = 8 
Again, Find another angle M ſuch, cs every two of the thre 
angles A, B, M be greater than the third, and alſo every two oi le 
three C, D, M be greater than the third. and, as in the precee lu 5 
Part, it may be demonſtrated that 1 t 
the three A, B, M are leſs than Ec 
four right angles, as alſo that the = 
three C, D, M i leſs than four ol 
right angles. Make therefore: th 
A ſolid a angle at eee PLS i e 
the three plane angles ON P, ( 7 
IN, ON, which are „ 2 8 
qual to A, B, M, each to each. od he Prop. ds 11. me a W © 
the point N in the ſtraight line ON a ſolid angle contained by C t 
tree plane angles of which one is the angle ON Q equal to M, l A 


and the other two are | the angler D R, 0 N R which are re eq 


R O 1 KE 8. 


E + the 4 C., D, each to each. thus at the point N there is a ſo- Book N. 

WW 1idangt contained by the four plane angles ONP, NQ, QNR, WY 
ENR which are 8 to the angles A, B, C, D, each to each. and 

that the two ſolid angles at the points F, N, each of w hich! is con- 

tained by the above named four plane angles, are not equa! to one 

another, or that they cannot coincide, will be plain by confidering 

that the angles GFK, ONQ ; that is, the angles E, M are unequ al | 

3 3 by the conſtruction, and therefore the ſtraight lines GF, FX cannot 

WF -oincide with ON, NQ, nor conſequently can the oO angles, 

E which therefore are unequal. 

Ard becauſe from the three given plane angles . B, C there 
can be found innumerable other angles that will ferve the ſame pur- 
roſe with the angle D, and again from D or any one ot theſe other 85 
and the angles A, B, C, there may be found innumerable angles, 
fach as E or M; it is plain that elude other ſolid angles may 
be conſtituted which are each contained by the fame {four plane 
angles, and all of them unequal to one another. Q. E. D. 

And from this it appears that Clavius and other Authors are miſ- 

taken who aſſert that thoſe ſolid angles are equal which are con- 
tained by the ſame number of plane angles that are equal to one ano- 
ther, each to each. alſo it is plain that the 26. Prop. cf Book 11. 

is by no means ſatficiently demonſtrated, becauſe the equality of; .- 

two ſolid angles, whereof each is contained by. three plane angles. 


which are equal to one another, each to each „ 18 only aft aumed, and | 
not demonſtr ated. 


LD «» 7 


PROD. 1. B. XI. DT 

The words at the end of this, * for 2 a ſtraight une cannot meet 
| © a ſtraight line in more than one point,” are left out, as an addi- 
© tion by ſome unſkilful hand; for this is to be demonſtrated, not al. 

© ſumed, : 
Mr. Tb Simpſon in his notes at the end of the 2d Edition 
of his Elements of Geometry p. 262. after repeating the words of 


0, this note, adds © Now can it poſſibly ſhew any want of kill in aa 
— editor” (he means Euclid or T heon) * to refer to an Axiom which 
p * Euclid himſelf had laid down Book 1. No- 14. { he means Bar- 


NV Euclid, for it is the 10th in the Greek) © ond not to have 


c at * demonſtrated, what no man can demonſtrate?” But all that in 
d by q thi caſe can follow from that Axiom is, that if two ſtraignt 
0 M, 4 lines could meet each other in two points, the parts of them bes 5 
equil i "xt * points muſt coincide, and ſo they would have a ſegmen 


* 
33 2 5 | ” : berwiet 


NJ. T Ev. 


Bok XI. betwixt the eſe points common to both. Now, as it has not hee; 
ns ſhewn in Euclid that they cannot have a common ſegment, this de; 


not p: ove that they cannot meet in two points, from which thei 
not having a common ſegment is deduced in the Greek Edition. 
but, on the contrary, becauſe they cannot have a common ſegment, 
as is ſhewn in Cor, of 11, Prop. B. 1. of 4to. Edition, it follow: 


piainly that they cannot meet in two Points, which the . 


1a no man can demonſtrate. 


Mr. Simpſon in the ſame notes p. 2 6 5 juſtly obſer ves that in 1 
Corollary of Prop. 11. Book 1. 4to. Edit. the {tr aight lines AB, 


D, BC, are ſuppoſed to be all in the {ame plane, which caurc: 
be aſſumed in 1. Prop. B. 11, this, ſoon after the 410. Edition wa; 
pu; "liſhed, I obſerved and corrected as it is now in this Edition. he 
is miſtaken in thinking the 10th Axiom he mentions here, to be 
Kuchd's; it is none br Euclid's, but is the 10th in Dr. Barrow; 
Editica, who hall it ſrom Herigon's Curſus Vol. 1. and in Place af 
. the Corollary of 11. Erop. Book 1. Was added. 


FRO P. II. . þ 4% 


This! Propoſiti tion ſeems to have been chan: acd ad vitiated by 
ſome Editor; tor all the figures defincd in the 1. Book os tn El. 
ments, and among them triangles, are, by the Hy potheſs, plane f. 


gurcs; that is, ſuch as are deicribed in a plane; Where fore the fe. 


Con part of the Enuntiation needs no Demonſtration, beiides 2 
cone ſuperiicies may be terminated by three ſtraight lines meet. 


ing one another. the thing that ſhould have been Sons ated k, 


that two, or three ſtraignt lines, that mect one another, are in ove 


Plane. and as this is not ſufficiently done, the Enuntiation and De- 
moniiation are change d into thoſe now Pur: into the Text. 8 


PROP. III. B. XI. 


In this rache the following words near to the end of i it ue 


f 1 oat, viz, © therefore DEB, DFB are not ſtraight lines, in tre 

like manner it may be demonſtrated that there can be no own 
* ſtr ght line between the points D, B.“ | becauſe from this tis 
two lines include a ſpace, it only follows chile one of them is not: 
ſtraight line, and the force of the argument lies 1n this, viz, if the 
common ſection of the planes be not a mai line, then two fraight 


Fines could include a ſpace, which | is abſurd; therefore the comm 


Eon is a ſraight line. 7 


PROP, 


ON 
be 


ſe 


a. 


N 6 Tz 2 . | | 2.4.1 
Bock NI. 


PR 0 p. IV. B. XI. 5 3 
8 The words we id the triangle AED to 5 triangle BEC. are 
omitted, becauſe the whole concluſion of the 4. Prop. B. 1. has 


been ſo often repeated in the Preceding Books, it was nevi o 
repeat it here. | 


PROP. V. B. XI. 


In this, near to the end, kit do, ought to be left ont in the 
Greek text. and the word“ plane” is rightly left out in the Oxfor rd 
Edition of Commandine”s 3 Tra inflation. 


PROP. VII. B. XI. 
This is Propoſi tion has been put into this Book by ſome un{kiltul 


\W3 Editor, as is evident from this, that ſtr aight lines which are drawn 
1 from one Faint to another in a plane, are, in the preceding Books, 
ſuppoſed to be in that plane. and if they were not, ſome Demon- 
ſtrations in which one ſtraight line is ſuppoſed to meet another 
would not be conclufive, becauſe theſe lines would not meet one 
o another, for inſtance, in Prop. 30. B. 1. the ſtraight line Git Would. 
„ot meet EF, if CK were not in the plane in which are the e oral. 18 
. 4B, CD, and in which, by Hypotheſis, the ſtraight line EF 
. be ſides, this 7. Propoſition 18 demonſtrated | by the precceding 3. in | 
ia W which the very thing which is propoſed to be demonſtrated in the 7, 
% is twice aſſumed, VIZ, that the ſtraight line drawn from one point 
„ oO another in a plane, is in that plane; and the ſame thing is aſſumed 
e in the precceding 6, Prop. in which the ſtraight line Which joius 
8 Y the poiats B, D that are in the plane to wh Fg AB and CD are at 
liugnht angles, is ſuppoſed to be in that plane. and the 7. of Which 
another Demonſtration is given, is kept in the Book merely to pre- 
crve the number of the Propoſitions ; ; for it is evident from the 
e J. and 3 5. Defiaitions of the 1. Book, tho it t had not been | 11 the. 
_ Y Elements, 
x | 1 
* „„ P R 0 Pp. vi. 8. XI. 
= = In the Greek, and in Commandinc' 8 and Dr. Gr Fare 15 Tr ani 
he | 4 tions, near to the end of this Propoſition, are the following word 
1 1 but DC is in the plane thro' BA, AD” inſtead of 5 ch in the 
22 Oxford edition of Commandine' s tranſlation is 1ightly put“ bat 
Ha YC 1s in 1 the Plane thro? BD, DA. 1 but all che P ditions h. ue the 


* * „tolo 


24% 
Book XI. 


er. 


following words, viz. © becauſe AB, BD are in the plane thro BY, 
© DA, and DC is in the plane in which are AB, BD,” which are 


manifeſtly corrupted, or have been added to the Text; for there 
was got the leaſt neceſſity to go ſo far about to ſhew ther DC is in 


the ſame plane in which are BD, DA, becauſe it immediately fel. 
lows from Prop. 7. preceeding, that BD, DA are in the plane in 


Vhich are the parallels AB, CD. therefore inſtead of theſe Words 


CUTE ought only to be debrüle all three are in the plane in which 
are che parallels AB, CD.” 


PROP. XV. B. XI. : 
After the words, © and becauſe BA is par alle! to GH » the fol. 
lowing are added“ for each of 5 is parallel to PE, and are not 


pf both i in the ſame plane with it,” as being manifelily forgotten to 
he put into the Text. 


PROP. XVI. 1 XI. 


In this, near to the end, inſtead of the words © but firaight lng 
« which meet neither way” ought to be read © but ſtraight lines in 


” the ſame plane which produced meet neither Way.“ becauſe tho 


in citing this Definition 1 in Prop. 27. B. 1, it was not neceſſary o 


mention the words, in the ſame. plane“ all the ſtraight lincs in 


the Books i this being in the lame Plane; yet here it Was 


quite ee 


PROP. XX. 8. KI. 


In this, near the beginning, are the words, © but if not let BAC. 
be the — but the angle BAC may happen to be equal to 
2ne of the other two, whercfore this place ſhould be read thus, 
* bat if not, let the ke BAC be not leſs than der of the other 

two, but greater than DAB.” + . 
At the end of this Propoſition it is faid, * 1 the . . 


cc. 


may be demonſtrated,” tho? there is no need of any Demonſtrati | 
on; becauſe the angle BAC being not leſs than either of the other 


do, it is evident that BAC together with one of them is greater 


< jet the angles at B, E, H be unequal, a and let the "_ ar B be 


than the other. 8 


P R 0 5 XXII. . XI. 
And likewiſe 3 in this, near the beginning, it is aid, © but if not, 


6 greater 


be 


cr 


N 


« if not, let the angles at B, E, H be unequal, and let the angle at 
« B be not leſs than either of the other two at E, H. therefore the 


« liue AC 1 is not leſs than either of the two DF, GK. 4 


PROP. III. B. XI. 


The Demonſtration of this is made ſomething ſhorter, by n not re- 
peating in the third Calc the things which were demonſtrated in the 


firſt; and by making uſe of the conſtruction which Campanus has 


given ; but he does not demonſtrate the ſecond and third Caſes. the 


q Conſtruction and Demonſtration of the third Caſe are made a little 
more imple than! in the Greek text. 


29 PROP. XXIV. B. XI. 
The word © ſimilar” 13 added to the Enuntiation of this Propo- 


f ſition, becauſe the planes containing the ſolids which are to be de- 


monſtrated to be equal to one another, in the 2 5. Propoſition, ought 


to be ſimilar and equal; that the equality of the ſolids may be in- 
ferred from Prop. C. of this Book. and | in the Oxford Edition of 
Commandine's Tranſlation a Corollary is added to Prop. 24. to 
| ſhow that the parallelograms mentioned in this Propoſition are ſi- 
milar, that the equality of the lolids in n Prop. 25. my be deduced 
from the 10. Det, of B. IL. 


1 R 0 p. xxv. and XVI. . 
In the 2 5. Prop. ſolid figures which are contained by the ſame. 
number of ſimilar and equal plane figures, are ſuppoſed to be equal 
to one another, and it ſeems that Theon, or ſome other Editor, 


that he might ſave himſelf the trouble of demonſtrating the ſolid fi- 
gures mentioned in this Propoſition to be equal to one another, has 
inſerted the 10. Def. of this Book, to ſerve inſtead of a Demontira- 
tion; which was very ignorantly ne 


Likewiſe in the 26. Prop, two ſolid angles are e ſuppoſed. to be | 


| equal, if each of them be contained by three plane angles which are 
ae equal to one another, each to each. and it is ſtrange enough, that 

none of the Commentators on Euclid have, as far as I know, per- 
__ ceived that ſomething is wanting in the Demonſtratio::3 of theſe two 
| Propoitions, Clavius, indeed, in a Note upon the T. Def. of this 


Bs 2 . 1 8 . Buok | 


« greater than either of thoſe at E, H.“ which words manifeſtly Bock xl. 
ſhow this place to be vitiated, becauſe the angle at B may be equal Seca 
toone of the other two. they ought therefore to be read thus, © but 


NOTE 8. 


Book XI. Book, affirms, gat it is evident that thoſe ſolid angles are e equa 
WY which are contained by the fame number of plane angles, equal to 


one another, each to each, becauſe they will coincide, if they be 
conceived to be placed within one another; but this is ſaid without 


any proof, nor is it always true, except when the folid angles are 
contained by three plane angles only, which are equal to one ang- 


ther, each to each. and in this caſe the Propoſition is the {ame with 
this, that two ſpherical triangles that are equilateral to one ang- 
ther, are alſo equiangular to one another, and can coincide; which 


- ought not to be granted without a Demonſtration, Euclid docs not 


aſſume this in the caſe of rectilineal triangles, but demonſtratcs in 
Prop. 8. B. 1, that triangles which are equilateral to one atiothc; 
are alſo rags nad to one another; and from this their total equa- 


lity appears by Prop. 4. B. 1. and Mevnelaus, in the 4. Prop. of bis 
1. Book of Spherics, explicitly demonſtrates that ſpherical triangles 
which are mutually equilateral, are alſo equiangular to one another; 
from which it is caſy to ſhew that they muſt coincide, providing 


they have their ſides diſpoſed in the fame order and ſituation, 

To ſapply theſe defects, it was neceſſary to add the three Propo- 
ſitions marked A, B, C to this Book. for the 25.26. and 28. Pro- 
poſitions of it, and conſequenitly eight others, viz. the 27.31.32. 


33. 34. 36. 37. and 40, of the fame, which depend upon them, 


have hitherto ſtood upon an infirm foundation; as allo, the 8. 12. 
Cor. of 17. and 18. of the 1 2. Book, which depend upon the 9. 
Definition. for it has been ſhewn in the Notes on Def. 1 o. of this 


Book, that ſolid figures which are contained by the fame number 


of ſimilar and equal plane figures, as alſo ſolid angles that are con- 


tained by the ſame number of equal prone angles. are not always 6. 


qual to one another. 


It is to be obſerved that Tacquet, in TH Euclid, defines ont 


cle angles to be ſuch, as being put within one another do coin- 


cide.“ but this is an Axiom, not a Definition, for it is true of all 
| magnitudes whatever. he made this uſeleſs Definition, that by it be 
| might demonſtrate the 36. Prop. of this Book without the help of 
the 3 5. of the lame. concerning which Demonſtration, lee the Note 


upon Prop. 3 0; 


PROP. XXVII. B. XI. 


In this it ED to have been demonſtrated, not aſſumed, that the 


Diagonais are in one Plane. Clavius has ape chis defect. 5 
PR 0 
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PROF. XXIX. B. XI. CAS 
There are three Caſes of this Propoſition ; the firſt is when the - 
:wo parallelograms oppoſite to the baſe AB have a ſide common to 
both; the ſecond is when theſe parallelograms are ſeparated from 
one another; and the third, when there is a part of them common 
0 both; and to this laſt only, the Demonſtration that has hitherto 
been in the Elements does agree. The firſt Caſe is immediately de- 
duced from the preceeding 28. Propoſition, which ſeems for this 
yak to have been premiſed to this 29. for it is neceſſary to none 
but to it, and to the 40. of this Book, as we now have it, to which 
lat it would, without doubt, have been premiſed, if Euclid had not 
nade uſe of it in the 29. but ſome unſkilful Editor has taken it 
any from the Elements, and has mutilated Euclid's Demonſtration 
of the other two Caſes, W hich is now reſtored, and ſerx cs tor both 
at once. 


Www WS S* : 


1 PRO p. xXX. B. xl. 
ln n the Demonſtration of this, the oppoſ te plancs of the ſolid CP, 
1 in the figure in this Edition; that is, of the ſolid CO in Comman- 
N diné's figure, are not pre oved to b e par rallel ; which it is proper to do 
ior r the lake of learne TS. %% Wy 


PROP. XXXI. B. 2 
There are two Caſes of this Propoſition; the firſt is when the 
inſiſting ſtraight lines are at right angles to the baſes ; the other 
| when they are not. the firſt Caſe is divided again into two others, 
aua of which is when the baſes are equiangular  parallelogratus; - the 
ether when they are not equiangular, the Greck Editor makes no 
. mention of the firſt of theſe two laſt Caſes, but has inſer ted the De- 
5 j monſtration of it as a part of that of the other. and therefore ſhould _ 
2 have taken notice of it in a Corollary ; but we thought it better to 
E 1 Live theſe two caſes ſeparately. the Demonſtration alſo is made 
i ſomething ſhorter by following the way Euclid has made uſe of in 
p- 4 Prop. 14. B. 6. beſides, i in the Demonſtration of the caſe in which 
WO inſiſting ſtraight lines are not at right angles to the baſes, the 
Editor does not prove that the ſolids deſcribed in the conſtruction 
| Ac parallelepipeds, which it is not to be thought that Euclid ne- 
4 2 Becel. alſo the words, * of which the nfifing ſtraight lines are 
1 o „not 


N OT E 8. 


Book XI. * not in the ſame ſtraight lines,” have been added by ſome unſkilly 
Www hand; for they may be in the ſame ſtraight lines, 


: "PROP, XXXII. B. XI, 
The Editor has forgot to order the parallelogram FH to he ap. 


plied in the angle FG H equal to the angle LCG, which is neceſſarr. 


" Elavius has ſupplied this „„ 
| Alſo, in the conſtruction, it is required to complete the ſolid of 
which the baſe is FH, and altitude the ſame with that of the 01d 
CD; but this does not determine the ſolid to be completed, ſince 
there may be innumerable ſolids upon the tame baſe, and of the 
ſame altitude. it ought therefore to be ſaid © complete the ſolid of 
* which the baſe is FH, and one of its infilting ſtraight lines is 
FD.“ the ſame correction muſt be made in the following Pro- 


poſition 33. 


PROP. 9. B. Ki. 


It is very probable that Euclid gave this Propoſition a place in | 


the Elements, ſince he gave the like Propoſition concerning equi 


PROP. XXXIV. B. XI. 


| | 12 1. | 5 . ö . 5 1 
In this the words, Wy OI EQESWTH] BY CITY ETL T CGUTWY EUICLY, 


< of which the inſiſting ſtraight lines are not in the fame firaight 


lines“ are thrice repeated; but theſe words ought either to be 


left out, as they are by Clavius, or in place of them ought to be put 
Whether the inſiſting ſtraight lines be, or be not, in the ſame 
ſtraight lines.“ for the other Caſe is without any reaſon excluded. 


alſo the words, @r rd Un, © of which the altitudes” are twice put 


for wy a tpt5w00, of which the inſiſting ſtraight lines a which s 


4 plain miſtake. for the altitude is always at right angles to the baie, 


TE. Tune 
The angles ABH, DEM are demonſtrated to be right angles in 


a ſhorter way than in the Greek; and in the ſame way ACH, DPM 


may be demonſtrated to be right angles. alſo the repetition of thc 


ſame Demonſtration, which begins with “ in the ſame manner, 5 
left out, as it was probably added to the Text by ſome Editor; for 
the words, © in like manner we may demonſtrate” are not inſertel 


except 


ul 


In 


Tacquet in his Euclid demonſtrates this Propoſition without the 
help of the 35. but it is plain that the ſolids mentioned in the 


are ſuch that their ſolid angles are contained by three plane angles 


made. but, by the ſecond Demonſtration of the preceeding Corol- 


ratios which are the ſame with one another, are likewiſe the ſame 


this account another Demonſtration is given of this Propoſition like 
to that which Euclid gives in Prop. 22. B. 6. as Clavius has done. 


plane which is at right angles to another plane, unto this laſt plane, 
it is done by drawing a perpendicular from the point to the common 
ſection of the planes; for this perpendicular will be perpendicular 


Problem, direct a perpendicular to be drawn from the point to the 


N O * 8. > 347 
except when the Demonſtration is not given, or When! it is ſome- Book XI. 
thing different from the other, if it be given, as in LOI 26. of this Wa. 
Book, Campanus has not this repetition. 
We have given another Demonſtration of the Corollary, beſides 


the one in the Original, by help of which the following 36, Propo- 
ſition may be demonſt ated without the 3 5. 


PROP. XXXVI. B. XI. 


Greek Text in the Enuntiation of the Propoſition as equiangular, 


equal to one another, each to each; as is evident from the conſtruc- 
tion. Now Tacquet does not demonſtrate, but aſſumes theſe ſolid 
angles to be equal to one another; for he ſuppoſes the ſolids to be 
already made, and does not give the conſtruction by which they are 


lary, his Demonſtration is rendered legitimate likewiſe in the Caſe 
where the folids are conſtructed as in the Text. f 


: b R O p. XXXVIL P. . 
In this it is aſſumed that the ratios Which are triplicate of thoſe 


with one another; and that thoſe ratios are the ſame with one ano- 
ther, of which the triplicate ratios are the ſame with one another; 
but this ought not to be granted without a Demonſtration, nor did 
Euclid aſſume the firſt and eaſieſt of theſe two Propoſitions, but de- 

monſtrated it in the caſe of duplicate ratios, in the 22. Prop. B. 6. on. 


P R 0 P. XXXV III. 3 xl. LE 
When it is ivrequired to draw a perpendicular from: a point in one 


to the plane, by Def. 4. of this Book. and it would be fooliſh in 


| thiscaſe to do it by the 1 1. Propoſition of the ſame. but Euclid “, 4. 17. 12. in 


Apollonius, and other Geometers, when they have occaſion for this. at IEEE. | 


plane, = 


. „ 
Book Xl. plane, and conclude that it will fall upon the common ſeQion of the 
planes, becaule this is the very ſame thing as if they had made uſe of 


the conſtruction above mentioned, and then concluded that the 


ſtraight line muſt be perpendicular to the plane; but is expreſ. 
ſed in fewer words. ſome Editor not perceiving this, thought it 


was neceſſary to add this Propoſition, which can never be of any | 


uſe, to the 11. Book. and its being near to the end among Propoſi- 


tions with which it has no connexion, is a mark of its having been 


added to the Text. 


PRO P. XN B. XI. 


0 In this it is ſuppoſed that the ſtraight lines which biſect the ſides 
þ - of the oppoſite planes, are in one plane, which ought to have been 


demonſtrated ; as is now done. 


Book XII. : : B. XII. 


this twelfth Book. 
RO. H. B. XII. 
8 ſpace either leſs than the circle EFG H, or greater than it.“ and 
the like is to be found near to the end of this Propoſition, as allo in 


obſerved, that in the Demonſtration of Theorems, it is ſufficient, in 
this and the like caſes, that a thing made uſe of in the reaſoning can 


or found by a Geometrical conſtruction. ſo in this place it 1: al 
ſumed that there may be a fourth proportional to theſe three mag 


5 it is evident that there is ſome ſquare equal to the circle ABCD, 
tho it cannot be found geometrically; and to the three rectilincal 
figures, viz, the ſquares of BD, FH, and the ſquare which is eqn 


u learned Mr. Moor, Profeſſor of Greek in the Univerſity of 
1 Glaſgow, obſerved to me that it plainly appears from Archi- 
medes Epiftle to Doſitheus prefixed to his Books of the Sphere |} 
and Cylinder, which Epiſtle he has reſtored from antient Mauu— 

ſcripts, that Eudoxus was the Author of the chief Propoſiticns in 


At the beginning of this it is ſaid, * if it be not fo, the ſquare of 
* BD ſhall be to the ſquare of FH, as the circle ABCD is to ſome 


Prop. 5. 11.12. 18. of this Book. concerning which it is to be 
poſſibly exiſt, providing this be evident, tho' it cannot be exhibited 


| tudes, viz. the ſquares of BD, FH, and the circle ABCD; becaule 
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to it, is the ſpace which in this Propoſition is denoted by the letter 8. 

ind the like is to be underſtood in the other places above cited, and 
it is probable that this has been ſhewn by Euclid, but left out by 
ſome Editor; for the Lemma which ſome unſkilful hand has added 


to this 9 explains — of! it. 


PRO P. III. B. XII. 


In the Greek Text and the Tranſlations, it is ald, a and bebt 
the two ſtraight lines BA, AC which meet one another” &c. here 
the angles BAC, KHL are demonſtrated to be equal to one another 


by 10. Prop. B. 1 1. which had been done before. becauſe the tri- 


angle EAG was proved to be {ſimilar to the triangle KHL. this re- 
petition is left out, and the triangles BAC, KHL are proved to be 


{milar in a ſhorter way by Prop. 21, B. 6. 


PROP. IV. . XII. 


| A few things in this are more fully explained than 3 in the Greek 
Test. : 


PROP. . * Xn: 


In this, near to the end, are the words 00 e durfen! 6&4 te, 

was before ſhewn,” and the ſame are found again in the cad of 0 
3 18. of this Book; but the Demonſtration referred to, except 
it be the uſeleſs Lemma annexcd to the 2. Prop. is no where in 


theſe Elements, and has been perhaps left out by ſome Editor who 
has forgot t to cancel thoſe words alſo, 


PROP. VI. B. XII. 


ww ſhorter Hemonſiration | is given of this; and that which ! is in 
the Greek Text may be made ſhorter by a iep than it is. for the 


Author of it makes uſe of the 22. Prop. of B. 5. twice, whereas 


once would have ſerved his purpoſe; becauſe that Propoſition ex- 


tends to any number of magnitudes which are proportionals taken 
tw o and two, as well as to three which are propor tional to other 


three, 
COR, 


to the circle ABCD, there is a fourth ſquare proportional; becauſe Book XII. 
to the three ſtraight lines which are their ſides there is a fourth Cy 
ſtraight line proportional a, and this fourth ſquare, or a ſpace equal a. 12. 6. 


NO TE $. 


COR. - PROP; VII. B. XII. 

The Demonſtration of this is imperfect, becauſe it is not ſhewn 

that the triangular pyramids into which thoſe upon multangular 

baſes are divided, are ſimilar to one another, as onght neceſſarily to 

have been done, and is done in the like caſe in Prop. 1 2. of this 
Book. the full Demonſtration of the Corollary is as follows, 

Upon the polygonal baſes ABCDE, FGHKL, let there be fimi- 


nnr and ſimilarly ſituated pyramids which have the points M, N for 


4 
' 
* 
J 
0 
1 
Vi 
N 
77 
Ny 
' 
1 
4 
7 550 
A 
* 
it 
A 
A 
i 
oy 
4 
"4 
5 
8 
* el 
- 
|: 
3 
* 
4 
7 = 
a 
Cie 
10 


- 


FEE. San” > ar >, hg 
. INES... es > 
— ea ” 3 = 2 


"5 


25 8 3 a . 
. ⁵ĩ˙ . 
3 -— SITION TOE ao 5 


_—_— 8 0» 
— 


fp 
1 
171 
| 
— 
17 


their vertices. the pyramid ABC DEM has to the pyramid FGHKLN 
the triplicate ratio of that which the ſide AB has to the homolo- 
gous ſide FG. 3 

Let the polygons be divided into the triangles ABE, EBC, ECD: 
. FGL, LGH, LHK, which are ſimilar * ack to each. and becauſe 
the pyramids are ſimilar, therefore b the triangle EAM is ſimilar to 
the triangle LFN, and the triangle ABM to FGN. wherefore © ME 
is to EA, a8 NL to LF; and 2 as AE to EB, 05 18 FL to LG, becauſe 


| the mlangles k FAB. LFG are Contlars therefore: ex acquali, as ME 
to EB, ſo is NL to LG. in like manner it may be ſhewn that EB 
is to BM, as LG to GN ; therefore, again, ex aequali, as EM to 
MB, ſo is LN to NG. whos the triangles EMB, LNG having | 


Fo. their ſides proportionals are d equiangular, an d ſimilar to one ano- 
ther. therefore the pyramids which have the triangles EAB, LG 


for their baſes, and the points M, N for their vertices are ſuni/ar * 
. to one another, for their ſolid angles are © equal, and the ſolids 
: - thainklv es are contained by the ſame number of ſimilar plane. 1 5 


5 the ſame manner the pyramid EBCM may be thewn to be f10ar 
10 


* r — 
: ty the pyramid LGEN, and the pyramid ECDM to LHKN. and Bock XII. 
phecauſe the pyramids EABM, LFGN are ſimilar, and have triangu- ... 


n. lar baſes, the pyramid EA BM has f to LFGN the triplicate ratio of f. 8. Ty 
ar that which EB has to the homologous ſide LG. and, in the ſame 
to E manner, the pyramid EBCH1 has to the pyramid LGHN the tripli- 
lie Atte ratio of that which EB has to LG. therefore as the pyramid 
FABM is to the pyr amid LPGN, ſo is the pyramid EBCM to the 

Te pyramid LGHN. in like manner, as the pyramid EBCM 1 is to 
or LGHN, fo is the pyramid ECDM to the pyramid LEKN, and as 
N one of the antecedents is to one of the confequents, ſo are all the an- 
0» tecedents to all the conſequents. refore: as the pyramid EABM 

o che pyramid LFGN, ſo is the whole pyramid ABCDEM to the 
); WW whole pyramid FGHELN. and the pyramid EABM has to the py- 
lc F ramid LFGN the triplicate ratio of that which AB has to F G, 
0 FE therefore the whole pyramid has to the whole pyramid the tripli- 
K. cate ao of that which AB has to the homologous fide FG. 
1e. 4 — E. 


PROP. XI. and X B. XII. 


The order of the letters of the Ae is not obſerved | in theſe 
tuo Propoſitions, according to Euclid's manner, and is now reſtored. 
by which means the firſt part of Prop. 12. may be demonſtrated - 

in the ſame words with the firſt part of Prop. 11, on this account 

the Demonſtration of chat firſt part is left out, and aſſumed from 

Hope 11. ED 5 5 


PROP. XII. B. XII. 
In this Propoſition the common ſection of a plane paralle el to the 
baſes of a cylinder, with the cylinder itſelf is ſuppoſed to be a circle, 
and it was thought proper briefly to demonſtrate it; from whence 


* „And SO the 4 Ax, £0. * both the Enuntiation | 
and Expoſition of the Propoſition repreſent the cylinders as well as = 
the cones as already deſcribed. wherefore the reading ought rather | 


* ; it is ſufficiently manifeſt that this plane divides the cylinder into . 
© two others, and the ſame thing | is underſtood to be e in N 
A Prop, Is ( 
„ P RO v. xv. 8. XII. , 
0 | 
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Book XII. to be © and let the cones be ALC, ENG; and the cylinders AY, 


AAAS EO” 
The firſt Caſe in the ſecond part of the Priouſiriticn is Want. - 
ing; and ſomething alſo in the ſecond Caſe of that part, before the WK © 
repetition of the conſtruction 18 rags 3 Which are now added, 8 
PROP. XVIL B. Xn. Wa 
In the Enuntiation of this Propoſition the Greek words, d 8 
falke e ufer TOKVEOFOY tf 5% , An N ric kadhnbbtg 5 
2 * Y £719%161%y, are thus tranſlated by Commandine an 4 
others, © in majori ſolidum bee deſcribere quod minori: 5 
15 5 ſuperficiem non tangat;” that is, to deſcribe in the 
greater ſphere a ſolid polyhedron which ſhall not meet the ſuper- 
«« ficies of the lefſer ſphere,” whereby they refer the words zur : 
25% ed Cy to theſe next to them 7c ENXOTCYOG T4 K . but they hey | 
onght by no means to be thus tranſlated, for the ſolid po Ui mn a 


doth not only meet the ſuperſicies of the leſſer ſphere, but pervades 
the whole of that {| phere. therefore the foreſaid words are to be re- 
ferred to 73 Fepety nh, and ought thus to be tranſlated, viz, 
to deſcribe in the greater ſphere a ſolid polyhedron whoſe ſuperficics 
thall not meet the leſſer ſphere; as the Ng. of th Propoſition 
neceſſarily requires | 
The Dewanſicat ation of the Pr opoſition is ſpoiled and mutilated 
for ſome eaſy things are very explicitly demonſtrared, while others 
not fo obvious are not ſufficiently explained; for example, when it | 
is affirmed that the ſquare of KB is greater than the double of the 
ſquare of BZ, in the firſt Demonſtration ; and that the angle BZ 
is obtuſe, in the ſecond. both which ought to have been demon- 
ſtrated. belides, in the firſt Demonſtration it is ſaid © draw KG 
from the poet K perpendicular to BD ;” whereas it ought to 
| have been ſaid, © join KV,” and it ſhould have been demonſtrated 
that KV is perpendicular to BD. for it is evident from the figure 
in Hervagius's and Gregory's Editions, and from the words of the 
Demonſtration, that the Greek Editor did not perceive thut the per- 
1 pendicular drawn from the point K to the ſtraight line BD muſt ne- 
ceſſariiy fall upon the point V, for in the figure it is made to fall upon. | 
the 70 int x a different point from V, which is likewiſe ſuppoſed in 
the -110nftration, Commandine ſeems to have been aware of this; 


for in his figur e be marks one and the ſame point with the two let 
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lers V, 2 ; and before Commandine, the learned Joha Dee in the Book XII. 
Commentary he annexes to this Propoſition in Henry Billingiicy's Wy 


nt. Tranſlation of the Elements printed at London Ann. 1 570, expreſiy 
the takes notice of this error, and gives a Demonitration frited to the 
a, Conſtruction in the Greek Text, by which he ſhews that the per- 
pendicular drawn from the point K to BD, muſt neceſſarily fall 
upon the point x. 
5 Likewiſe it is not demonſtrated that a quadrilateral 6 gures 
957 SOPT, TPRY, and the triangle YRX do not meet the letter ſphere, 
a6 as was neceſſary to have done. only Clavins, as far as I know, has 
oa obſerved this, and demonſtrated it by a Lemma, hich is now pre- 
hs miſed to this Propoſition, domething altered and more briefly de- 
* monſtrated. 
5 In the Corollary of this Propoſition | it is f appoſed that a ſolid po- 
= yhedron is deſcribed in the other ſphere ſimilar to that which is de- 
5 {cribed in the ſphere EC HE. but as tne Conſtruction by which this 
_ may be done is not given, it was thought proper to give it, and to 
” demonſtrate that the pyramids in it are ſimilar to thoſe of the ſame 
5 Wer in the ſolid 1 deſeribed! d in the : ſphere BCDE. 
les „ N 
ws From the preceding Notes it is ſufficiently evident how. much 
1 | the Elements of Euchd, who was a moſt accurate Comets: ha! 
= been vitiated and mutilated 155 ignorant Editors. The opinion wiel, 
8 the greateſt part of Icarned men ks ye entertained concerning the 
fa preſent Greek Edition, viz. that it is very little Gr nothing different 
= from the genuine work of Euclid, bas, without doubt deccived 
Vas tem, and made them leſs attentive and accurate in examining that 
& Edition; whereby ſeveral errors, ſome of ther ene nave 
£ claped their notice from the age in which Theon lived to this time. 
4 Upon which account there is ſome groun 4 to Hope that tic pains: 
e have taken in correcting thoſe errors, and trecing the Elements 
t 35 far as we could from blemiſhes, will not be unt eptable to. 8004 
5 # 1 who can di ſcern when 1 Demon) {trations are legitimate, and 
4 when they are not. „ N | 
5 The objections which, ſince the firſt Edition, have been made 
in ainſt urs things in the Notes, e againſt 6e dochline o 
= 3 2 Mol either been full ya ante vered in Dr. Barros Tatt. 
_ Mathemat, and in theſe Notes; or are ſuch, N one: which has 
ow dern taken notice of in the Note on Þ op. b. Book 1.1. as ow: that 
be e perſon who made them has not ſuflicicnt y conſidered the things 
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Book XII. againſt which th * are brought; ſo that it is not neceſſary to make 

ay further anſwer to theſe objections and others like them againſt 

Euclid's Definition of Proportionals, of which Definition Dr. Bar. 

row juſtly ſays in page 297 . of the above named book, that © Niſ 
machinis impulla validioribus acternum perliſtet inconcuſla,” 


ike 
nl} 
ar. 
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IN THIS EDITION 
SEVERAL ERRORS ARE CORRECTED, 
AND 


SoM PROPOSITIONS ADDED, 


BT. 
ROBERT SIMSON, M. D. 


weritus Profeſſor of Mathematics in the Univerſity of Glaſgns”, 


* 


GLASGOW: 
PR NTED BY ROBERT AND ANDREW FOULY3 


5 PRINTERS TO THE UNIVERSITY 
M. cc. LXI. 


PE F ACE 


FUCLID'S DATA is the firſt in order of the books writes. 

PE, by the antient Geometers to facilitate and promote the me- 
thod ol Reſolution or Analyſis. In the general, a thing is ſaid to 
be given which is either actually exhibited, or can be found om, 


chat is, which is either known by Hypotheſis, or tnat can be demon- 


itrated to be known; and the Propoſitions in the Book of Euclid's 


Data ſhew what things can be found out or known from thoſe tha 
by Hypotheſis are are ady known; fo that in the Analyſis or 25 n- 
reſtigation of a Problem, from the things that are laid down to be 
known or given, by the help of theſe Propoſitions other things are 
5 demonſtrated to be given, and from theſe other things are again 
ſhewn to be given, and ſo on, until that which was propoſed to be 


found out in the Problem is demonſtrated to be given, and when 


this is done the Problem is ſolved, and its Compoſition is made and 


derived from the Compoſitions of the Data which were m Nate ue 6k 


LLC TOLL 
neral and neceſſary uſe in the ſolution of Problems of cvcry Kind. 
Euclid is reckoned to be the Author of the Book of the 
both by the antient and modern Geometer 8; and there ſcems tobe 
no doubt of his having written a Book on this ſubject, but which 
in the courſe of ſo many ages has been much vitiated by unſeiite 


Editors in ſeveral places, — in the order of the! erte and 
in the Definitions and Demonſtrations themſelves. Fo correct the 
errors Which are now four 1d 3 in it, and! bring It- nearer. T0: he Ken 


Xy with which it was, no doubt, at firſt written by is the: 
deſign of this Edition, that fo it may be rendered more Wes 0 10 


in the Analyſis. And thus the Data of Euclid are of the molt ge 


| Geometers, at leaſt to beginners who deſire to learn te inveftiga- 
tor method of the Antients. And for their ſakcs the Con i (LON 


Or molt of the Dara are ſubjoin 80 to their De: 1 8 1G! id NG 
one tions 15 Problems ſolve - by Bel of th e oa may Pe. d 


— 
. h 
(I) 
* 

- 

— 


r Us the Phitoſo=her 8 pref: ce whic! A in the Greek | 
prefixed to the Data is here left o ut, as being of no vie to under- 

land them. at the end of it he ſays that Euelid kas not uſd. tu 
4 betten 2 but the analytical method in delivering; t! 5 


F 


1 
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PREFACE. 


he is quite miſtaken; for in the Analyſis of a Theorem the thing 
to be demonſtrated is aſſumed in the Analyſis; but in the Demon. 
ſtrations of the Data, the thing to be demonſtrated, which is that 


| ſomething or other is given, is never once aſſumed in the Demon: 


tration, from which it is manifeſt that every one of them is demon- 
ſtrated ſynthetically; tho' indeed if a Propoſition of the Data be 


turned into a Problem, for example the 84th or 85th in the for- 


mer Editions, which here are the 8 5 th and 86th, the Demonſtra- 
tion of the Propoſition becomes the Analyſis of the Problem. 

| Wherein this Edition differs from the Greek, and the reaſons of 
the alterations from it will be ſhewn in the Notes at the end of the 


Data, 


ON 
82 U Þ 144 L ** 


Segments of circles are ſaid to be given in poſition and magnitude 


1 
EUCLID'S DATA 


DEFINTTION:S. 
„ 
e. lines and angles are ſaid to be given in magnitude, 


when 895 to them can be found. 
II. 


1 ratio is faid to be given, when a ratio of a given magnitude to a 


given magnirude which is the fame ratio with it can be found. 
III. 
ReQilineal figures are ſaid to be given in ſpecies, which have each 


of their angles given, and the ratios of their {ides given, 
IV. 


Points, lines and ſpaces are ſaid to be given in poſition, which have 


always the ſame ſituation, and which are cither actually exhiv:- 

ted, or can be found. 8 
A. 1 9 5 

An angle! is ſaid to be given in poſition, which! is contai ined by ſtraight 

lines given in Poſition. | 5 


1 


A circle is mad t to be given in magnitude, when a ſtraight line from 


its center to the circumference i is given in magnitude, 
Vi. 


A cirde is dd to be. give en in poſition and magnitude, the cen ter of 


Which is given in poſition, and a fragt line from it to the cir 
| cumference is gix en in magnitude, | | 
VII. 


Segments of circles are {aid to be given in magnitude, when the 


angles in them, and their bates are; given in magnitude. 
by VIII. 


When the angles in them are given in magnitude, and their balcs 
are given both in poſition and i Jagnitude. | 
| IX, 


A magnitude is ſaid to be grcater than another by a given magni- 


tude, When this any en magnitude being taken from it, the re- 
mainder is equal to the other magnitude, 
1 Ay 5 5 


CH, 
O 


3 * 
ee N . 


2, 1. Def. 


| HE ratios of given magnitudes to one another is 


becn found. E. B 0 D = 


: it may be 1 let this de the ratio of the given „ 1 


2 hic 1, by the Hy pothelis, can be done. where- 


E UC LI Ds 
* > SE 


0 
H mag znitude is ſaid to be leſs than another by a given Butt. SK 3 
Wen this given maguitude being added to it, tae whole is equal ; fl 

to dhe other magnitude. „ 
+ | = 
PROPOSITION I. „ 
3 


4 given. - as 1 


1 et A, B be two given magnitudes, the ratio of A0 Bis given. 
Beceuic 2 2. 18 © given magnitude, there n. ay be f found Ohe qu 
to it; let this be C. and becauſe B is given, one [ 
equal to it may be found; ict jt be D. and ſince | 
A is equal to C, and B to D; therefore b Ais'to |] 
B, as C to D; and conſequently the ratio of A HE | 


to B is Bl ven, becauſe the ratio of the given 


7 


nagnitudes C, D Which | 18 the ſame with it has 


R O F. H. 
F a given ma Zuftude has a given ratio to another mag— 
nitude, © and if unto the two magnitudes by which 
«© the given ratio is exhibited, and me given magnitude, 
2 fourth prop ortional c can be found; other Maglts 


Let the over magnitude A have a given ratio to the maonitude 
D; tt a fourth proportional can be found to the three magnitudes 
above named, B is given in magnitude. 1 
Becauſe A is oiv en, a magnitude may. be found 6; 
equal to it“; let this be C. and becauſe the ratio i | 
of A to E is given, a ratio which is the ſame with 2. 72 


magnitud e E to the gt "on magnitude F. unto the 
magnitudes E, F, C find a fourth DI oportiona) D, 


So.” 


fore becauſe A is to B, as E to F; and as E to F, 


* the 
*."The fi foures in the marg! A {how the number of the Pr opoſitions in che t 


1 


8 
E. GIT? DS. 


10 i C << ty; A 9d to B, as c to D. but A is equal to C, therefore© b 11. f. 
Bis equal to D. the magnitude B is thereſore given *, becauſe a „4. 8. 
magnitude D equal to it has been found. 

The limitation within the inver ted commas is not in the Greck 
text, but is NOW neceſſarily added; and the ſame muſt be underſtood 
in all the Propoſitions of the Book which depend upon this ſecond 
Propoſition, where it 15 not expreſly mentioned. See the Note 


TH : 
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HIST. 5 it, 
1 CJ ˙¹0»¹0A ons 
a | | | | 
IF any g given magnitu les be added together, their ſum 
A. 


{hall be given. 


Let any given ma uitudes \B, BC be ad cd together, their ſum 
? Me 


2 | X 
AC 18-glv en. | 
Pecaute AB is given, a magnitude equal to it may be found 2. 4. 1. Det. 


ö : Abet this be DE. and becauſe BC is given, -W CO 
one equal to it may be found; let this be N = 
EF. wherefore becauſe AB is equal to DE, D my E. ” 2 


and B 8 to EF; the whole AC is e- 
WM qual to the whole DF. AC is therefore given, becauſe DF has s been 


1 
| bound, which is equal to it. 
- KOFI Sn 
| Fa given mi be taken from a given magnitude; 
2 # the remaining magnitude ſhall be given. 
Ss 


"Pa the 3 given magnitude AB let the given magnitude be 
taken; the remaining magnitude CB is given. 
Rei AB is given, a magnitude equal to it may 3 be found ; $3 4. 1 Det, 

let this be DE. and becauſe AC is given, , 
one equal to it may be found; let this be * | | = B 
; DF. Wherefore becauſe ABis equal to DE, wy + E E. 
and AC to DF; the remainder CB is equal 5 
to the aide. FE, CB is therefore given“ berate FE which 18 
= © to it has been found, ny: 


EUCLID'S 
FPR g F. F. 
zee N. [F of three magnitudes, the firſt together with the 19 
cond be 1 and alſo the ſecond together wich the 
third; either the firſt is equal to the third, or one of then 
15 greater than the other by a given magnitude. 


i 
(i 
i 
[ 
i 
i 
| 


Let AB, BC, CD be three magnitudes, of which AB together 
with BC, that is AC, is given; and allo BC together with CD, 
that is BD, 1s given. either AB 1s cqual to CD, or one of them js 

_ greater than the other by a given magnitude. - 

Becauſe AC; BD are each of them given, they : are either equal to 
one another, or not equal. firft, let 
them be equal, and becauſe AC is A. B - 5 N D + 
equa) to BD, take away the com- 55 ; AE | 3 
mon part BC; therefore the remainder AB is equal to the remain- 

der CD. 1 

But if they be unequal, let AC be greater than BD, and make g : 

CE equal to BD. therefore CE is given, becauſe BD is given. and 1 
2. 4. Dat. the whole AC is given, therefore | 
AE the remainder is given, and be- A E . --D 1 
cauſe EC is equal to BD, by taking 
BC from both, the remainder EB 18 equal to the 8 Cb. 
and AE is given, wherefore AB exceeds EB, that 1 18 CD by the gi- 
ven magnitude AE. | 


| to 


55 SY „„ RP. II. 
Fa magnitude has a given ratio to a part of it; it ſhall 
alto eve a given ratio to the remaining part of it. 


Let the magnitude AB have a given ratio to AC a part of it; 
has alſo a given ratio to the remainder B. 
4. 2. Def. Becaule the ratio of AB to AC is given, a ratio may bs found * 
which is the fame to it. let this be the ratio of DIE a given ma ani- 


tude to the given magnitude DF. and * 1 * — 
becauſe DE, DF are given, the remain- 8 
v. 4. Dat. der FE is b given. and becauſe AB is to | Þ | E 5 
c. E. 5. AC, as DE to DF, by converſion © AB — — 


is to BC, as DE to EF. therefore. the ratio of AB to BCis given, 
becauſe the ratio of the given Aude DE, E EF W hich is the ſ fame 


* ich! it has been tound. 
COR, 


portional can be found to the ſum of the two magnitude 
8 --by which the given ratio is exhibited, one of mem, ind 
| the given magnitude; each of the parts is given. 


; nitudes ; AC and CB a are each of them 


gien. 2 5 T_ . 


D A T A. 363 


Cok. From this} it follows, that the parts AC, CB have a given 
-atio to one another. becauſe as AB to BEC, ſo is DE to EF; by di- 


vilon d, AC is to CB, as DF to FE; ae DF, F E arc given; there- d. 17. 8. 
fore * the ratio of AC to CB i is give 2. 2. Det. 


PROD. VI. 6. 


[ two magnitudes. which Kale a given ratio to one ano- Se N. 
3 be added together the Mole magnitude Ih all 
eto each of them a given ratio. 


Let the magnitudes AB, BC which have a given ratio to one ano- 
ther, be added together; the whole AC has to c ach of the Diagni— 
tudes AB, BC a given ratio. 


Becauſe the ratio of AB to BC is given, a ratio may be bound * A. 2. Def. 


which is the ſame with itz let this be the ratio of the giv en magnitudes 
DE, EF. and becauſe DE, DF are gi- A = OT 6. 

\ : 7” » . bY 4 FIR £3 % / f * a 
ven, the whole DF is given b. and be- . b. 3. Dat: 
cauſe as AB to BC, ſo is DE to EF; by D 5 F vp 

. 1 | | 
compoſition ©, AC is to CB, as DF to —— 5 „„ © Oe Vs Ju 
FE; and Dy converſion d, d, AC! is to AB, as DF to DE. Vherefore d. E. d. 
becauſe AC is to each of the magnitudes AB, e, as DF to cnch 
of the others DE, EF; the ratio of AC to each or the magnitudes 
AB, BC is given. . 
Ira given magnitude be div red 5 into two parts w! hich See N. 


have a given ratio to one another, and if a ſourth pro. 0 
bo 


> 
* 
A 


Tet the given magnitude AB be ai ide into the parts AC, CB 


; which have a given ratio to one another; if a fourt h e 


can be found to the above named mag- 8 A_ 


QB 


Becauſe the ratio of AC to CB e 


ven, the ratio of AB to BC 1 is give r- TY 3 2 ratio Wh ch is: 2; 7. Dat. 


1 
Fe 


2 — 
ä 


5 
—_— - 

En 

a = CT 


8 
— 


2 — * — * 
1 —— —— — — —— Ä—— 
= — — * 2 — 
85 


364 


. Def. 


E e 
the ſame with it can be found b, let this be the ratio of the piven 
magnitudes DE, EF. and becauſe the . 
given magnitude AB has to BC the gi-' —— —  — 


Ven ratio "of DE to EF, if unto DE, 5 | F E 


EF, AB a fourth proportional can be — 


. 1. Dat, 
d. 4. Dat. 


8. 


if a fourth Proportional to F, G, E | 
cannot be found, then it can cnly be ſaid that the ratio of A o 12 
4s compounded 85 the ratios of A to B, and B to C, th. at is of e 


found, this which is BC is given © ; and l AB is given = 


7 


other part AC is given d. 

In the ſame manner, and with ha like limitation, If the differ "ence 
AC of two magnitudes AB, BC which have a given ratio be given; 
cach of the magnitudes AB, BC is given. 


P R O P. IX. 


M NITU ps which have given ratios to the ſame 


IN: «gnirude, have alio a given ratio to one another, 


Fet AC have cach OE chem a gi! ven ratio to B; A has a giv En. 
ratio to C. | | 


Þecauſe the ratio of A to 81 is given, a ratio Which is the ſame 


=. to it may be found ©; let this be the ratio of the given magnitudes 
D, E. and becau Ae" the ratio of B to C is given, a ratio which 1: 
the ſame with it may be found; let this! be the ratio of the given 


magnitudes F, G. to F, &, E finda 
fourth proportional II, if it can be 
done; and becauſe as A is to B, fo is 
Dito E; and as B to C, ſo is F to G, 
od 0 18) E to II; ex acquall, as A to 5 


x 0 C is given *, teak the ratio of 
the given magnitudes D and H, which 
is the ſame with it, has been found. but 


LY 


5 


9 - 

„ fois D to H. therefore the ratio of C B (® D E. +: 
WH 
'F 


given ratios of D to E, and F to G. 


PROP 


D A T A. "=" "NAY 
0 R P. K. fie 9. 
8 | 77 two or more maonitudes have given ratios to one ano- 
OO ther, and if Hey have given ratios, tho” they be not 
F the ſame, to ſome other magnitude 85 5 heſe other magni- 
85 | [ tudes ſhall al o ha 1VC given Ta os LV ©! 12 another. 
Ns 
ny Let two or more maznitides A, B, C have given ratios to one 
5 another; and let them have given ratios, tho” they be not the ſame, 
to ſome other magnitudes D, E, F. the magnitudes D, E, F have 
given ratios to one another. 5 
| Becauſe the ratio of A to B is given, and likewiſe the ratio of 
. | AtoD; therefore the ratio of A SEND, e Dat, 
deo! is given“; but the ratio 5353 — | 
| ol B to E is given, therefore HY 18 Bo 
P the ratio of D to E is given, and C- F 
becauſe the ratio of B to C iss 1 ER 
„ W given, and alſo the ratio of B to E; the ratio of E to C is given 
„and the ratio of C to F is given; wherefore the ratio of E to F is 
5 E given, D, E, F have therefore given ratios to one another. 
„CCC 22. 
F two magnitudes have each of them a given ratio to 
another magnitude; both of them t toge ther ſhall have 
aà given ratio to that other. 
Let the magnitudes AB, BC have. a given ratio to the magnitude 
D; AC has a given ratio to the ſame D. 
Berus AB, BC have each of them N | 1 Fa. 
2 given ratio to D, the ratio of AB to ©" Me —— —r— 
BC! is given 5 and by compolition, 1. 1 | 7 ie $o Dat. 
aatio of AC to CB is given d. but the — „ 
3 ratio of BC to Di is, given: ry therefore * . the ratio of AC to D 13 


given. 


PROP. 


4. 2. we 
b. 13. 


D 1 


to FD is given, wherefore the ratio of Mn E 
at. FD to FG is given; 9 


t. ſion, the ratio of Ss to DG 


and therefore th 


ratio Of AE 
them f. the ratio 


EVECETD'S 


1 R . I. 


I the whole have to the whole a given ratio, and the 


parts have to the parts given, but not the ſame, ratios, 


every one of them, w hole or part, thall have to every one 
a given ratio. 


Let the whole AB have a given ratio to the whole CD, and th: 
parts AE, EB have given, but not the ſame, ratios to the parts 
CF, FD; every one (hall nave to every one, whole or Part, a given 


5 <caule the ratio of AE to CF is given, as AE to CF, ſo make 
AB to CG; the ratio therefore of AB to CG is given; wherefore 


the ratio of the rem mainder EB to the remainder FG is given, be- 


ane it is the ſame? with the ratio of ABrt to CG. and the ratio of E b 


and by conver— — — I 
15 givenè. C_ E CG b 

as 0 Ca ch 95 the | 

magnit udes Cb, GG a given ratio, the ratio of CD t to CG i 15 girent; 


and becauſe AB 


1410 


> the ratio of CD to PF is given, and 


cCconſequ ently d the ratio CF to FD: is given; but the ratio of 


1 N 6 
CF to AE is given, as allo the ratio of FD to EB; whereforc®© the 
as alſo the 1258 86 AB to each ot 


therefore of cvery one to Every one is given. 


J 3 
EB 18 given; 
CY) 


PROP. XIII. 


F hs Erst of three proportional ſtraight lines has a gi- | 


"ven ratio to the third, 
ratio to the e ſecond. 


the firſt {hall alſo have : 1 given 


Let A, B, Cc be 1 pr oportional ſtraight ines that is as A ts 


B, ſo is B to C; if A has toCa given ratio, A ſhall alſo have to B 
3 given ratio, 


Becaule the ratio of A to C is given, a ratio hich 4 is ; the ſam 


with it may be found a; let this be the ratio of the given fir: raight 


- lines Dy E, and between D and E fad ad mean >roportional P. 


there 


2 ratio of © D to BG is given, but the ratio of GD 
to DF is given, where fore 


the 
£105, 
one 


th: 
parts 
IVen 


nak⸗ 
fore 


| given, wherefore FD is given a. and A_ 
becauſe as AE to CD, ſo is BE to > FD, 
1 the remainder AB 1 18 b to the remain- 
der CP, as AE to 5 but the ratio 8 
: of AE to CD is given, therefore the ratio of AB th CF! 18 giren; "MI, 


i chat is, CF the exceſs of CD above the g given: magnitude FD has a 
given ratio to AB. | 


DATA 


therefore the rectangle contained by D and E is equal to the 
ſquare of F, and the rectangle D, E is given be- 
cauſe its ſides D, E are given; wherefore the 
ſquare of F, and the ſtraight line F 1s given, aud 
becauſe as A is to C, ſo is D to E; Put as A to 
C, ſo ise the ſquare of A to the Kone of B; and 5 
as D to E, ſo is the (quare of P to the ſquare f 
F; therefore the ſquare d of A is to the {quare pf . AL. B 
B, as the ſquare of D to the ſquare of F.  T} * 
therefore © the ſtraight line A to the ſtraight * i 4 
B, ſo is the ſtraight line D to the ſtr aight line F. 
therefore the ratio of A to B is given, becauſe | 
the ratio of the given ſtraight lines D, F Which 
is the ſame with it has been found, 
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vitnde has a 


PF: magnitude together With a given na 
ceſs on | this 


given ratio to another ma agnitude 


71 
S1¹ 
the CN 


Cz 


| other magnitude above a Given Want has a giv en ra- 


tio to the firſt ma gnitude. and if the 


mus 108 ether With a given 


GJ 


3 apo a given ratio TO th 


e fit 1 * Ind 2n! tude. 


. the magnitude AB together wit! 


Becauſe the ratio of AE to CD is given, 2 as AE to CD, . ſo make 
BE to FD; therefore the ratio of BE to. FD is giv en, and BE is 


B . 
2D 
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tude above a given magnitude has a given ratio to auorher 
magnitude; this other mag: 


the given magnit © ae e BE, | 
: that is AE, have a given ratio to the e D; 
A CD above a given magnitude has a given ratio to AB. 


2. As Dat, 


b. 19. % 


Next, Let the exceſs 5 the i AB above. the given n 


| waguiade BE, that i is, let AE 9 a given ratio to the magni- 


rude 


'EVCLID'S 


tude CD; CD together with a given magnitude has a given o rat BP 
to AB. Wi 


Becauſe the ratio of AE to CD is given, as AE to CD, ſo make Et 
BE to FD; therefore the ratio of BIZ t — 4 = 
FD is given, and BE is given, whereforeñäĩñ˖çkö]- 22 5 19 
a. 2. Dat. FD is given -. and becauſe as AE to = MF 
e. 124.5. CD,fois BE to FD, 4B is to CF, as AE CC D F j 
=} to CD. but the ratio of AE to CD is gi- 5 V 
ven, therefore the ratio of AB to CF is given; KG: is CF which! 8 
equal to CD together with the 2 given magnitude DF has a given ra. 
tio to AB. b 
ä b b. xv: c 
see N. FF a magnitude together with that to which another t 
2 magnitude has a given ratio, be given; ny 5 f 
given together With that to Which the fir magnitud 40 48 
a a given ratio. 
Let AB, CD be two magnitudes of which AB to TE ther with ma ö 
to which CD has a given ratio, is given; CD is given together v, 
that magnitude to Which AB has a given ratio. FED 25 
Becauic tÞ2 ratio of CD to BI is given, as PE E to CD, {wal 12 
| AE to FD; therefore the ratio of AE to FD is given, and AE! - | 
a. 2. Dat. given, SORE.” Pb is given. and * | B FE =. 
becauſe as BE CD, ſo 1 is AE to ——— — = : 
b. Cor. 19 5. FD; Ag is b to > FC, as BE to D. F C Db 
and the ratio of BE to CD is given,.vww ꝛ 


wherefore the ratio of AB to FC is given. and FD is given, that: 
CD together with FC to Which AB has a given ratio is gen. 


55 R O P, XII. 

See Ne. * the excels of a magnitude above a given magnitt uae, 
in: Has 2 given ratio to an other magnitude; the exccls on 
both together a above A given magnitude Hall have to that 
other a given ratio. and if the excels ſs of wo magnitudes 

tog gether above a given magnitude, has to one of them! 

given ratio; either the excels or the other above a given 

ra 22nitude — to that one a given ratio; or the other 3+ | 
en togerher with the magni rude to hie ch thats one! nes: :Þ 


a gre en rat 10. 


DA T 7 | 369 
10 the exceſs of the magnitude AB above a given magnitude, 

are a given ratio to the magnitude BC; the exceſs of AC, both of 

them together, above a given maprivade, has a given ratio to BC. 

Let AD be the given magnitude the exceſs of AB above which, 

viz, DB, has a given ratio to BC. 
and becauſe DB has a given ratio to A E. B | ; 
BC, the ratio of DC to CB is gi- „ 
ven a, and AD is given; therefore DC | the exceſs of AC above the a. 7. Dat: 
given magnitude AD, has a given ratlo to BC. 


115 | 
Fa. Next, let the exceſs of two magnitudes AB, BC together a- 
bove a given magnitude MRS 
one of then BC a given ratio; ei- AA 7 . EC * 5 
ther the exce ofs of the other of them i 
AB above a given magnitude ſnall have to BC a given ratio; or AB 
is given together with the magnitude to which BC. has a giv M 
ratio, 
: Let AD be the given mavnitade, and firſt let i it be leſs than AB: 
35 MW and becauſe DC the exceis of AC above AD has a gnen ratio to PC, 
Pn has b a given ratio to BC; that is DB, the exceſs of AB bose b. Cor. e. 
1 gien magnitude AD, has a given ratio to . 8 
be But let the given magnit! ade. be greater than AB; and make AF 
"44 equal to it; and becau e EC, the excels of AC above ? 55 has to 
Fa geen ratio, BC has e a gh ven ratio to BE; and becauſe AE | is c. 6. bx. 
given, AB together wich! BY. to which BC bas a given ratio, 
given. 
Pk RO P. * 11. ö 1. 
. F the exceſs of a magnitude above a given magnitude See dl. 
has a given ratio to another magnitude; tlie excel! of 
3 | the ſame firſt magnitude above a 9 ven magnitude, Mall 
Ts © have a given ratio to both the magnitudes together. aud 
bal if the excels of either of two magnitudes above a gi\ en 
Fog: ö magnitude has a gi! en ratio to both maguit des together; 
1 be esceſs of che fame above a give en magnitude ſhall have 
e ag given ratio to the other. POD 


Let the excets of the man, itude AB abore a given marnitule 
have a given ratio to the magnitude BC; tlie CXce!s: Ot ABa bove 
5 fn en magnitude tas «& VIVECR ra tio 0 AC. = FD 
. A a . Let 
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Let AD be the given magnitude; and becauſe DB, the exceſs gf 
A above AD, has a given ratio to BC; the ratio of DC to BB is 
zvenk. make the ratio of AD to DE the {ame with this ratio ; 
es me ratio of AD to DE is | 
rico, and AD is given, where A E DR 
fore b DE, "nd the Neige . 
are given. and becauſe as DC to DB, ſo is AD to DE, ACi is © to 


- 


E133, as: DC to DB; and the ratio of DC to DB is given, Wherctore 
the ratio of AC to EB is given. and becauſe the ratio of EB to AC 


is given, and that AE is given, therefore EB the excels of AB above 
tne given magnitude AE, has a given ratio to AQ, 
Next, let the excels of AB above a given aged have a gi. 
1 ratio to AB and BC together, that is to AC; the excels of AB 
above a given magmitude has a given rado to BC | 
Let AE be thep given magnitade; and 0 EB the exceis of 
I has to AC a given ratio, as AC to EB, fo make AD 


— 
6 


* 
4445 15 9 A 


45 
! 


Pak. 0 jo ther-1ore the ratio of AD to DE is given, as alto 9 the ra- 


FF. 
r 
®...-4 
a + 0 
1 


8 7 8 90 


3 | L 12928 & 5 1 — nN » 
too? Ao 9, and AL is given, Wlierefore b AD is given. and 
[Kaul as 106 ce. AC, 0 the Whole, vo >, ſo ! i5. AD 0 PE i; 
1 » r , 3 vs TY £1 * 2 7 * * 
{He renamaer e 35:5 to {ne remainder Pb, as A tO EB; and n e 


52 a : 15 4 : . 10 : 110 Po * 1 5 MN 

TU IOOr ow TO: 3 1 13 lenz IKE 1 re C che 1atiO OZ LKC 0 DB i 22% 
1 E oo I% : — PEG" D 7 4 A ER 

1 , 415 4110 1 the ratio „of! 1 4 10 1 a and AD: 18 81 5 D, there! orc 
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3, the exccis of AB above the given magnitude AD, nas a given 
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P R O E VIII. 


to each of two mag mnitudes, which have a given ratie 
to one another, a given magnitude be adied ; the 
| either have a given ratio to one anot! her, or 
Lie egcels of ohe of th abate 4 given magnitue de ſhall 


Ae] Er Cn: 
HAavea given ratio to the other. 


Let the two magnitudes AB, CD have a given ratio to 022 ang. 
ther, and: 140.44 1B let the gw en m. nitude ! BL. BE added, and the given 
77 tude DF to CD. the Whale S AE, CF either have a given ra- 
ne anottier, or the ex {5 of one of them above a given mag 
: ziven ratio to 5 other. — 
canis: BE, DF are each of a wives their ratio is 800 


11 
the remainders thall either have a given ratio to one ano— 
ther, or the exceſs of one of them 20076 2 given magni- 


the given ma! zultude CF. the remainders E! B, E i ſhall eith ler He 1 
à given ratio ts one another, or th e excels of ons of th em above 4 


them given, the! r ratio is give n+ ; & +1 | K 3 D 
and 1 it this ratio be the { ame E 5 ee ee | S 

th 153 2 ; L 
ratio of A to CD, the ratio of the re -mainde - EB to the re- 


DA TA. 


id if this ratio be the ſame with 


the ratio of AB to C CD, the ratio of A B 3 E 
AF to CF, which is the ſame b with "© 
the given ratio of AB to CD, hall | 0 D wo H 

be given. FO 


But if the ratio of BE to DF be not the ſame with the ratio of 
AB to CD; either it is greater than the ratio of AB to CD, or, by 


inverſion; the ratio of DF to BE is Sr cater than the ratio ot 89 55 


AB. firſt, let the ratio of BE to 


DF be greater than the ratio of AB A Fe c 8 5 
to CD; and as AB 10 . „50000 N 
BC to DF; therefore the ratio of C 1 Foe 
BG to BF 18 given; wy DF is given, —— — 


therefore e BG is given. and be cauſe BE has a greater ratio to DPF 


than (AB to CD, chat! is than) BG to DF, EE is greater d than BG. 


and becauſe as AB to CD, ſo is EG to DF, therefore AG is b to 
Cf, as AB to CD. but the ratio of AB to CD is given, where- 
fore the ratio of AG to CF is given; and becauſe BE, BG are each 
of them given, GE is given. therefore AG, the exceſs of AE above 
thegi given a magnitude GE has a given ratio to CF . the : other caſe is 


5 R 0. 1 "NIX. 


* from each of two mapn irudes, which have a giren 


ratio to one another, a given mugnit ide be take: 


» 
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we, ſhall have ; a given ratio to the othe 


Let the magnitudes AB, CD have a given ratio 0 one anothien, 
2nd from AB let the given magnitude At be taken, and from CD 


' Sven may nitude ſhall have a giv 8 * | 
Tot 10 0 the Other. | TE 5 e 5 Fe Fe | Ny 5 2 


Decanſe AE, CP are each of 


| A & 2. . : 8 Mai nes 


b. 12. Jo 


e. . Dat: 


4. 10. 


es. 
ON. 


EU LI 
mainder FD, which is the {ame d with the given ratio of AB to CD, 
ſhall be given. | 
But if the ratio of AB to CD be not t the 15 with the ratio of 
AE to CF, cither it is greater than the ratio of AE to CF, or p by! in 
verſion, the ratio of CD to AB is greater than the ratio of Ct 


=» 


. firſt, let the ratio of AB to CD be greater than the ratio Gf. 


AE t CF, and as AB to CD, ſo make AG to CF; therclore the 


ratio of AG to CF is given, and 


2 
E 

4 
* 
> fag 


Cr is given, W her tore © AG is A 7 

given. and becauſe the ratio f e 

A to CD, that is the ratio of AG 8 15 bs 0 

to CF, is greater than the ratio of 

AE to CF; AG is greater 4 than AE. and AG, A E are given 
Gerefere the remainder EG is given. and as AB to CD, fo is AG 


— 


to CF, and ſo is d the remainder GB to the remainder FD; and 
the ratio or AB to OD is given, wherefore the ratio of GB to FD 
js given; therefore GB, the exceſs of EB above the given mani. 
tile EG, has a giwen ratio to 1D. in the ſame manner the other 
cafe is demonſtrated. | 
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9 7! I Ohe Or kW ma, Znitudes WW hich Har Ee X CIYen ratio 


1 


7 | 
I one another, a glren magnitude be addcd, and from 


ene other a given magnitude ho taken : the excels of the 


i ta, above a given magnitude has a given ratio to the remain'.cr 4 


"£6 10 b the remainder GB to the re- 


um Ibove a given magnitude mal! have a given ratio to 
ch E rem amde . 


Let tlie two magnitudes , AB, CD have a given ratio to one ano - 
ther, ana to AB let the given lte EA be added, and from 
CD let the given magnitude CF be taken; the exce fs of the fm 
I | & 


„ 
12 
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Fa 
4 
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CA: A the ratio of AB to CD is given, make as AB to C 85 
AG to CF. therefore the ratio of AG to CF is given, aud on is 
3;VEN, * 3 AG 18 given . | : 


and E A 18 — * Cir, the 9.3 fore the x 2 3 A | (T 5 47 


whole EG is given. and becauſe | _ e 7 
as AB to C, 10 15 AG to CF, and 85 | Fs es 


malnder FD; the ratio of GB to FD is given, | and EG is gisch, 


1 4 —_— 
«- j 514 41 39 1 
: Tel 932 
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be. XXI. 


F two magnitudes have a given ratio to one another, if 


a viven maxnitads be added to one of them, and the 
other be taken from a given magnitude; the ſum toge— 


ther with the magnitude to which the remainder has a 


given ratio, is given. and the remainder is given together 
with the magnitude to which the e ſum has a given ratio. 


Let the two magnitud les s AB, , . a given ratio to one ano- 
ther; and to AB let the given magnitude BE be : 14d ed, and let CD 


be taken trom the given magulitaide FD. the ſum AE is given toge- 


therefore GB, the exceſs of the ſum EB above the gie n magnitude 
EG, has a ratio to the remainder FD. 


2 
2 


her with tae: e to 2 885 the remainder FC has a given 


ratio. 2 


Becauſe the ratio of AB 0 CD 18 given, make as * . CD, 


{0 GB to FD. e 5 ratio of GB to 1D is Siren, © and E D is 


gixen, wherefore GB is given *; . 
and BE 1s given, the Wliole GE 18 "+. the 


4.9 7 
5 | 2 65 | | 7 80 5 FO — 1 
therefore given. and becauſe „ . Th 
- AB to CD, ſo is GB to FD, and ſo ä oY 


is G Ato F O; the ratio of GA tO | | | | 
FC 1s given. and AE together with GAiz given, bec auſe GE is 


b. 19. 5. | 


given; therefore the ſum AE together with GA to wh ich the re- 
mainder FC has a given ratio, 18 Even. the econd p rt is mantel 


from Prop. 15. 


5 RO . XXn. 


* 2 
Tr two magnirudes have a given ratio to one another, i! 


1 from one of them a given magnitude be taken, and the 

ache be taken from a given magnitude be 
majuders is given together with Ine ma 
the other remainder has a einen! ratio. 


each of the r2- 


\'eyy 
os 


1 the two magnitudes AB, o hats 2 oven ratio to one ano- 


AL. Ee, 


ticude co wh Tos 


D. 


„ 
tee. 


ter and from AB let the given magnitude AE? be taken, and let 
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given together with the magnitude to which the other rema; 


remainder EG is give en. 


the excels of one of them above a given mag nitude Dall 


e e Co 


4 
CD to AB; is greater t 
Ah to CD be greater 55 the ratio of AE to CF; 
F, ſo m 


UE Canis S N ! 420 of 


E VCLTD!S 


CD! be tal en from the given magnitude CF; the remainder FB js 


inder 
DF has a do ratio, 

Recauſe the ratio of AB to on is given, make as AB to CN 
AG to CF, the ratio of AG to CF is therefore given, and CF is 
given, wherefore AG is given; N 


, LE F2 ga 
and AE is given, and ther: lors tne 2A. . BD 93 
| — — —— 1 e N — 


2 and be- 
cauſe as. AB to CD, o is AG to 
CF, and fo is b the remainder BCG 


to the remainder DF; 


he ratio of BG to DF is given. and EB to- 

gener with BG is given, „ becauſe EG; is dien. therefore the remain. 
; Ea 1 Ee Pl 3 ORR . : E224 

der EB together with BG to. which Df ihe other rewalnder has 


given ratio is given, the ſecond part is plain from Prop. 15. 


„% AXUE- 
from two given magnitudes there be taken magni— 


tudes which have a given ratio to one another, the fe. 
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mainders Mall either have a given ratio to one atotlicr, ot 


CC 


— 


have 4 g1V eN re 10 COP the ocher. 


1 i 


Let AB, CD be 1 two given mag pitades 8, and from them let the 


mapnitudes AE, CF which have a given ratio o one ande be 
taken; the remainders EB, ED either have a given ratio to onè an 0 


+7 


JE v4» 14 Ty " 3% in iT . a: 
„Ker, Or the ERCEIS Gi Olle of the: DOVE Ra given magnitude Has & 


given ratio tO the — Other. 


Becauſe AB, CD are each of A 15 2 
them given, the ratio of e ——fꝑ 
CD is giren. and if this ratio be f*. 


5 | 


LF9 
Lint 


the um e With the ratio of A 3 


CF, then tie remand r EP has 8 the fa ame g wen ratio to the remain- 


de 1 2 F D. 


But cif the ra tio or AB 0 CD be not t he 3 with the Ta tio of : 
OT; by mverſion, the ratio of 


E co Cy, it is eich hots eater than it 
n the ratio CF to AE. firſt, let the atio of 


ke AG to CD, therefore the ratio of AG to C D is given, 


fore® 


and as AE iO 


Re to CF 18 given; and D is 81 wen, Where 
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n 


is, than the ratio of) AG to CD; A 3 3 GB 


ratio of EG to FD is given, 


FD; the ratio of GB to FD 18 Sin. "nd „„ 
| ]:E 


excels of the firſt above 
third; the excels of the ſec ond: above a given magnitucle ſhall have 


D A: A. 


than the ratio of (AE to CF, that 


AB 1s greater © than AG. and ] 8 
AB, AG are given, therefore the S I 1 


remainder BG is given. and be- 
canſe as AE to CF, ſo is AG to CD, 
and GB 


the given mag. itude GB, 


and {9 js 4 56 40. FD: the 
is given, ther efore ECG che N 


w_ ws EB above has 1 cv 5 
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VIZ, FD has a given ratic to E. and becauic the ratio ot ABO CD 
g PREM : 1] CAT 4 1 , _ : 1 2 5 RO : 
is given; as AB to CD 10 make AG. io CF; there- A 
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fore the ratio of AG to CF is gen; and CF is 
2 . ; | — 3 . 5 8 f | 3 q 
'vven, :wherefore'*: AG is given. and VR As * 
| TEL | V 3 
AB to CD, ſo is AG to CF, and ſo 18,9 GB to (N Þ 


ratio of FD to E is given, 
of GB to E is given and AG. is given, there- 
fore GB the exceſs + AB above 15 mag: 
nitude AG has a given ratio to . , e 

| Cox. 1. And if the firſt has a given ratio to the ſecondl, and the 


wh erefore the fatio 
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Cor, 2. Allo if the firſt has a given ratio to the ſecond, 
the excels of the third above a given magnitude has alſo a given 14. 
tio to the lecond. the ſame excets ſhall hav e a given ratio to the 
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firlt;.-a5 is evident from the oth Dat. 
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ratio to the other. 
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et AB, C, DE be three magnitudes; and let tne exceltes of 
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AB, DEeither! ve a given ratio to one another, Or the EXTELS en 
one of them above a Sen magnitude has a giren ratio to th; 
other, 

Let FB the-exceſs of AB above the given; magnitude AF have 
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. 5 TT * 1 - - 
awen magnitudes AF, PG are added; there 


4 "| 5 EE OE | 
1 b the whole ma 9 itudcs So DE have either 


whereot above give n ma Initude Has a Sven rate 
the ſecond ; and he exceſs of the third above a gie 


1 798 5 12 E 1 1 : 14 
ma, ee has a given ratio to the {ame ſecond. ths 
1 [1 r ba ve a 281 Py . * | . 
aa eith 11 a 8 Ve I ratio TO 1412 1 Hire, 9.4 TIS 0 $ Lo 3 

"ON SQ Cl mn above a 0 g¹¹ CI mas! nit 8 deli 12a Yi d BR 
: r C.J 


A ; 
ang 


A. = > £4 RS i 4 FRE: wii. 47 
O1 them above a 2 wen 1243 118 0 oo has a 5 5 1% VER ratio tO he other. 
I = S& 
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128 
4? 


the other two maguitudes; theſe two ſhall ciche: 
given ratio to ons e or ˖ 


here be three | ma! Mtg c3 the ezceſſes of one OL: 
2 


| j 15 ; N 3 5 ; | 
vhich above given magnitudes have g. ven ratios 10 


toe LE is given. and becauſe as KD to. EE, £% 


OECD to L is given. but the ratio of CD. t 


1 r 
Let AB, CD, EF be three magnitudes, and let GD the exceſs of 


one of them CD above the given magnitude CG have a given ratio 
to AB; and alſo let KD the excels of the fame CD above the gi- 
ven magnitude CK have a giv en ratio to EF, either AB has a given 


-atio to EF, or the exceſs of one of them above a given magnitude 
has a given ratio to the other. N 
Becauſe GD his a given ratio to. AB, as GD to AB, £ 10 make CG 
to HA; therefore the ratio of CG to HA is given; and CG is vi- 
J 


a 


Ven, WI Der tore 


ST7 


TA is given. d becauſe as GD to AB, fois CG a. a. Dat. 


5 HA, and ſo is b C35. to 113; the ati of CD 0 HB 1s given. G3 WL 


15 Yen KD has a given rauo to EF, as K 


o EF, fo make CK to LE; therefore 8 ratio 
o CK to LE is given; and Cx is given, where (© 0 
7 Fa A 1 | 


0 is Cc to LE, and ſo b is CD to LF; the ratio 


—— ——— — pon — ere en 
\ - 
2 
1 
CD 3 — 


and from FB, GE the given maznitndes AF, DG being taken, the 


Teminders AB, DE ei; 7— have 4 gi en ratio tO Ore another, or the | 


exceis of one of them above a given magnity: Je has 2 given ratio to 


lib is ginn, wherefore © the ratio of HZ 10 15 . 
3 green. and from HB, LF ihe given magnitudes ! 07. 
HA, LE bei 3 taken, the remainders AB, EF ſmall either have a 
Even fatio to one another, or the e eels of one of them above à 
(igen magnitude has « given ratio to the other d. e 
5 Anothe Demonltratien. 

Let AB, C, DE be three a itucles, and let tho exceſſes of one 
of them C above given magnitudes Have: 188 reis G F and DE. 
eitaer AB, DE have a given ratio to one another, or the excels of 
ont Of them AD a giren; magnituce has a given ratio to the Other. 

Pore nie the exccts. of Ca bove A wa en magnitude Nas 1 given Fas... 
no to AB, therefore a AB together with a given magnitude has a a: 14. Dat. 
giren ratio to C. let this s given m. onitude. 8 
AF, wherefore FB has a given! atio to E. allo, F. 8. 
becauſe the excels of C above a given magritude . ws ; 
has 4 gIVC1 ratio to DE, therefore DE tos gether | AT | 15 * 
with a given magnit: ade bes a; gh en ratio % | 
tet t this given me gnitude be DG, 'wherefo! e GE „„ 
has a gen ratio to C. and FB has a given ratio B C' E . 
to C, there ore b the ratio of FB to GE is given. JJ ˙ »A 


the other e. 8 * | . Op PR P. . 19. Dat. | 
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19. P-R 0 F. XXVII. 
F there be three magnitudes the exceſs of the firſt of 
which above a given magnitude has a given ratio to the 
ſecond; and the exceſs of the tecond above a given mag- 
nicude has alſo a g1ven ratio to the third. the exceſs of 
the firſt above a given m ragnitudo mall have a : given ratio 
to the third. 


Let AB, CD, F. be three magnitudes the cxceſs of the fir t 4 
which AB above the g den magnitude AG, viz, GB has a gen . 2 
ratio To CB; and FD the exceſs of C D above the given macnitide WM > 


. CE = — © - - , . — - = 
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CF, haz a given ratio to E. the excels of AB abo a gen maſh! [ 
tude has a given ratio to E. | 
Becauſe the e ratio of CB to CD is g as GB to ED; lo mak 
- GH to CF; eee the ratio of GH t to = 8 0 
4. 2. Dat, given; 2 a CF is given, wherefore * GH 1s gi- Al l 
ven; and AG is given, wherefore the whole. 5 . 
AH is 2585 and boca: ſeas GB to CD, ſo is . 45 
b. 19. 5. GH to CF, and ſo is b the remainder my to the Id on! | 
remainder F3; the ratio of 13B to FD is given. 5 2 | 
c. 9. Dat. and the ratio of FD to E is given, . 5 | 
„ the ratio of HB to E is given. and AH is given; B CCC 
1 therefore HB the excets o7 AB above the gen . = - 
N magnitude AF has a given ratio to E. 
: Otherwiſe | 


Let AB; C, D be os magn endes, the exceſs EB of the ſirſt 
of which AB above the g given magnitude AE has a given ratio t9 c 5 : 
and the exceſs of C above a given magnitude has a given ratio to DO. 1 
the exceſs of AB above a given magnitude ba "=. 


given n; 5 A g „ | 5 
Becauſe EB has a given ratio to C, and the 5 EN 5 1 N 
cxceſs of C above a given magnitude bas 5 i im 
« 24. Dat. ven ratio to D; therefore 4 the excels of EB a- F. 
| bove a given and has a given ratio to D. *® J- 
i this given magnitude be EF, therefore FB E 
the exceſs of EB above EF has a given ratio to 


D. and AF is given, becauſe AE, EF are 7g B C 


. 379 
herefore FB the exceſs of AB above the given magnitude AF has 0 a 
given ratio to D. 


n OP, XXVII. e 


18 
a . 
3 I two lines given in poſition cut one another, the point ee 
n 
2 or points in which they « cut one another a are given. 
10 
Let two lines AB, CD: given in poſition cut one another in the 
| | point E ; the point E is given. . 
of Becau! le th — lines AB, CD "5 x OG C 
en eiten in poſition, they have al- 5 
de : Favs he {ame ſituation , and A a. 4. Det 
! E - {hrrerore. the point, or points, in 
Which they cut one another have . | 
Aways ce ſame ſituation. and be- PRs E-—— LE 
cane the lines AB, ob can be A— 7 — N 
und , the Pu t, Or points, in V 1 
in which they cut one another, C 
we | wil 70 und; 0 1 are given in poſitior 15 
ED 
F the extremities of a ſiraizhir line be given in noſition 43 
þ © 1 3 . 
| tne iti 8 ine 1 18 given in poi tion 2nd magn 111 cue, 
We e he extremities of the ſtraight line are gh ren, they can 
be © bounde; let ee 70 the points A, B, between w hich ! a a ſtraight a. 4 Def. 
ir ire AB can be drawn d; this has an 5 H. 1. Pole 
C5 Wb variable noſition, becauſe between Pr — Ute. 
D. | 1 


two given points there can be drawn | | 

but one ſtraight line. and when the ſtraight line AB; is e its 
magnitude is at the or ime time exhibited, or given. therefore the 
ſraight line AB | is given in poſition and magnitude, 
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b. 4. Def. 


. 


parallel to BC; the ſtraight line DAE  - | i, 6 E 
has en the ſame pole, RO VVV 0 


E U CLI DS 


N . 


F. one of the extremities of a ſtraight line given in pot. 


tion and magnitude be given; the other extremity 
ſhall alſo be given. 


Let the point A be given, to wit one of the extremities of a 
ſtraight line given in magnitude, and which lies in the traight line 


AC given in Policen ; the other extremity is alſo given. 
Becauſe the ſtraight line is given in magnitude, one equal to it 


can be found *; let this be the ſtraighit line D. krom the . greater | 


1 line AC cut off AB equal to the f e 
leſſer D. therefore the other extremity 1 . N 8 $ 


B of the ſtraight line AB is found. and __ 
the point B has always the fame ſi tua D 
tion, becauſe any other point in AC, | 
upon the ſame ſide of A, cuts off becween it and the point An. 
greater or leſs ſtr aight line than AB, that is than D. therefore the 
point B is given b. and it is plain another ſuch point can be fount 5 


3 


in AC pr oduced upon the other ſide 9 the point A. 


PROP. XXXI. 


1 
Fa ſtraight line be drawn thro' Da given point parallel 


A 


to a ſtraight line given in poſition; that ſtraight Ime 


is given in poſition. 


Tot A be a given point, and BC a ſtraight line given in 1 poſition; I 
the {traight line drawn thro' A parallel to BC is gi IVen in n poſition. 


Thro' Adraw* the ſtraight line DAE 


— 


5 tire A e to BC. therefore = + 0 
| 5 4. Def, ſtraight line DAE which has been found is given b in poſton. 8 


PROD. | 


line EAP parallel to BC; and becauſe 

thro” the given point A the ſtraight line 
FAF js drawn parallel to BC which i is gi- B 

ven in poſition, EAF is therefore given in —_ _ 
poſition b. and becauſe the ſtraight line AD meets $ tho Parallels Þ BC, b. 31. Dat. 
Er, the angle FAD iS THOR 10 the angie ADC; ond ADC is e. 29. 1% 


PR OP. XXXII. 29. 
Fa traight line be drawn to a given point, in a given 
ſtraight line, and makes a given angle With it. that 
ſraight line 18 given in poſition. 
Let AB be a ſtraight line given in poſition, and C a given point 
in i, the ſtraighit line drawn to C. 
wich makes a given angle with CB, 
15 GIVEN in pontion. | | a (5 
Beanie the angle is given, one 
wi | 5 a. 1. Def. 


equal to it can be found!; let this 


he the angle at D. at the given point "ah TEE 
8 8 

C in che given ſtraight ne A5 C%.. © | 

ee | FR F | 1,23. I, 

make b the angle ECB equal to the P 

angle at D. therefore the ſtraight | 4. 

WET 1 

line EC has always the ſame b : 92 


„becauſe any other ſtraight line 


Fo drawn to the point C makes with CB a greater or lefs angle than 
| tne angle ECB or the angle at D therefore the fir aight line EC 
Which has been found is given in poſition. 


It is to be obſerved that there are two ſtraight lows EC, GC upon 
2 fide of AB that make equal angles with it, and which make 
mal angles with it W hen prog ccd to the other ſide, 


P * 0 P. XX XIII. | 30. 
IF a ſtraight line be drawn from a given point, to a 
{traight line given in poſition, and makes a given angle 


: with | it; that ſtraig ght line ! is given in poſition. 1. 


From the þ given point A let the firaight line AD be drawn to the 


fright line BC given in poſition, and make with it a given angie 


ADC; AD is given in polition. 
Thro! the point A draw * the {tr aignt E 


given, 
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b. 33. Dat. 


4. 28. Dat. 


therefore her inter ſection G is gi⸗ 


L. 19. Dat. 
5 that! is, the ftraig] it line AG given in 
magnitude (for it is equal to D) and | 
drown from the ß point A to the Hraight line BCS given in poll 
ti za, 13 alſo given in polition. and f in like manner AH is give ” 1 
poſition. therefore, i in this caſe there are two Reraight l. lines AG, % 


EUCLID'S 


given, wherefore alſo the angle EAD is given. therefore becauſ 


the ſtraight line DA is drawn to the given point A in the ira; Light 
line EF given in poſition, and makes with it a given angle EAD: 


A is given d in | poſition, 


S* 


p R O P. XXXIV. 


FF from a given point to a ſtraight line given i in poſition, 


a ſtraight line be drawn which is given in magnitude, 
the ſame is alſo given in botition. 


Let A be a given point, and EC a ſtraight line given in Pane 


» 


a ſtr aicht line given in magnitude drawn from the point A to BC h 


given in poſition, 


Becauſe the ſtraight line is given in magnitude, one equal to ; 


L 


— 


can be found a; let this be the ſtraight line D. from the point 


draw AE per] nendicular to BC; and becauſe. "I 
AE is the ſhor teſt of all the ſtraight lines ©] 
which can be drawn from the point A to BC, 
the [traight line D, to which 0o¹¹e equal is to 


be drawn from the Eves A to BC, cannot be B E | C 


lefs than AE. If therefore D be equal to AE, 22 To 


AE is the ſtraight line given in magnitude dra: wn; from the given 
point A to BC, and it is evident that AE is given in poſition b be- 
cauſe it is drawn from the given point A to Brann 13 ga. 


poſition, and makes with BC the given angle AE 
But if the ſtraight line D be not equal to AE, it ll be g rater 


than it. produce AE, and make AF equal to D; and from the cen- 
ter A, at the diſtance AF deſcribe the circle GFH, and join AG, 
AH. beca 25 2 the circle G FH is given in polition ©, and the ſtraigh: 


line BC is ao given in PC tion; 


ven d; and the point A is given; R 
wherefore A is given in poſition e, 


* 


FT. | 38 


— 


of Ef the ſame given macniinde which can be drawn from a BY en | point 
ht p A to a ſtraight line BC given in polition. | 
D; P R 3 „„ 1 | | 
E 7 $5 Ws he | 32. 
J a ſcraight ine be drawn between two e! ſtraight. 
pbincs given in poſition, and makes give 1 angles With 
n, them; the ft ſtraight line is £1 von 10 magoitmde, 
Ie: I 
| Leet the ſirai! BY Ene! 6 EF be drawn between the parallels AB, CD 
which are given in po':tion, and make the given angles BEF, EFD; 
on, E. > ven in magnitude. 
* 76. In C3 take the given point G, and thro' G drr GH PT a. 31. 1. 
k. ond becauſe OD mects the parties GH, EF, the angle EFD | 
W | is equal b to the angle HGD. and EFD is A_ E II B B. 49 25: 
a dicen angle, wherefore the angle HGD 5 
g 0 eh and becauſe HG is drawn to 
e given point & in the ſtraight ne CD Og 
given in poſition, and makes a given: angle 5 F "TD D 
2 BGD : the ſtraight line HG * 18 given in | 
4 | poſition ©, ; and AB is given in poſition, therefor the 2 DOIN nt. II is e. ng 
diren ; and rhe point G is alſo given, wheretc 5 GH is given in d. 28. Dat, 
E magnitude ©, and EE is equal to it; . EF is given in 3 e 29. Dat. 
= bditude. 
. R 0 P. XXXVI. „ 1 33 * 
0 ö Tp a ſtraight line given in magnitude be Jrawn between See N. 
G Woo parallel firaighr lines given in poſition; it ſhall 
vn Make given angles with the e 


Let the ſtralgbt line EF given in magnitude be dr; an berwes en 


33 the parallel {tr acht lines AB, CD which are 
wen in poſition; the angles AEF, EFC tha. A — i B 


1 


de given. 5 
ö Becauſe EF is given in | magnitude, ö 
- fight line equal to it can be found“; le 3 
n this be G. in AB take a given point t H, and 2 5 8 
* E from it draw b HK perpe endicular to CD. G— , ber „ 


TR 'terefor the Araight line G „that is Ef, Cannot be leſs than HRK. 
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tion. therefore the angles HMN, 


c. 6. Def. 
d. 28. Dat. 
c. 29. Dat. 
. 5 A. Def. 
;| 
1 2. 34+ r. 
1 | 
#' Poe 
80 | | 
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E U CLI DVS 
and if G be equal to HK, EF allo is equal to it; wherefore EF is 4, 
right angles to CD, for if it be not, EF would be greater than Hk, 
which is abſurd. therefore the angle EFD is a TIgut and conſe: 
quently a given avgle. 

But if the ſtraight line G be not equal to HK, it muſt be greate: 
than it. produce HK, and take HL equal to G; and from the cen. 
ter H, at the diſtance HL deſcribe the circle MLN, and Join HM, 
HN. and becauſe the circle © MLN, and the ſtraight line CD » are 
given in poſition, the points M, N are d giv en; and the point H 1; 
given, Wherefore the ſtraight A Þ | _ 8 
lines HM, HN are given in po- 3 5 
ſition e. and CD is given in poſi- 5 i 


HNM are given in poſition f. of 
the ſtraight lines HM, HN let 
FN be that which is not paral- 
lei to EF, for EF cannot be pa- 5 
rallel to both of them; and draw EO parallel to HN. EO there. | 
fore is equal s to HN, that is to G; and EF is equal to G, w here- 


84 


195 EO is equal to EF, and the male EFO to the angle EOF, tha! 


is h to the given angle NM. and becauſe the angle HN Which 1: 


equal to the angle EFO or EFD has beer found, therefore the angle 


EFD, that is the angle AEF is given in magnitude k , and conſe 


quently. the angle EFC. 


PROP. XXXVIL. 


F: 4 ſtraie bt | line given in magnitude be An from 2 


point to a ſtraigl ht line given in poſition, in a giren 
angle; the ſtraight line drawn chro' that point parallel 1 10 


the traigt bt line given in . is given in * 


3 Let the Ate Joh it Tas AD given in magnitude be drawn from! the | 
oo point A to the frat ight line BC given in poſiti- _ : 
on, in the given angle ADC; the ſtraight line E A 11 Wh 
EA drawn thro 'A A parallel to BC 1 is given inn 
paſition : 


In EC take a given point es and 1 GH 3 G 7 


parallel to AD. and becauſe HG is drawn 8 | 
given Polut G in the ſtraight line BC giv cn in poſition, in a giwen 


ae 


Al 
K. 
lle. 


| ipoliioen, be Bren; if one of the Pa aral lets | 8 given in 
Poſition, the other 1s alſo given in poſition. Bas 5 


DATA. 255 


angle nec. for it is equal a to the given angle ADC; HG 1s oiven 4. 49. 1. 
in poſition b; but it is given alſo in magnitude, becauſe it is equal to b. 3a. Dat. 
AD which is given in magnitude. therefore becauſe G one of the 
extremities of the ſtraight line GH given in poſition and magnitude 

is given, the other extremity H is given e. and the ſtraight line c. 30. Dat, 


EAF which is drawn thro' the given point II parallel to BC given 
in po! lion, is 0 e jn e e 


* R O 2 XXXVIL wo 34. 


Jr. a ſtraight line be drawn from a given point to two 

parallel ſtraight lines given in poſition; the ratio of 
the e between the given point and the Parallels 
mall be g given. 


Let the ſtraight line EFG be drawn from the given point E to 
the parallels AB, CD; the ratio of EF to EG is given. | 
From the point E draw EITK perpendicular to CD, and becanſe 


from a given point E the ſtraight line EK is drawn to CD which 
is ou in eee in a given e EKC; EK is given in poſi- 


AF H _B 
; Ne 
: — . 


S 'K G D 


tion *, nd AB, CD are given in n poſition; hand efore b the points a. 23 . Dat, 
H, K are given. and the point E is given, whercforè © EH, EK are 2 80 Dat, 


given in magnitude, and the ratio d of them is therefore given. but 18 Ps 5 8 
2 EH to EK, fois EF to EG, becauſe AB, CD | are ' parallels, 9 
„ therefore the ratio ot EF | 40 EG | is given, : 


Jr: the 1 ratio of i the ſpit RY 4 aich lie betw een 4 See N. 85 
given point in it and two. parallel ſtraight lines A " 0 


2 
S 
O 
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From the given point A let the ſtraight line AED be drawn to 
the two parallel ſtraight lines FG, BC, and let the ratio of the ſeg- 


ments AE, AD be given; if one of the parallels BC be given in 
poſition, the other FG is allo given in poſition. | 

From the point A draw AH perpendicular to BC, and let it meet 

FG in K. and becauſe AH is drawn from the g1ven point A to the 

traight line BC given in poſition, and makes a given angle AD; 


A 
K G 


a. 33. Dat. Kr; is given * in poſition, and BC is 
liewiſe given in poſition, therefore the B 

b. 29. Dat point H is given b. the point A is alio | 

| given, Wherefore AH is given in magni- 

1 29. Dat. tue ie © 85 anc, becauſe FG, BC are paral- ' ..— . 

-Jeis; as AF 0 AD iS AK to AH; dF * 8 a 0. | 
155 ratio \ of . to AD! is given, Where- | 
fore the ratio of AK to AH is given; but AH is given in magni- 

J. 3. Dat. tude, the crore J AK 18 given in -magnitade; and it is allo give! n in 

30. e den and the point A is given; wherefore © the point K is giren. 

and becauſe the ſtraight line FG is drawn thro” the given point & 


31. Dat. para le] tO BC hich | 18 5 given in polition,. therefore f FG | 1s given in = 
_ Politio 8 | | | 


0 


10 


37.28. 5 : P RO p. © 365 


dee N. Þ the e rat io of the ſegments of a ſtraighit line into which 


it is cut by three parallel ſtraight lines, be give HT 


two of the parallels a are given in polition, the third ao is 
given in polition. e 


Let AB, ob, HK 4 chro 1 raight lines, of which 4B, 


cb are gi en in poſition; ; and let the ratio oof the ſegments GE, F 
= | | ita 


04 


in 


R 
n 


cb which is given in poſition, and makes a given angle LM D; LM 
is given in poſition *. and CD is given in poſition, wherefore the a. 33. Dat; 
point! Mis given b; and the point L is given, LM is therefore given b. 28. Dat. 


95 GE to GF, 1 is NL to NM; "the ratio of NL to NM is given; 


given in poſition, and the point L is given; ; . e f the point e. 2 Dat. 
| 1 ; 

Nis given, and becauſe the ſtraight line HK is drawn thro'.the given Dat. 
point N parallel to CD which is given. in polition, : th WCTCLOTE 11 18 


bey; cut It have a given ! atio. 


3 cut by the ſtraight line CHE = - the ratio of GH H to TK 19 give 


* LM perpendicular to CD, mceting EF in R 0 4 T B 


N; thereſore ® LM is given in poſition; „ Das, 
1 CD: EF are given in po! ſition, where-_ G 2 M : 5 | 
fore the points M, N are given. and tze „ b 
. 1 is given, therefore b the ſtraight WY eee cpa b. 29. Per 
ines LM, MN are given in tojanitade.; 25 K 'N : F 


8 and &the ratio of LM to N is therefore 


DATA 


into which the ſtraight line GEF is cut by the three parallels, be 
giren; the third parallel HK is given in poſition. 


in AB take a given point L, and draw LM perpendicular to CD, | 
meeting BE in N. becauſe LM is drawn from the given point L to | 


in n magnitude *, and becauſe the ratio of GE tO GF is given, and © 28. Dat. 


H GN K ” 1 . 


A_ * B . G N K 


* 


9 M D © * N 5 


Cor. &. 
and therefore 4 the ratio ot ML to LN is given, but LM is givend. 4 or 
in magnitude, Wherefore © LN is given in magnitude; and it is allo C7 Eat. 


given in pol w_ 831. Paß. 
%%ꝙ§§³˙³5³ð5'] 8 
F a ſtraight line meets three parallel ſtraight lines See N. 


C3 ; 
which are given in poſition; the an; into Which 


Ts the para alle! Araight 1055 AB, CN; | EF g & given in poſition be | | 
8 | 


In AB take a given point L, and draw 


5 © + i Dien 


- —— —— — — — 
3 


4388 EUCL1D'S 
dren s. but as LM to MN, fois GH t to HK; wherefore the ratio * 


E. 1. Dat 
05 GH to BK is given. | | | 


See N. I each of the ſides of a triangle be given in magnitude; 
the triangle is given in ſpecies. 7 _-: 


Let each of f the Gen of the triangle ABC be given in magnitude; 
the triangle ABC is gie en in ſpecies. 
4 4. K. Make a triangle DEF the ſides of which arc equal, each to 
each, to the given ſtraight lines AB, BC, CA; which can be done, 
becauſe any two of them muſt be greater than the third; and let 
DE be equal to AB, EF to . e 
BC, and FD to CA. and Ba. | D 
becauſe the two ſides ED, 
Dr are equal to the two 
BA, AC, each to ea ch, and „„ 
the baſe EF equal tO the yg 0 E KEY 1 
baſe BC; the angle EDF is l 
b. 8. 1. cqual o to the angle BAC, therefore becauſe the 1 EDF, whicli 
c. 1. Pet. j3 equal to the angle BAC, has been found, the angle BAC is given, 
in like manner the angles at B, C are given. and becauſe the ſides 
4. 1. Dat. AB, BC, CA are given, their ratios to one another are givend. there: 
r. 3. DC. fore the triangle ABC is given © in ſpecies. ns 


460. F RO a XLIII. 


1 V each of the angles of a triangle be given in magni» 
tude; the triangle 18 given in 5 8 


Let each of the angles of he triangle ABC be given in x mag 
tude; the triangle ABC is given in (pecies. 8 1 

Take a ſtraight line DE given in A 
Goh poſition and ma: gnitude, and at the : 
#. 33.1. Points D, E make * the angle EDF e- 
qual to the angle BAC, 00 
DEF equal to ABC; therefore thge | 
| other angles EFD, BCA are equal, B 0 b F | 
CINE! each c Ot the an ygles at the Jones A, B, 0 is ; given, 2 
Kae 


4 


the ratio of BA to AC is given, make 
| theratio of ED to DF the ſame with 
it, and | join EF. and becauſe the ratio „„ 

of ED to DF is given, and ED is gi- E e E FP | 

ven, therefore b DF is given in magni- ; 
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each of thoſe at the points D, E, F is given. and becauſe the ſtra) oht 


line FD is drawn to the given point D in DE which is given in po- 


on, making the given angle EDF; therefore DF is given in po- 


tion b. in like manner EF alſo is given in poſition; wherefore the b. 32. Dat. 


bvoint F'is given. and the points D, E are given; therefore each of 
ihe ſtraight lines DE, EF, FD is given © in magnitude, wherefore c. 29. Dat. 
the wiangle DEF is given in perle 4 and it is ; ſimilar © to. the tri- 4 4 P. 


Cas. 


of % 15 . N 


angle ABC; Mien therefore 18 given in { - aaoed 


PROP. xIAv. . 3 


is one of the angles of a triangle be given, and if the 
ſides about it have a given ratio to one another; the 


triangle is given in ſpecies. 


Let the triangle ABC have one of its angles BAC given, and I 
the ſides BA, AC about it have a given 1 ratio to one another; the 
triangle ABC is given in ſpecies. EY 

"Take a ſtraight line DE given in poſition and magnitude, A and aß 


the point D in the given ſtraight line DE make the anole EDF caual | 
to the given angle BAC; --wherefore the angle EDF is given. and 


becauſe the ſtraight line FD is drawn to the given point D ia 32 
which is given in poſition, making the given angle EDF; therclłore | 
FD is given in poſition . and becauſe _ 5 2. 32. Dat, 


tude; and it is given alſo in poſition, and: the point D. 1s 
e ee the point F is given ©, and the points D, E are 8 giwen, e. 38. Dat. 


wherefore DE, EF, FD are given d in magnitude; - and the triangle d. 29. Dat. 
D Ef is therefore given © in ſpecies. and becanle the tr iangles ABC, e. 42. Dat. 
DEE have one angle BAC equal to one angle EDF, „ Al. 14 the 1 des 
_ about theſe angles proportionals; the triangles are f ſimilar. but f. 6. 6. 
. A triangle DEF is given in ſpecies, and therefore allo the tri- 
gde ABC. . FE, V 


T 
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42. | PROP. XLV. 


dee N. FF the des of a rriangle have to one another given ta- 
tios; the triangle is given in ſpecies. 


Let the ſides of the triangle ABC have given ratios to one ano- 
ther. the triangle ABC is given in ſpecies. | 
Take a ſtraight line D given in maguitude; and becanſe the ra- 
tio of AB to BC is given, make the ratio of D to E the fame. 
2. 3. Dat. With it; and D is given, therciore * E is given. aid becauſe the 
ratio of BC to CA is given, to this make the ratio Cf E to F the 
lame; and E is given, and therefore F. and becauſe 48 AB t6 
BC, ſo is D to E, by compoſition A B and E C together are to BC, 
as D and E to E; but as BC to 
CA, ſo is E to F; therefore, ex 
b. 22. 5. aeqvali b, as AB and BC are to 
Ee, ſo are D and E to F. and AB 
c. 20. 1. and BC are greater than CA, Y— C 
d. A. 5. therefore D and E are greaterd than = 0 D E. F 
F. in the ſame manner any two of A 
the three D, E, F are greater than H 25 12 
the third. make: the triangle O 
whoſe ſides are equal to D, E, F, WA that GH be equal to D.1 ER 
to E, and ECG to F. and AER D, E E, F are, each of them, os 
„„ + - GH, HR, KG are each of them given in magnitud 
f. 42, Dat. therefore the triangle GHK is given f in ſpecies. but as AB to be 
VVV that is) GH to HK; and as BC to CA, ſo is (E to F, 
that is) HE to KG; therefore, ex acquaii, as AB to AC, fo is GH 
to CK.. wherefore 5 the triangle ABC is equiangular and ſimilar to 
the triangle GHE, and the triangle GH is given in ſpecies ; there- 
ſore allo the triangle ABC is given in ſpecies.” 
5 o R. If a triangle is required to be made the ſides of Aich 
th: ll have the fame ratios which three aiven ſtraight lines D, E, F 
ka ve to one another; it is neceſſary that every tuo of them be 
cater than the third,” 


A 
A 


Cs 
do 
++ 
— 


* 
— 
D* 
* 
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PROP. XIVI. 43. 


: F the ſides of a right angled triangle about one of the 

S acute angles have a given ratio to one another; the 
triangle is given in ſpecies. 

5 Let the ſides AB, BC about the acute angle ABC of the tri- 

25 angle ABC which has a right angle at A, have a given ratio to one 

: e 0h the triangle ABC is given in ſpecies. 

5 ae a ſtraight line DE given in poſition and . ; and. 

8 | becauſe the ratio of AB to BC is given, make as AB to BC, io BE 

© to EF; and becauſe DE has a given ratio to EF, and DE is given, 

$i therefore EF is given. and becauſe as AB to BC, ſo is DE to EF, 4. 2. Pat. 

7 and AB is leſs b than BC, therefore DE is leſs © than EF. from the : 2 15 


point D draw DG at right 

angles to DE, and from the 

center E at the diſtance EF 

| deſcribe a circle which ſhall 
meet DG in two points, let G 
be either of them, and Join | ” 

EG; therefore the circumference of the circle 18 given « din poll! ion. 4 6. Per. 

and the ſtraight line DG is given © in poſition, becauſe It is Erawn e. 32. Pat. 


* 


R to the given point D in DE given in poſition, ma g 5 en angle. 

n, | | therefore f the point G 1s given. and the poi 1ts D, E. are given, £40; Dat: 
„„ - -. waerelore DE, EG, GD are given s in magnitude, and the triangle 3. 29. Pa 
0 = DECHn ſpecies >, and becauic the tri iangles ABC, DEG hare t the h. 42. Da 
> angle BAC equal to the angle EDG, and the ſides about the ang 

1 = ABC, DEG proportionals, TE each of the other an gle s BCA, 165 . 
5 les than a right angle; the triangle ABC is equiangular i and fin- i. . 6. 
. lar to the triangle DEG. but DEG is given in ſpecies, therefore 

— the triangle ABC is given in ſpecies. and in the ſame manner, the 

3 triangle made by drawing a ſtraight line from E. o the other Pour 

_—_ which the circle meets DG1 is given in ſpecics. 

e 
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292 


44+ 
See N. 


EUCLID'S 


PROP. XLVIL 


Fa triangle has one of its angles which is not a right 
angle given, and if the ſides about another angle have 


a given ratio to one anocher ; the triangle is given in 


1 pecles. 


Let the triangle ABO have one of its angles ABC a given, but 


not a right angle, and let the ſides BA, AC about another angie 


BAC have a given ratio to one another; the tr iang le ABC is given 


in ſpecies. 
Firſt, Let the given ratio be the ratio of equa- 
lity, that is, let the fides BA, AC and conſe- 


quently the angles ABC, ACB be equal. and be- 


e. 31. Dat. j 


and becauſe the ratio of ED to DG 
is given, and ED is given, the ſtraight | 


EY Dat. 
&A.'s 


| ſtance DG deſcribe the circle GF 9 | 


on, as alſo the ſtraight line EF, the 


than AC, therefore ED is leſs* © than | 


cauſe the angle ABC is given, the angle A CB, | 
and alſo the remaining * angle BAC 1s given, 


therefore the triangle ABC is given b in ſpecies. 


and it is evident that in this cake th 1C given anole 
ABC muſt be acute, 


oO” 


Next, Let the given ratio be the ratio of a leſs to a greater, that 


is, let the ſide AB adjacent to the given angle be! 


lefs than the fide 


AC. take a ſtraight line DE given in poſition and magritude, = 


make the angle DEF equal to the given angle ABC 
is given © in -polition; and-becaule A 
the ratio of BA to AC is given, as 


— 


BA to AC, ſo make ED to DG: 


„„ CG Ke 
: Meretole ET 


line DG is given d. and BA is leſs 


DG. from the center D, at the di- 


mceting EF in F, and join DF. and / 
D the circle is given f in poi 1 


. point F is given s. and the points D, E are given, e the 


. Oral lines DE, EF, FD are given © in magnitude, and the tri- 
angle DEF in ſpecies i. and becauſe BA is leſs than AC, the angle 


Ach is is Els k than the apglc ABC, and therefore AC is leſs | than 


a right 


poſition. alſo draw DG perpendicular to 


DEG are ſimilar m, becauſe "the a angles 
ABC, DE G are equal, and DGE is a right 
angle, therefore the angle ACB is a righ 8 
angle, and the triangle ABC is given b in pecies. — v. 25. Pat. 


Dll is leſs han the ratio of (BA to AM, 
that is than the ratio of) ED to DG; and 


Which neceſſarily meets the ſtraight line EF . C. U N 
ä in two points, becauſe DH is greater than E K . F 
, and leſs than DE. let the circle meet „ ng itok 


| 
a night angle. in the ſame manner, becauſe ED is leſs than DG or 


DF, the angle DFE is leſs than a right angle. and becauſe the tri- 


angles ABC, DEF have the angle ABC equal to the angle DEF, and 


the ſides about the angles BAC, EDF proportionals, and each of 
the other angles ACB, DFE leſs than a right angle; the triangles 


Az, DEF are w ſimilar. and DEF is given in ſpecies, wher core m. 7.6. 
the triangle ABC 1s alſo given in ſpecies, 8 


Thirdly, Let the 8 ratio be the ratio of a greater to a leſs, 
that is, let the ſide AB adjacent to-the given angle be greater than 
AC. and, as in the laſt cafe, take a ſtraight 
line DE given in poſition and magnitude, 
and make the angle DEF equal to the gi- 
ven angle ABC; therefore EF is given in 


EF; therefore if the ratio of BA to AC 
be the ſame with the ratio of ED to the 
perpendicular DG, the triangles ABC, 


3 68 T 


But if, in this laſt caſe, the given ratio of BA to AC bs not the # 

ſame with the ratio of ED to DG, that is, with the ratio of BA to 

the perpendicular AM drawn from A to BC; the ratio of BA to 

AC muſt be leſs o than the ratio of BA to AM, DCc: uſe ACT is o. 8. 5. 
greater than AM. make as BA to AC, ſo 7 

ED to DH; therefore the ratio of ED to A 


conſequently DH is greater than DG: and B< _ 3 Tel P. 10. 5. 
becauſe BA is greater than AC ED 2 1 
greater than DH. from the center D, at e, A. 5. 


the diſtance DH, deſcribe the circle KHF 3 
C 


EP in the points F, K which are given, as was ſhewn 1 in the pre- 


: ceeding caſe; and, Dp. DK being joined, the triangles DEF, DEK 
are given in ſpecies, as was there ſhewn. from the center A, at the 
, diſtance AC delcribe a circle — 28 BC TD L. and if the 


angle 
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angie Ach be leſs than a right angle, ALB muſt be greater than 
right angle; and on the contrary. in the ſame manner, it the angle 
DFE be leſs than a right angle, DKE muſt be greater than One ; 
and on the contrary. let each of the angles 

 ACB, DFE be either lets or greater than a A 
right angle ; and becauſe in the triangles 
ABC, DEF the angles ABC, DEF are e- 


qual, and the ſides BA, AC, and ED, DF B IL une 

about two of the other angles proportio- . 
m. 7. 6. nals, the triangle ABC is ſimilar ® to the N 

triangle DEF. in the fame t the tri- N , | 


angle ABL. is ſimilar to DEK. and the tri- 2 4 GS \ 
angles DEF, DEK are given in ſpecies, E R _ 
therefore alſo the triangles ABC, ABL are : 
given in ſpecies, and from this it is evident, that, in this third caſe, 
there are always two triangles of a different ſpecies to which the 
things mentioned as given in the Propoſition can agree, | 


„ : PROP. xn. 
I 1 triangle has one anole given, and if both the f tides 


5 together about that angle have a given ratio to the 
remaining ſide; the triangle is given in ſpecies. 


Let the triangle ABC have the angle BAC given, and let the 
ſides BA, AC together about that angle have a given ratio to BC; 
the triangle ABC i is given in ſpecies. _ | 
4. 9. 1. Biſect a the angle BAC by the ſtraight line AD; therefore the 

b. 3. 6. angle BAD is given, and becauſe as BA to AC, ſo is d BD to DC, 

by permutation, as AB to BD, ſo is AC to 1 

Cb; and as BA and AC together to BC, ſo A. 

C. 12. 8. is © AB to BD. but the ratio of BA and AC 
together to BC is given, wherefore the ratio AE I: 
of AB to BD is given; and the angle BAD B TD : Ft 


4. 47- Dat is given, therefore 9 the triangle ABD is gi- 


ven in ſpecies. and the angle ABD is therefore given; the angle 


e. 43. Dat. BAC is alſo given, wherefore the triangle ABC is given in ſpecies*. _ 


A triangle which ſhall have the things that are mentioned in the 
RD * rapolition to be given, can be found in the following manner. Ic 


EF G be the given . and let the ratio of H to K be the given 
| ratio 
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na Atto which the two fides about the angle EFG mult have to the 

ole third fide of the triangle. therefore becanſe 1 ſides on a triangle 

ie; WF acc greater than the third ſide, the ratio of H to K muſt be the ratio 
of a greater to a leſs. biſect ® the angle EFG by the e line a. 9. t. 
| FL, and by the 47 th Propoſition find a triangle” of at EFL is 
ne of the angles, and in which the ratio of the ſides about the 


angle oppoſite to FL is the ſame with the ratio of H to K. ; to do 
Ze which, take FE. given in poſition and magnitude, and draw: EL per- 
WM pindiculir to FL. then, if the ratio of H to K be the i fame with the 
ratio of FE to EL, produce EL and let it meet FG in P; the tri- 
angle FEP is that which was to be found. for it has the g. wen angle 
EFG, and becauſe this angle is bi- 


— 


7 WH {by FL, the fides EF, FP - H—— 1 9 
 toxcther are to EP, as b FE to EL, 5 Er mg: b. 3 65 
ie, that is as H to K. 8 | | 
the. BI But if the ratio of H to K be >op 
bot the fame With the ratio of FE LN Be | 
to EL, it muſt be leſs than it, as — 
was ſhewn in Prop. 47. and in ; 7 
ky dis caſe there are two triangles cach of chich has the given ac 
ez Fs 


FF | ; — 7 C4 1+ } a a #1t 
EFL, and the ratio of the ſides about the angle oppoſi 10 FL. ti 
0 3 r 1 25 

me WI th the xo of II to R. DY 4 Pt OP. J. 1 nd thele t Tas: 


vt, ErN ex 1 of Which has angle EE Lor One of- its abies, 
a4 b 8 — 


ly 

4 4 
TN 
EN 


and the ratio of the ſide FE to tor EN the ame with the ratio 
12 of H to K; and let the ak EMF be greater, and EF lefs than a 
c; 8 light angle. and becauſe H is greater than K, EF is Freater than 
e, and therefore the angle EF N, that is the ang gie e NE G, is leſs f f. 18. 2. 
be ſtztan the angle ENF. to each of theſe add the angles NEF, EFN ; 
0. bdhberefore the angies NE F, EFG are let: Is than the 1 80 s NEF, EFN, 


NE, that is than two right angles; therefore the ſtraight lines 
EN, FG muſt meet together when produced; let them meer in O, 
and produce EM to G. each of the t. ley EFG, EFO has the 

* things mentioned to be given in tne Propoſition. for each of them 


7... - has the given angle EFG, and becauſe a angle | is biſcted by the 
= fraight 1 line FMN, the ſides E F, FG together have to EG the 

Je = third tide the ratio of FE to EM, that is of H to K. like man- 

er, the Aides | EF, FO together: have to EQ che ratio » whi ich H has 


ne | 0 K. | | 
* EM IE EIT, 


l N — — — — — 
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the angle ABC is given. therefore the 
. 43. Dat. triangle ABC is given in ſpecics b. 


mentioned in the Propoſition to be given, 


triangle EFL which has the angle EFG — NS 
for one of its angles, and the ratio of the F OD L 5 G . 


E UCLI DIS 


PROP. XL. 
Fa triangle has one angle given, and if the ſides about 
anviher. angle, both together, have a given ratio to 
the third fide; the triangle is given. in ſpecies. 


Let the triangle ABC have one angle ABC given, and let the two 


tides BA, AC about another angle BAC have a given ratio to 3 


the triangle ABC is given in ſpecies. 

Suppoſe the angle BAC to be biſected by the ſtraight line AD; 
BA and AC together are to BC, as AB to BD, as was ſncwun in the 
preceeding Propoſition. but the ratio of BA and AC toge ther to >C 


is given, therefore alſo the ratio of AB to BD is given. and rhe angle 
2. 44. Dat. ABD is given, wherefore * the triangle ABD i is given in ſpecies ; a nd 


conſequently the angle BAD, ind its 
_ double the angle BAC are given; and 


A triangle which ſhall have the things 


may be thus found, Let EFG be the gl- _ - 
ven angle, and the ratio of II to K the TL 
given ratio; and by Prop. 44. ſind the 


ſides EF, FL about this angle the ſame 
with the ratio of H to K; and make the angle LEM equal to the 


angle FEL. and becauſe the ratio of H to K is the ratio which wo 


ſides of a triangle have to the third, H muſt be greater than K; 
and becauſe EF is to FL, as H to K, therefore EF is greater than 


FL, and the angle FEL, that is LEM is therefore leſs than the 


angle ELF. wherefore the angles LFE, FEM are leſs than two 
right angles, as was ſhewn 1 in the foregoing Propoſition, and the 


ſtraight lines FL, EM muſt meet if produced; let them meet in G. 
EG is the triangle which was to be found; for EFG is one of its 
angles, and becauſe the angle FEG is biſected by EL, the two ſides | 
FE, EG together have to the third ſide FG the ratio of EF to FL, 5 


that i is the * ratio of H to K. 


PROP. 


DATE” 397 


ur WW FF from the vertex of a triangle given in ſpecies, a 
o MW = ktraight line be drawn to the baſe in a given angle; it 


ſhall have a given ratio to the baſe. | 


wo | From the vertex A of the trian gle ABC which is given in ſpecies, 
C; WH {i AD be drawn to the baſe BC in a given angle ADB; the ratio 
W of 4D to BC is given. Bo 

); WH Bccauſe the triangle ABC is given in ſpe- 
he ö cies, the angle ABD is given, and the angle A 
C WW 4DB is Ben therefore the triangle ABD VN — 
2 WW 6gven* in ſpecies ; wherefore the ratio of — „ . 43. Dat. 
nt W 4D to AB is given. and the ratio of AB to nn 

| BCis given; and therefore the ratio of AD B D Cs. . 


to B01 15 given. 


PR 0 . . = Os 


| | | J peTILINDAL Kate given in Tpedes; a are livided in- 
| to triangles which are given in kn = 

_ Let the rectilineal ggure ABCDE "me given in ſpecies; ABCDE 

may be divided into ue & given in Tacks, ; 
Join BE, BD, and becauſe ABC DE is given in i ſpecies, the angle „ 
_ x: given , and the ratio of BA to BE fect Re Bo Dee 
he W GBgiven*; wherefore the triangle BAE is N A | . 
vo deiren in ſpecies, and the angle AEB is \ b. 44. Dat. 
; cdherefore given *. but the whole angle 
an Ak is given, and therefore the remaining \ 
he angle BED is given. and the ratio of AE f ( 
v0 0 Eg is given, as alſo the ratio of AE 5 
be to ED; therefore the ratio of BE to ED i 18 given ©, e. and the ing c. 9. Dar. 
6. IE given, wherefore the triangle BED is given bi in ſpecies, a”. 
s- the ſame manner the triangle BDC is given in ſpecies. therefore : 
les rectilineal figures which are given in ſ eri are divided into trĩ- 
L, angles gen in ſpecies. N 
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k. 23. 1. 


triangle FLH. therefore as EA to AC, fo is LF to FH; 


„ Def. 


- Feen 5 to AD . 


FR, 


U.:C:L IT DS 


PROP. III. 


is two triangles given in ſpecies be deſcribed upon the 


ſame ſtraight line; they ſhall have a given ratio 0 
one another. e 5 


Let the triangles ABC, ABD given in ſpecies be deſcribed upon 
the ſame ſtraight line AB; the ratio of the triangle ABC to the 
1¹ ang le AA BD | 18 given. 


Thro' the point C draw CE parallel to AB, and let it meet DA 


produce: 11 in E, and] 10 BE. W the tr iangle ABC is given in 


and be- 
angle ABD: is given in 1 the angle DAB, that is 


1 * 

the angle AEC Is gen. 
— CG 

2 


therefore the triangle 
ACE is 


wh 81858 the 1 


I 1 * — e ir 
Calle nett 
A 


giv in ſpecies; 
ratio of 
given a 
tio of CA 10 


1, 18 al. 0 the 


E A to A is 
aud the 
AB: ;} 19 give 


therefore b the ratio of EA to and the triangle ACB 
or ACS; 


line E n to AD. but the 


3 AD} 15 given. 
is equal © to the triovele AD, and as the tr iangle AEB, 


3 . by . £ * & N I L * > 1 1 * 
18 tO ne t! jlangle 241. 8, 1 0 13 the Itraig! At 


ratio of EA to AD is given, there fore the ratio of the triangle ACB 
to the tr ia nge DB 13 given. | 
PR OB I., E. NM. | 
To fnd the ratio of two tr glen ABC, ABD given in ſpec ies, 
and which are deſcribed upon the fame firai ght line AB. 


Take a ſtraignt line FG given in oli and magnitude, and be- 
cauſe the 2 angles of the trian ges ABC, ABD are given, at the points 


F, of the ſtraight line FG make © the angles GFH, GFK equal to 


the angles BAC , BAD; and the angles FG H, FGK equal to the 
angles ABC, ABD, each to each. ther PIE the triangles ABC, ABD 


| are equia ingular to the triangles FGH, FCE, cach to each. thro 


the point 1 draw BL parallel to FG meeting KF produ iced in L. 
and becauſe the angles BAC, BAD are can: to the angles GFH, 
each to each; therefore the angles ACE, AEC are equal to 


FHL, FLH, each to each, and the nals AEC equiangular to the 
and as C \ 


0 


— 
= 


cles, 


d be- 
oints 
al to 
0 the 
ABD 
thro' 
in L, 
FH, 
lal to 
to the 


s CA 


19 


D AT A. 


(0 10 ſo HF to FG; and as BA to AD, fo GF to FE; wherefore, 


ex acquali, as EA to AD, ſo is LF to FK. but, as wos ſhewn, the 
triangle ABC 18 to the triangle ABD, as the ſtraight line EA to 
AD, that is as LF to FK. the ratio therefore of LF to FH has been 
found which 18 the ſame with the ratio of the triangle ABC to the 
triangle ABD. 


P R © P. LI. 


Ir two rectilineal finares given in ſpecies be deſcribed 


upon the fame ſtraight line; they ihall have a given 


ratio to one another. 


Let any two recti incal figures ABC DE, ABF G which are given 
in ſpecies, be deſcribed upon the fame ſtraight line AB; the ratio 
of them to one another is given. 


399 


49. 
ce N. 


Join AC, AD, Af; each of the triangles AED, ADC, ACB, 


AGF, ABF 1s given“ in pez 
ADC given in ſpecies are deſcribed 
upon the fame ſtraight line AD, the 
ratio of EAD to DAC is given >; and, 
by compoſition, the ratio of EACD to 
DAC is given. and the ratio of [DFE AC 
to CAB is given b, becavſc le they are de- 
icribed upon the ſame graight line 
; therefore the ratio of EAC D to I 
Ach is given d; and, by compoſition, 7 _ 
the rat of ABCDE to ABC is given. CO ns 
in the ſame manner, the ratio of ABF C to ABP! is given. but the 
ratio of the triangle ABC to the triangle ABF is given b; ; wherefore 
becauſe the ratio of ABCDE to ABC is given, as alſo the ratio of 
ABC to ABF, and the ratio of ABF to ABFG; the ratio or the 


fettilineal ABCDE to the rectilineal ABFG is given d. 


P R O B L. E NM. 


To find the ratio of two rectilineal figures given. in Pee cs, and a 


aſcribed upon the ſame ſtraight line. 
Let ABCDE, ABFG be two rectilineal figures given in fre pecies, 


: and deſcribed upon the ſame ſtraight line AB, and join AC, AD, 
AF, take a ſtraight line HK given in poſition and magnitude, and 
by the 52. Dat, find the ratio of the triangle ADE to the triangle 


and becauſe the triangles ADE, : 


a4. 51. Dat. 


85 and make the ratio of HK to o KL the ſame with i it. find alſo 
the 
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b. 2. Cor. 


E-VU-C:L 1 D'S: 


the ratio of the triangle AC to the triangle ACB, and make the rs: 
tio of KL to LM the ſame, alſo, find the ratio of the triangle ABC 
to the triangle ABF, and make the ratio of LM to MN the fame, 
and laſtly, find the ratio of the triangle AFB « to the triangle AFG, 
and make the ratio of MN to NO the 
ſame. then the ratio of ABCDE to 
ABFG is the ſame with the ratio 855 
HM to MO. | 

Becauſe the triangle EAD is to the 
triangle DAC, as the ſtraight line HK 
to KL; and as triangle DAC to 
CAB, ſo is the ſtraight line KL to LM; 
therefore by uſing compoſition as often 
as the number of triangles requires, 4 
the rectilineal ABCDE is to the triangle ABC, as the ſtraight line 
HM to ML. in like manner, "ER ap triangle GAF'is to FAB, as 
ON to NM, by compoſition, the recen! ABFG is to the tr iangle 


ABF, as MO to MN; and, by inverſion, as ABF to ABFG, ſo is 
NM to MO. and the triangle ABC is to ABF, as LM to MN. 
wherefore becauſe as ABCDE to ABC, ſo is HM to ML; and as 


ABC to ABF, ſo is LM to MN; and as ABF to ABFG, fo is MN to 


MO; ex acquali, as 25 rectilineal ABCDE to ABFG, 1o 18 the 
iraight line HM to N. 


P N 0 F. IV. 
F two ſtraight lines have a given ratio to one another; 
the ſimilar rectilinea! figures deſcribed upon them fi- 
milarly, ſhall have a given ratio to one another. 


Let the ſtraight lines AB, 8 have a given ratio to one 1 | 


and let the PR of and ſimilar ly placed rectilineal Rgures E, F be de- | 
5 ſcribed upon them; the ratio Of E. to Fi is given. 2 4 


480. 6. 


portional; therefore as AB to CD, ſo 

is CD to G. and the ratio of AB to 
Cb is given, wherefore the ratio of 
Cd to G is given; and conſequently 
2. 9. at. 
but as AB to G, lo is the figure E to 
the figure b F. therefore the ratio of E to Fi is given 


To AB, CD let G be a third pro- 


the ratio of AB to G is alſo given . 


4 
mil ilar WW, pl: wed to the 4. ure F; 5 +4919 8 DCC. we 1 15 given in if ecies, AG 


DATA, 
PROBLEM. 


one another, let G be a third proportional to AB, CD. 
Take a ſtraight line H given in magnitude; and becauſe the ratio 


of AB to CD is given, make the ratio of H to K the fame with it; 


and becauſe H is given, K is given. as H is to K, ſo malte K to L; 
then the ratio of E to F js the ſame with the ratio of H to L. for 
AB is to CD, as H to K, wherefore CD is to G, as K to L; and, 


ex aequali, as AB to 8 ſo is H to IL. but the ſip ure E 18 tO b the 


figure F, as AB to G, that is as H to L. 


PR OP. LV. 


Jr. tw o 1 it lines have a given ratio to one another; 


the rectilineal figures given in ſpecies deſcribe 4 upon 
them, mall have to one another a given ratio. 


Let AB, CD be two ſtraight lines which have a given ratio to 


To find the ratio of two ſimilar rectilineal fioures E, P ſimilarly 
deſcribed upon ſtraight lines AB, CD which have a given ratio to 


b. . cot. 
. 


51. 


one another; the rectilincal 1 gures E, F given in ec 8 and de- 


ſcribed upon them, have a given ratio to one anothe 


Upon the ſtraight line AB deſcribe the figure AG finitar and - 
D A 4 


18 ally given in ſpecies. therefore 


ſince tk 0 figm es E, A Which are FOE 

gtwer 1 in ſpecies, are deſi bed F C | _D 
"4 8. ; ; | 1 . ; 

the fame ſtraight! line AB, the ratio | | | | | D | | 

ot Eto-AG is given and becauſe”: Eo prooOTT 

the ratio of AB to CO is given, and 17 — 1 . 
I 1 . - 6k. im : wt. 4 

on them are deſefibed the ſimi- „ 
as and ſimilarly | placed rectilineal figures AC. F he ratio of AG to 


 Fisgiven b. and the ratio of AG 10 1 is . therefore the ra- b. 
tio ot E to Ps given ©, 5 „ 


| N R 0 B T. E AT. | 
To find the ratio « of two rectiline eal ficures E, F give en in ſpecies, 


ratio to one Pn PO 


an end deſcribed upon the braight lines AB, CD 1 which have a 3 


Take a ſtraight line Hg given in mag nitude; a nd beca iſe the recti- 


neal figures E, AG W in ſpecies are deſcribed upon the fame 


ſraight! line AB, find their ratio by the 5 3 Dit. and make the ratio 
ot H to K the lame; Ki is therefore given, and | becauſe the finilar 


C e e | | = rect: 


£5, P R 0 p. W 
j a rectilineal figure given in ſpecies be deſeribed upon 
a ſtraight line given in magnitude; the hgure 1 is given 
in magnitude. 
Let the rectilineal figure ABCDE given in ſpecles be Ele ribed 
upon the ftrajght line AB given in magnitude ; the figure ABCDE 
13 given! iN mag nitude; | | | | 
Upon AB Ict the ſquare AF be deſcr ibe therefore AF is gi- 
ren in ſpecies and magnitude. and becauſe the rectilincal figures 
A ee AF given in ſpecies are deſcri- 
ed upon the lame ſtraight line 5 the ra- 
2.53. Dat, 1 oof ABCDE to AF is given. but the 
Ius we A 2 13 Hiven In magnitud oe, there- | 
b. 2. Dat 


e. 14. 5. 


EUCLID'S 


rect ilincal figures AG, F are deſcribed upon the ſtraight lines AB, 


CD which have a given ratio, find their ratio by the 5 4. Dat. and 
wake the ratio of K to L the ſame. the figure E has to F the ſame 

atio which H has to L. for, by the conſtruction, as E is to AG, ſo 
is HtoK; and as AG to P, $1 is K to L; therefore, EX acquali, a8 


E to F. lob H to L. 


Pat. fore b alſo the figure ABCDE is given in 


ma F31 litud 18 
8 ; 


-Þ R 0 B. 

To find the magnitude of a FeECUlincal | 
fioure given in ſpecics deſcribed upon a 
firaig! at line given in magnitude, | 

Take the ſtraight line GH equal to the 


given ſtraight line 4 \B, and by. the 53. Dat. 


EH 


: 8 
K. 
5 a o 


ind the ratio wkic h the ſquare AF upon AB has to the figure 


APCEDE;' and make the ratio of GH to HK the ſame; and upon 
GH Ecleribe the { quare GL, and complete the parallel ogram m LHEM; 


the {izare ABCDE is equal to LHEM. becauſe AF is to ABCDE, 
as the ſtraight line GH to HK, that is, as the figure GL to HM; 


nd AF is equal to GL, therelore ABCDE | is Equal t to IHM. F 


PROP. Lvn. 


F two rectilineal figures are given in ſpecies, and if a 
ſide of one of them has a given ratio to a ſide of the 


other; the ratios of the remaining lides to the remaining 


fe: mall b be | given. 


uot 


line G given in magnitude, and be- 


1 two ſimilar rectilineal figures have a given ratio to 


Ato Bis given, therefore the ratio of 
0D to G! is given; and CD, EF, G are 


. DATA. 163 
Let AC, DF be two rectilineal figures given in ſpecies, and let 


the ratio of the ſide AB to the ſide DE be given; the ratios of the 


remaining ſides to the remaining ſides are alſo given. 
Becauſe the ratio of AB to DE is given, as alſo * the ratios of a. 3. Def, 


AB to BC, and of DE to EF; the ratio of BC to EF is given b. d, in 5. 10, Dat. 


the ſame manner, the ratios of the 
other ſides to the other ſides are g. 


ven. 
The ratio which BC has to EF 
may be found thus; take a ſtraight 


cauſe the ratio of BC to BA is given, 
make the ratio of G to H the fame; |} +4 

and becauſe the ratio of AB to DE is G H K . 

giren, make the ratio of H to K the 1 py 

fame; and make the ratio of K to L the dune with the given ratio 
of DE to EF. ſince therefore as BC to BA, ſo is G to H; and as 


BA to DE, fois H to K; and as DE to EF, ſo is K to L; & ae- 
quali, BC is to EF, as G to L. therefore the ratio of G to L has 


been found which i is the ſame with the ratio of BC to EF. 

PROP. L VII. LE G. 
Con Nr. - 
one another; their homolog ous ſides have o 4 given 
ratio to one another. 


Let the two Finder rectilineal figures A, B have A given ratio to | 
one another ; their homologous ſides have alſo a given ratio | 
Let the fide CD be homologous to EF, and to CD, =_ let the 


by ſraight line G be a third proportional. as therefors 8 cD to G, ſo a. 2. Cot 


is the figure A to B; and the ratio . 5 e 480 


proportionals, wherefore b the ratio of 5 . E Co 6 b. 12 bn 
CD to EP is. given. 5 

Ih)hbe ratio of Do to EF may be — SR — — 
found thus; take a ſtraight line H gi-: I 5 L | 2 


ven in magnitude; and becauſe the ratio of the figure A to B is gi- 


ren, make the ratio of H to K the ſame with it. and, as the 13. Dat. 


lrechs to be done, bad A mean proportional L between Hand K; the 
8 0 2 tatig 


ou 
©, 
ou 


d 58. Dat. 


5 . 1 
LIVER Herefore b the ratio Ol the 
2 | 


EUCL1D'S 
m_ of CD to EF is the ſame with that of H to L. let G he 2 
third proportional to CD, EF; therefore as CD to G, ſo is (A to 
B. and ſo is) H to K. and as CD to EF, ſo is H to L, as is ſhewn 
in the 13. Dat. N | e 


P R O P. 11%. 


see N. IF two rectilincal ſigures given IN ſpecies have a given 
ratio to one another; their ſides ſhall like wiſe have 
given ratios to one anochier. 

Let the two rectilincal f figures A, B gie en in ſpecies have a give 
ratio to one another; their fides ſhall allo have given ratios to one 
another. | 

if the figure A be ſimilar to B, their homologous ſides all have 
a given. ratio to one another, by the preceeding Propoſition; and 
becauſe the fgures are given in ſpecies, the ſides c So; of them 

2.3. Def. have civen ratios * to one another, therefore each ſide of one of 
b.. Dat. them Has b t ONES ſicc of the other viven ratio. 
But if tlie 6 gar re A be not Gonitar to B. le t CD, EF be any two 
of their ices; ant upon EF conceive the 1151 zure E. to be Ccieribes 
Emilär and Emilar a to 20 
the figure A, ſo tha :CD, EF be Fs 1 
homologous ſides; 5 therefore EC 3 1 8 IS 3 
is given in ſpecics. aud the fi- ( 9 U 3 /F 
gure h is given in ſpecics, where- {I 5 85 
e. 53. Dat. fore © the ratio of B to EG is gi- 


ven; and the ratio of A to B 1s 


e. A to EG is giren. and J. e eee 


am 2 3 
A is Um Har to EG, therefore d the ratio oof the fide CD to EF is gi- 
ven; and contequently b to ratios. of the remaining {:des. to the 
b ſides are given. . 

The ratio of CD to EF may be found thus: take a ſtraight line 


H given in magnitude, and becauſe the ratio . the figure At to B is 
given, make the ratio of H to K the ſame with it. and by the 53. 


Dat. find the ratio of the figure B to EG, and make the ratio of K. 


to L the ſame; between H and L find a mean proportional M; the 


atio of CD to EF is the ſame with the ratio of H to M. becauſe 


, 


he figure A is to B, as H to K; and as B to EG, ſo is K 0 L; e 


15 | 


pro 


F 
11 


"4" 


lons to BC the ſide of D; 


DATA. 405 


lar, ad M is a mean proportional between H and L.; therefore, as 


Was ſhewn in the preceeding Propoftt ion, CD is to EF, as H to M. 


F R G P. IX. 5 e 


Fa rectilineal figure be gixen in ſpecies and magnitude, 
the {ides of it ſhall be given in magnitude. 


Let the rectilineal figure A be given in ſpecies and magnitude 
its ſides are given in magnitude. 
Take a ſtr aight line BC given in poſition and magn itude; and 
upon 50 deſerive? the figure D ſimilar, and imilarly | placed, to the 3. 18. 6. 
figure A, and let EF be the 
ile of the figure A homo- 


therefore the ligure D is gi- 
ven in ſpecies, "ho 3 
upon the given ſtraight line — 
- C the figure D given n- 4: nl 

(ies is . D TE Th —— 
ven bd in magnitude. W 7 


S 


| 3 Pt, 
the figure A is given in m- gnitude, therefore the: ratio of A to. Dis 


glven. and the { 116 isure A1 18 ſimilar tO II's therefore the ratio of the 


fide EF to th e homolo gous fide BC is given e. an. 1 BC is given, e 58 it. 
wherefore Ep is given. and the ratio of EF to EG is given®, th Ni oth 
fore EG is given, and, in the ſame manner, each of the other daes 

{ the ny ure A can be ſhewn to be given. 

P R OB L E M. 
deſer ibe a rectilineal figure A ſimilar to 2 given figure P, And 
mal to another given figure H. It is Prop. 25. B. 6. Elem. 

Becauſe each of the figures D, H is given, their ratio is: Ven, 
wiich may be found by making f upon the given ſtraicht line BO Other 

rallelogr am BK equal to D, and upon its ide CR makin: F the 
Wale logram KL equal to H in the angle KCL eq Hal to the angle 
MBC. therefore the ratio of D to H, that is of BK to KL i is te 


20 


K | 
vi 
0 


ans with the ratio of BC to CL. and becauſe the figures D, Aare. 
 imilar, and that the ratio of D to A, or H, is the Gs with tre 


+” 


ratio of -BC to CL; by the 5 8. Dat. the ratio of the homolog 20S 


des BC, EF is the ſame with the ratio of BC to the mean P! *OPOr- 
tional between BC and Che find EF the mean propor tional; then 


EF 1 is the lide of the figure to be de ſeribe d, LOO! ous to B 0 the 


Cc. 3 ; ; + Bae 


406 


20. 6 


57. 
| See N. 


2. 1. Def. to it can be found *, and a parallelo- 


b. Cor. 45 r. plied b to the given ſtr aight line EF in 


EVCLI1D'S 


ſide of D, and the figure itſelf can be deſcribed by the 1 3th Prop. 
| B. 6. which, by the conſtruction, is ſimilar to D. and becauſe D i; 
8. 2. Cor. to A, as s BC to CL, that is as the figure BK to KL; and that D is 


h. 14. f. Equal to BK, therefore h A is equal to KL, that is to H, 


PROP. LXI. 


r a parallelogram given in magnitude has one of its 
ſides and one of its angles given in magnitude; the 
other ſide alſo is given. 


Let the parallelogram ABCD given in magnitude, have the ſide 
AB and the angle BAC —_ in | magnitude; the other fide AC is 
given. 

Take a ſtr ajoht "MA BP « given in 1 poſition and mm 2 
becaule the par alle] ogram AD is given 
in magnitude, a refiilineal figure equal 


gram equal to this ſigure can be ap- 


an angle equal to the given angle BAC. 
let this be the paralltlogram EFGH 
having the angle FEG equal to tke!ĩͤĩͤ„ p 
angle BAC. and becauſe the parallelo- G „ 
grams AD, EH are equal, and have the angles at A and E equa! 


c. 14. & the ſides about them are reciprocolly proportional ©, therefore as 


AB to EF, ſo is EG to AC; and AB, EF, EG are given, hacks 


d. 13. 6. allo AC is given d. Whence the way of finding AC is manifelt, 


II. 


Sce N. N 


4. 43. Dat. ven * in ſpecies; Fer the ratio of BA to r 
| AE 1 1s given, but as BA to AE, ſo ! is b the e | WW II 


b. 1.6. 


PROP; In. 

IF. a paralle if clogram has a given age, the rectangle con- 
tained by the ſides about that ow has a given ratio 
to the parallelogram. 5 

Let the parallelogram ABCD have the gi- 

ven angle ABC; the rectangle AB, BC has a 
gi en ratio to the parallelogram AC. 5 
From the point A draw AE perpendicular b 
to BC. becauſe the angle ABC is given, as 
alſo the angle AEB; the triangle ABE is gi- 2 55 


ore 


other fide of the firſt to that ſtraight line is given; and if 
the ratio of the other fide of the firſt to that ftr as; ht line 
be given, the ratio of the firfi Parallel ogram to the ſecond | 
2 18 . 


DATA, 


rectangle AB, BC to the rectangle AE, BC; therefore the ratio of 
the rectangle AB, BC to AE, BC, 88 is © to the parallelogram 
AC is given. 5 

And it is evident how the ratio of the rectangle to the paral lc 
logram may be found, by making the angle FGH equal to the given 
angle ABC, and drawing, from any point F in one of its ſides, FK 
perpendicular to the other GH; for GF is to FK, as BA to AE, 


that is, as the rectangie AB, BC to the parallelogram AC. 
Cor. And if a triangle ABC has a given angle ABC, the rect- 


angle AB, BC contained by the ſides about that angle, ſhall have a 
given ratio to the triangle ABC, 

Complete the par allelogrris ABCD; therefore, by this Propoſi- 
tion, the rectangle AB, BC has a given ratio to the parallelogram 
AC; and AC has a given ratio to its half the triangles ABC. there- 
fore the rectangle AB, BC has a given © ratio to the triangle ABC. 


And the ratio of the rectangle to the triangle is found thus; male 
the triangle FGK as was ſhewn in the Propoſition ; the ratio of 
GP to the half of the perpendicular FK is the ſame with the ratio of 
the rectangle AB, BC to the triangle ABC. becauſe, as was ſewn, 
Cy is to FK, as AB, BC to the parallelogram AC; and FE is to its 
half, as AC is to its half which is the triangle ABC,; ; terclore, X 
aequali, GF! is to the half of FR, as AB, BC rettung gle is to the tri- 


angle ABC. 


* R 0 p. IæXII. 


1 


Jn two parallelograms be equiangular, as a fide of the. 


firſt to a fide of the ſecond, ſo is the other fide of the 


ſecond to the ſtraight line to which the other ide of the 
firſt has the ſame ratio which the rst paralleiogram has 
to the ſecond. and conſequently if the ratio of the firit. 
parallelogram to the ſecond be given, the ratio of the 


9 ** 


I 


= 1 et Ac, Dr be two eq equiangular rarallelograms as ; BC a fide of 
5 the firſt i is to EF 4 fade of the ſecond, fo is DE the other fide of the 


4 . lecoud 


407 


e358. 1, 


C6. 


d. 41. 1. 


e. 9. Dat, 


408 EA CLEIDS: 


ſecond to 105 ſtraight line to which AB the other fide of the rh hay 
the ſame ratio which AC has to DF. 
Produce the ſtraight line AB, and make as BC to EF, ſo DE to 
BG, and complete the parallelogram BGH. A 
tliereſoe becauſe 3C, or GH is to EF, as 1 
DE to BS, the ſides about the equal angles 


2. 14 6. BGH, DEF a ag, proportional; — 

_. Wherefore * the parallelogram BI is equal ol IE 

to DF. and AB is to BG, as the parallelo- 

gram AC is to BH, that is to DF. as D 

88 5 fore B C is to EF, fois DE to BG / 
Which is the {tas at Zit line to which AB has E. 

tlie ſame ratio chat f A0 has to DF. 
And if the ratio of the parallelogram AC to DF be given, then 

the ratio of the ſtraight line AB to BG is given; and if the ratio of 

AB to the ſtraight line BG be given, the ratio of tie-pataliciorram 

AC 0 Dy 18 e | | 


l 
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74.73. „ b OP; iV. 
8 Y £5 : 
- N. Ir ro parallclograms have une equal, but Ini en, angles, 
| and it 28 a. 1d le of t! ke 1 rſt to a lde of the econd, 10 


"0 8 1 


the other; ſide of the cored be made to a certain ſtraigh. 
line; if ther- rio of the firſt parallelozram to the fecont 
be given, the ratio of the other fide of the firſt to that 
ſtraight line hall be given. and if the ratio of the other 
{de of the firſt to that ſtraight line be given, the ratio GI 
elog ram to the ſccond Mall be given. 


18 
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et 5 PULL be t O Parallele ograms which ha e the un- 
equal, but given, angles ABC, EFG; and as BC to FG, to make 
Ky 6 the 55 ale ht line M. if the ratio of the para bg, am AC to 
101 be given, the ratio of AB to M 1s given. 
At the point B of the ſtraight line BC ma! KC the anole CBE equal : 
| to the angle EFG, and complete the parallel clogr am KBCL. and be- 
a. 35. 1 cauſe the ratio of AC to EG is & given, and that AC 18 equal ? to the 
5 parallelogram KC, therefore tag ratio of KC to EG is given; and 
. 63. Dat. KC, EG are ecuiangular; therefore as BC to EG, ſo is b EF to the 
— firs ioht line to which KB has a given ratio, viz. the ſame which . 
the parallelogram KC has to EG. Kill as BC to FG, to is EF to the 


ſtraight line M; therefore! — bas a given ratio to M. and the Lo 
| . | ( 
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of AB to BK is given, becauſe the triangle ABK is given in ſpecies. e. 43. Dat. 


Nag 
therefore the ratio of AB to M is given®. d. 9. Dat. 
to And if the ratio of AB to M be given, the ratio of the Paralle- „ 


logram AC to EG is given. for ſince the ratio of KB to B Al is given, 


115 1 JA . 
as alſo the ratio of AB to M, the ratio of K. A 1. 5 
KB to M is given d. and becaule the pa- : OY 


rallelograms . . are a ngular, 3 N 


en 


*BC to FG, ſo is b EF to the ira 1850 line D b. 63 Dat, 
to which KB has the fame ratio which the 15 | 
Pa \rallelos 8 Tam 10 has to EG. but as BC to JJ 
FG; 5 ba EF to M. therefore RB is to M, N e 
As the Paral llelogram KC is to EG. and the Tn 
rao of KB to Mi is given, thi erefore the ratio of the; parallelogram 
en ] 18 „that 18 ot AC to EG 18 given. | 
of | | Cor. And if two triangles ABC, EFG have two equal angles, 75 
Un | or two un<qual, but given, angles ABC, EFG, and if as BC a ſide 
of the firſt to FG a ſide of the ſecond, ſo the other fide of the 
ſecond EF be made to a © zight line M; if the ratio of the tri: ing Jes | 
5 be given, the ratio of the other ſid 6f the fr to the ſtraight lin 
5 Mis given. | | 
9 Complete the -aratlelogr ams 5 ABOD, EP GH - and becauſe the 
no of the triangle ABC to the tria 1nole EFG is given, the ratio 1 
it | of the e AC to EG is givené, becanſe the parallelograms © 15. 5. 
1 ö are double f or the triangles. and becaue BC is to FG, as KF to b 4t- 1. 
er 3 the ratio of AB to M is given by the 63. Dat. if the anker 1 
If | AC, EFG are equal; but if they be unequal, but given angles, 
| Ke 10 of AB to M 1s given by this Propoſition. | | 
| And if the ratio of AB to NM be given, the ratio of the paralic- 
2 logram AC to EG is given by the ſame Propoſitions ; and therefore 
ke the ratio of the triangle ABC to EPC G 18 given. 
to DE 
MY PROP. LXV. ; rubs 68. 
I Ir. two equiangular parallelograms have a given ratio to 
- one another, and if one fide has to one fide a given ra- 
p i tio; the other hide ſhall allo have to che other ſide a gle 
5 f Yen ratio. 85 
B Let the two «nana: parallelogramas AB, CD have a given ra- 
he tio to one another, and let the ſide EB have a given ratio to the ſide 
10 „ the other tide AE has allo a given ratio to the other ſide CF. 
of Eos — Becauſe | 


410 


2, 63. Dat. 


EUCLID'S 


Becauſe the two equiangular parallelograms AB, CD have a 1 
ven ratio to one another; as EB a fide of the firſt is to FD a fide 


of the {ccand, ſo is * FC the other fide of the ſecond to the ſtraight 
line to which AE the other fide of the firſt has the fame given ratio 


Which the firſt parallelogr am AB has to the other CD. let this 


. 9. Dat. 


is given, becauſe the ratio of EB 


ratio of FC to ES is given; the 


ſtraight line be EC; therefore 


the ratio of AE to EG is given. A 5 C _ 
and EB is to FD, as FC to EG, / / | by 3 
therefore the ratio of FC to EG I/ B F D 


to FD is given. and becauſe the 2 
ratio of AE to EG, as alſo the Fi, 


ratio of AE to CF is given. 
The ratio of AE to CF may be found thus; take af ſtraight line 


H given in magnitude, and becauſe the ratio of the parallelogram 
AB to CD is given, make the ratio of 11 to K the fame with it. and 
becauſe the ratio of FD to EB is given, make the ratio of K to L the 
ſame. the ratio of AE to CF 1s the {ame with the ratio of H to L. 


make as EB to FD, ſo FC to EG, therefore, by inverſion, as FD 


to EB, ſo is EG to FC. and as AE to EG, fo 1s * (the paraltelo- 


gram AB to CD, and fois) H to K; but as EG to FC, ſo is (FD 


to EB, and ſo is) K to L; ' therefore, ex acquali, as AE to FC, fo 
is H to L. 


P R 0 P. LR VE. 
F two o parallelograms have unequal, but given, 2 angles, 


A and a given ratio to one another; if one fide has to | 
one {ide a given ratio, the other Ide has al 0 2 given ratio 


ro the other ſide. 


_ unequal angles ABC, EFG, have a given ratio to one another, and | 
let the ratio of BC to FG be bien; the ratio allo of AB to EF i is 


Let the two parallelograms ABCD, EF GH which have the given 


given, 


- At the point B of the ſtraight tins BC make the 3 CBK e- 
qual to the given angle EFG, and complete the parallelogram BKLC. 


and becauſe each of the angles BAK, AKB is given, the triangle 


4. 43. Dat. ABK is given * in ſpecies; therefore the ratio of AB to BK ĩs given. 


and becauſe, by the byrotheſfüs the ratio o the paralletogram © AC 


5 9 


to my is given, and Gian AC 18 + b to BL; therefore the ratio b. 35. 1. 
of BL to EG is given. and becauſe BL is equiangular to EG, and 
by the hypotheſis, the ratio of BC to FG is given; therefore? the e. 6 55. Dat. 
ratio of KB to EF is given. and the 
ratio of KB to B A is given; the ra- N 
io therefore d of AB to EF is given. 
The ratio of AB to EF may be 
found thus; take the ſtraight line 
MN given in poſition and magnitude; 8 
and make the angle NM O equal to 
the glven angle BAK, and the angle 
MNO equal to the given an! gle EFG 
or AKB. and becauſe the par allelogram BL is equiangular to EC, 
and has a given ratio to it, and that the ratio of BC to FG is given; 
find by the 65. Dat, the ratio of KB to EF; and make the ratio of 
NO to OP the fame with it. then the ratio of AB to EF is the ſame 
with the ratio of MO to OP. for fince the triangle ABK is equi- 
anoular to MON, as AB to BE, io is MO to ON; and as KB to EF 
ſo is NO to OP ; therefore, ex aequrli, as Ap to EF, ſo is MO 
to OP. 


3 R OP. LXVIL 165 


F the ſides of: two equianoula - parallelo; Frams $ have gi- see N. 
ven ratios to one another; the barallelograms ſhall 
have a given ratio to one e another. 


to Le ABCD, EFGH By two equia 1 parallelograms, and let 
10 tbe ratio of AB to EF, as allo the ratio of BC to FG be given; . . 

| ratio of the parallelogram AC to EG is given. ” 
Take a ſtraight line K given in magnitude, and becauſe the ratio 


8 of AB to EF is given, make the nga Es 

1 ratio of K to L 3 ſame with itz 2 SY 2 E 3 

5 dd b. „ me: 
cauſe the ratio of BC to FG is N * 

| a | given, make the ratio of L to M I i ; 

2% the ſame. therefore M is given:; L 2 1 

5 mad K is given, wherefore b the M —— b. 1. Dat. 

\C " the ratio of K to M is given. but the parallelogram AC; is to the EE 

70 p GE, am EG, as s the en line K to the 9 line M, as 


is 


412 EU cL ID's 


is demonſtrated in the 23. Prop. of B. 6. Elem, tines the ratio 
of AC to EG is given. 


= : ED gran 
rom this it 1s plain how the ratio of two equiangular parallelo. 0 
grams may bo found when the ratios of their — are given, 255 

5 FO ſides 

70. P R 0 p. LXVIII. of 
zee N. 2 the ſides of two parallelog. ams which have unequal, Yen 
| but given, angles, bave given ratios to one another; 1 
the parallelograms ſhall have a given ratio to one another. 1 

| ; and 

Let two paralldowrams ABCD, E FC H which have the given un. RY 

equal angles ABC, FG have the ratios-of their ſides, viz; Of AR 7 

to EF, and of BC to FG given; the ratio or the parallelogr: am AC 15 

to EG 18 given. ; oh 

At the point B of the Rt; aicht line BS make the angle CBR eana! = 

to the given angle 8 and complete the POT am Kt eL. by 

and becauſe each of the 9 181 8 B 4 K. BK A ven, the tri- | 4 5 

2. 43. Dat. angle ABK is Bn en in ores | there“ ore 5 ratio of AB to BE 1 


b. 9. Dat. is given; and the ratio ot 4 
of BK to EF is given. -and 
the ratio of BC to FG is gi- 


„Whe refore b the radio 


LDEH. = 


bo 
— * 
+ 
b 
2 

4 

To 


ay 

| ven; and the angle KBC 5 tir 
„ equal to the angle EFG; there- th 
e. 67. Dat. fore © the ratio of the paralle- | Y a; 

| logram KC to EG is ven. L 0 5 * — | 0 
d. 35. 1. but KC is equal d to Ac; 25 0 is 1 N D! 


therefore the ratio of AC to EG is given.  ” 

'The ratio of the parallelogram AC to EG may be found tl: us; ö 
take the ſtraight line MN given in poſition and magnitude, and WW » 
make the angle MNO equal to the given angle KAB, and the angle | 
NMMO equal to the given angle AKB or FEH. and becauſe the rat 


of AB to EF is given, make the ratio of NO to P the ſame; alſo ö bb 

0 make the ratio of P to Q the ſame with the given ratio of BU to | 10 
FG. the parallelogram AC is to EG, as MO to Q. -_ 
| Becauſe the angle KAB is equal to the angle MNO, and the angle . 

ARB equal to the angle NMO; the triangle AKB is equiangular o | 


 NMO. therefore as KB to BA, fo is MO to ON; and as BA to EF, 
ſo is NO to P; wherefore, ex aequali, as KB to EF, fo is MO to P. = 
0 BC is to F G, as Pt to 2 and the e KC, ECA? Nc 


equi- 


DA T A. | 413 
cguiangular; t therefore, as was ſhewn in Prop. 67. the paraltelo- 

gram BY. that 18 AC, 1s to EG, as MO to GW. | 
-"CoR--1 If two triangles ABC, DEF have two caual angles, or 71. 

two e but given angles ABC, DFE F; and if the ratios of the _ 

{des about theſe angles, viz. the ratio neg ng 

of AB to DE, and of BC to EF be na A . G D | H - 

fen; the” triangles ſhall have a gien | | 
mio to one another. ERS 5 
Complete the parallelograms BG, 1 C 7 Ha! 5 
| EH; the ratio of BG to EH is given!; ot. 9 1 58 
and therefore the triangles which 2 ae the halves b-o: them have a „ up Toy 
given © ratio to one another. „ 
Cox. 2. If the baſes BC, EF of two triangles ABC, DEF have 72 
_ ratio to one another, and if alſo the ſtraight lines AG, DH 

| which are drawn to the baſes from the oppoſite angles, either in 

equal angles, or unequal, bur given, angle AC, DBF have a given 


rio to ONE another; THe triüugles K A_ = L 2 + I 


all have a GIVEN ratio to One 


5 another. 


t Draw BK, FEI. ; parallet- to AG, . 1 | N | | | | | 
DH, and complete the parallelo- 1 GT 0 E H . 


brams KC, LF. and becauſe the an; Bles ; AGC, DHF, or their eq aals 

the . LEF are either equal, or unequal, but gi wen; nd. 

thatthe ratio of AG to DH, that is of KB to LE is given alloths. 
ratio of BC to EF; jerefore“ the ratio of the pd rale dog ram KC* 2 68. 
0 LP | 18 giren. pin alſo the ratio of the trian gle ABC to 0 RA 
DEF is given b. 5 ugh | | | | ; 15 15 
PROD. LxIx. „ i., 

Jr. parallelogram which has a give n anole be applied 

4 to one fide of a rectili neal figure given in ſpecies; ik 

the figure have a given ratio to the pai rallelogram, the e pa- 


rllelogram is given m ſpeci les. 


Let ABCD be a reftilineal figure g given in flu pecies, d to one 
fide of it AB let the parallelogram ABE FF having the given angle 
ABE be applied; if the figure ABCD has a given ratio to the pa- 
rallelogram BF, the parallelogram BF is given in ſpecies. 
Thro' the point A draw AG paralle] to BC, and thro' the point 
Caray C Parallel to AB, and produce GA, CB to the points H, 
K. be- 


BH EUCLID'S | 


a. 3. Def. K. becauſe the angle ABC is given“, and the ratio of AB to BC bec 
is given, the figure ABC being given in ſpecies; therefore the pa- to 


rallelogram BG is given * in ſpecies. and becauſe upon the ſame W u: 
Araight line AB the two rectilineal figures BD, BG given in ſpecies W A 
b. 53. Dat- are deſcribed, the ratio of BD to BG is given d. and, by hypothe- t 


c. 9. Dat. ſis, the ratio of BD to the parallelogram BF is given; whereforee 
e the ratio of BF, that is d of the parallelogram BH, to BG is given, 


e. 1.6. and therefore e the ratio of the ſtrai ight line KB to BC is given. and 3 | 
the ratio of BC to BA is given, 8 the ratio of KB to BA js | 
given e. and becauſe the angle ABC is given, the adjacent angle gi 


ABK is given; and the angle ABE is given, therefore the remain- 
ing angle KBE is given. the angle EKB is alſo given, becauſe it is 


equal to the angle ABK; therefore the triangle BKE is given in 3 
ſpecies, and conſequently the ratio of EB to BK is given. and the | 
ratio of KB to BA is given, wher efore £ the ratio of EB to BA is th 


given. and the angle ABE 
is given, ther etre the pa- 1 
rallelogram BPi is give en! in 
ſpecies. 
A parallelogram Fimilar 
to BF may be found thus; 


take a ſtraight line LM gi- 1 1 E Th ol 1 N | ul 
: A 


ven in oobtion and magni- 


tude; and becauſe the angles Ak, ABE are given, make the angle | F 
NIM equal to ABK, and the angle NLO equal to ABE. and becauſe = :: 
the ratio of BF to BD is given, 1 the ratio of LM to P the fame WM a« 
with it; and becaule the ratio of the figure BD to BG is given, find W tc 
this ratio by the 53. Dat. and make the ratio of P to Q the ſame. t 
alſo, becauſe the ratio of CB to BA is given, make the ratio of Q to W » 
R the ſame, and take LN equal to R, thro' the point M draw OM WW o 
parallel to LN, and complet te the parallelogratt N NLOS; then this! is t 
 fimilar to the parallelogram = l 


Becaule the angle ABK is equal to NLM, and the als ABE to 

NI O; the angle KBE is equal to MLO. and the angles BRE, LMO WM | 
are equal, becauſe the angle ABK is equal to NLM. therefore the h 
triangles BRE, LMO are equiangular to one another, whereforeas M «© 
BE toBK, fois LO to LM. and becauſe as the figure BF to BD, | 
ſo is the ſtraight line LM to P; and as BD to BG, foisPtoQ ; | 
val, as BF, that is BH, to BG, ſo is LM to Q. but BH is bo 


BG, as KB to BC; a8 5 therefore KB to BC, oi is LM to Q. | 
| 33 | 


f AB to CD is given, and upon them are deſcribed the mi ar recti- 
Tineal figures AG, FD; the ratio of na 


lpecies. but FD is ſimilar to AG; therefore FD 1s given 1 ſpecies. 


becàuſe BE is to BK, as LO to LM; and as BK to BC, fs is LM 
o Q and as BC to BA, ſo Q was made to R; „ ex ae- 

oy as BE to BA, ſo is LO to R, that is to LN. and the angles 

g, NLO are equal; therciore the n am BF is ſimilar 

0 2 | e 


. | 415 


PR OP. LXX. 62. 78. 
77 two raight lines have a given ratio to one another, See N. 
and upon one of them be deſcribed a rectilineal figure 
given in ſpecies, and upon the other a parallelogram hav- 
ing a given angle; if the figure have a given ratio to the 
prallelogram, the parallelogram 1 18 given in ſpecies. 


Let the two ſtraight lines AB, CD have a given ratio to one ano- 
ther, 2nd upon AB let the figure AEB given in ſpecies be defcribed, 
and upon CD the parallelogram DF having the given angle FCD; 
if the ratio of AEB to BF be oe, the hen: MEN given 
in ſpecies. a 1 95 

Upon the ſtraigh it line AB conceive the La allelogram AG to be ; 
deſcribed ſimilar mY {i:miarly placed to FD. and beca auſe the ratio 


AG to FD is given *, and the ratio of 
FD to AER is given; therefore b the Ar 
ratio of AEB to AG | is given; and the 
angle ABG is given, becauſe it is equal 
to the angle FCD. becauſe therefore 
the parallelogram AG which has a gi- 
ven angle AEG is applied to a ſi; Je AB 

of the figure AEB given in ſpecies, and . 
the ratio of AEB to AG is given, the parallelogram AG is 5 give ne in e. 65. Dr. 


A parallelogram ſimilar to F D may be found thus; take a ſtraight | 
Tine H given in magnitude; and becauſe the ratio of the figure AEB 
to FD is given, make the ratio of H to K the ſame with it. alſo be- 


_ cauſe the ratio of the ſtraight line CD to AB is given, find by the 8 05 | | 
| $4. Dat, the ratio which the figure FD deſcribed upon CD has to DR 


the figure AG deſcribed upon AB ſimilar to FD; and make the 

ratio of K to L the ſame with this ratio. and 3 the ratios of 

b toK, and of K to L are given, the ratio of H to L is given d. 
becauſe 
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E U L I D 8 
becauſe ther efore as AEB to FD, ſo is HtoK; and a8 FD to AG, 


fois K to L; ex aequali, as AEB to AG, fois H to L; therefore 


the radio of AEB to AG 1s given. and the figure AEB 18 given 


in ſpecies, and to its fide AB the carallelogram AG is applied in 


the given angle ABG, therefore by the 69. Dat. a parallelogram 
may be found ſimilar to AG. let this be the parallelogram MN ; MN 
alſo is ſimilar to FD. for, by the conſtruction, MN is ſimilar to AG, 
and AG 1s ſimilar to FD; therefore the paralletogram FD i, ſimilar 
to MN. | | 8 


PROD. LXXI. 


IF the ex +tremes of three pio ori ſtraight lines 


have given ratios to the extremes of other three pro- 


por: tional Q raight lines; the means hall alfo have a given 


ratio to one another. and if one extreme has a given ratio 


to one extreme, and the mean to the mean ; likewiſe the 
other extreme ſhall have to the other a given ratio. 


Let A, B, S be thres proportional firatphe lines, and DF E; F 5 


three other; and ict the ratios of A to D, and of Cc to 1 be given. 
then the ratio of B to E is alto given. 5 
Becauſe the ratio of A to P, 25 3 alſo of C to F is given, the rat 


A. 67. Da . of tlie rec tan gle A, £2. 10 the rec angle 8 F 18 given! but bg 


b. 17. 6. 


10 \VAre of Bis equa b to the rec "tangle A, ; and the ſquare or E 
to the rectangle D, F. therefore 5 ratio of the ſquare or B to 


c. 38. Dat. the ſquare af E is given; w! ercfore © alſo the ratio of 


4. $4. Dat, ſquare of B to the ſquare of E is given d. therefore b the. 


the ſtraight line 7 to E is given. 


ven; then the ratio of C to F is alſo given. 1 


Next, let the rat io of A to D, and of B to E be gi- In 
B 
- Becauſe the ratio of B to E is given, the ratio of the E 


ratio of the rectangle A, C to the rectangle D, F is given. 
and the ratio of the fide A to the fide D is given; there- 


1 


e. . 65. Dat. tore the ratio of the other ſide C to the Is F 15 giv en e. 


Cok. And if the extremes of four propor tionals have t to the X- 


i tremes of four other proportionals given ratios, and one of the 


means a given ratio to one of the means; the other mean ſhall have 


a given ratio to the other mean. as may be ſhewn | in the ſame man- 


ner as in the for cgomg Propoſition. 


PRO L. 


0 
FF 


DATA 


p R O p. LXXII. | 82. 
{F four ſtraight lines be proportionals ; as the firſt is to 
the ſtraight line to which the ſecond has a given ratio; 


m 
N ſo is the third 0 the ſtraight line to which the fourth has 
3, a given ratio. 
ar . 3 5 
In A, B, c, D be four proportional ſtraight lines, viz, as A to 
B, loCtoD; as A is to the ſtraight line to Which B has a given 
ratio, ſo is C to the ſtraight line to "which D has a given ratio. 
05 Let E be the ſtr aight! line to which B has a given ra- 
5 tio, and as B to E, ſo make D to F. the ratio of B to E [| | 
65 ij given !, and therefore the ratio of D to F. and be- 1 4. EyS: 
ak ane a8 A toB, ſo is © to D; and as B to E, ſo D to F, | 
10 therefore, ex aequali, as A to E, ſo is C to F. and E is 'A B E 
ne the ſtraight line to which B nas a given ratio, and F that CDF 
5 which D has a given ratio; therefore as A is to the 158 E: 
= ſtraight line to which B has a gi tren ratio, 01 is C to 9 
1 to which D has a given ratio. 
NN, 
PROP. LXXIII. e „ 
(10-8 | : 
t f [* [FE fraight lines be proportionals; as the firſt is to See N. 
E the traight line to which the ſecond has * given ratio, 
to fois the ſtraight line to which the third has a given ratie 
00 the four th, 55 
| : | Let the Qraight line A be to B, as C to D; a8 A to the Araight 
G ö 12 to which B has a given ratio, fo 1 18 the Araight line | 
F f * which C has a given ratio to D. . 5 5 Fas 
Let E be the ſtraight line to Which B has : a given ra- 
| 0, and as B to E, ſo make F to C; becauſe the ratio 11 
of B to E is given, the ratio of C to F is given. and be- A B E 
cauſe A is to B, as C to D; and as B to E, ſo F to C; FCD. » 
- therefore, ex aequali i in proportione perturbata *, « A; 1-4 | 'F 5 45 7 8 | 1 
OE, as F to D; that is A is to E to which B has. a gi⸗- ſ 
oy ren ratio, as F, to which C has a given ratio, is to D).. i 


F e 


64. I R O P. LXXIV. 
F a triangle has a given obtuſe angle; the exceis of the 
| {quare of the fide which ſubtends the obtuſe angle a- 
=: -- bore the ſquares of ihe ſides which contain it, ſtall hav 
| a given ratio to the triangle. 55 
2 Let the triangle ABC-have a given obtuſe angle ABC; and pro- 1 
duce the ſtraight line CB, and from the point A draw AD perpen- | 
dicular to BC. the exceſs of the ſquare of AC above the ſquares WW 


0 
BY 
** 


2. of AB, BC, that is* the double of the rectangle contained by DE, 
BC, has a gien ratio to the triangle ABC, „ 
Becauſe the angle ABC is given, the angle ABD ls alfo given; 
d. 43. Pat. and the angle ADB is given, wheretore the triangle ABD is given» | 
in Jpecics; and thercfore the ratio of AD to DB is given. and as 
B e. 1. 6. AD to DB, ſois* the rectangle AD, BC to the rectangle DB, BC; 
8 refore the ratio of the rectangle AD, BC to the rectangie DB, 
C is given, as allo the ratio of twice the rectangle DB, BC to the 


reftapgle AD, BGO. but th e ratio of the rect- 


angle AD, BC to the t riangle ABC is given, | A : 
Mp bes Saenger DB, BC is the exceſs? of the ſquare D KB 15 


| d. i. 1, becanſe it is double 4 of has triangle; there- | 
DB fore the r po of twice the rectangle DB, BC 
l — e.g. Dat. to the triangle 2 ABC is givon*. and twice the 
abore the {quares of AB, BC. there- 
"Hs this excels has a given ratio to the triangle ABC. 
And the ratio of this exceſs to the triangle ABC may be found 
thus; take a ſtraight line EF given in poſition and magnitude; and 
becauſe the angle ABC is given, at the point F of the ſtraight line 
EF make the als EFG equal to the angle ABC; produce GF, and | 
draw EH pe -rpendiculas to FG. then the ratio of the excels of the | 
ſquare ey AQ above the ſquares of AB, BC to the triangle ABC * 
the ſame with the ratio of quadruple the ſtraight line HF to HE. 
Necauſe the angle ABD is equal to che angle E FH, and the 
| angle ADB to EHF, each being a right angle; the triangle ADB is 
f. 4. 6. cquiangular to EHF. ther ola fas BD to DA, ſo FH to HE; and 
8. Cor. a. 5 as quadruple of BD to DA, ſo is 5 quadruple of FH to HE. but a 
twice BD is to DA, ſo is © twice the rectangle DB, BC to the rect- 


h. C. yew angle AD, BC; and as DA to the half of it, ſo is u the rectangle 


AD, BC to its halt the triangle ABC; ; therefore, ex & acquall, a3 Mops 
:- 


® 
* . 


[ a triangle has 4 given acute angle; the ſpace by which 


2 given ratio to the triangle. 


leſs than the ſquares of AB, BC, that is * the double of the rectangle a. 


| {quares of AE, EB. but the ſquare of EB is 
equal © to the rectangle RILRG onthe er 6 4£f 
I the ſquare of DE. therefore the {quare D BDE C 


DATA. 5 4:9 


2D 3 is to the half of DA, that is, as quadruple of BD is to Da, 
that is, as . of FI to HE, MI is twice the rectangle DE, DC - 
t th e triangle ABC. 


PROP. LXXV. = uh 


the ſquare of the ſide ſabrending the acute angle is jeſs. 
than the ſquares of the ſides which contain it, ſhall have 


Let the tri ianole ABC have a piven acute angle ABC, and draw 
AD per pendicular to BC; the ſpace by which the ſquare of AC is 


13. 
contained by CB, BD, has a given ratio to the triangle ABC. 
Becauſe the angles ABD, ADB are each of them given, the tri- 
angle ABD is given in ſpecies; and therefore the ratio of BD | to 
DA is given. and as BD to DA, ſo is the rect- 2 
angle CB, BD to the rectangle CB, AD; there- 5 A \ 
fore the ratio of theſe rectangles is given, as alio * 
the ratio of twice the rectangle CB, BD to the 
rectangle CB, AD. but the rectangle: CB, AD 
has a given ratio to its half the triangle ABC, 8 5 0 
therefore b the ratio of twice the rectangle © Sb 9. Dat, 
BD to the triangle ABC is given. and twice the rectangle CB, BD 
sa the 25 by which the ſquare of AC. is leſs than the ſquares of 
3B, BC; herefore the ratio of this ſpace to the triangie ABC is 
given, and 2 ratio may be found as in the pr: eceding Propoſition. 
I E N M A. | 3 > 
Ir FIR the vertex. A of an Ifoſccles triangle ABC, any ftraight 
line AD be drawn to the baſe BC; the ſquare of the ſide AB is 
equal to the rectangle BD, DC of the cu of the baie "us ether 
with the ſquare of AD. but if AD be drawn to the baſe produced, 
the {quare of AD is equal to che rektangle BD, DC rogett er 0 0 5 
le ſquare o : rear Pi eha hs 
CAS. 1. Biſeck the baſe BO; in oY and join F 
| AE which will be perpendicular * to BC; 9. 6 W 


wherefore the ſquare of AB is equal b to the 


Dd > | | | | if 


420 EV.CLID'S 


b. 47.1. of ABis caval to the ſquares of AE, ED, that is to b the ſquare of 
| AD, together with the rectangle BD, DC. the ether caſe is ſhewn 
3 | in the ſame way * S. Ee, 


| bY. "PROP. LXXVI. 
Fa tria angle have a given angle, the exceſs of the ſquare 
of the ſiraighr line which is equal to the two ſides that 
contain the given angle, above the ſquare of the third 
ide, Hall have a given ratio to the ene 


Let Be triangle ABC have the given angle BAC, the excel of 
the ſtraig | line which is equal to BA, AC together above the 

$ are of B all have a given ratio to the triangle ABC. 
"Produce. BA, and take AD equal to AC, join DC and produce 


it to E, and thto' the point B draw BE parallel to AC; join AE, 
ad draw AF perpendicular to DC. and becauſe AD is equal to 
AC, BD is equal to BE; and BC is drawn from the vertex B of the 
1tofcoles 9 zunge DBE, ther efore, by the Lemma, the ſquare at BD, 
that is of BA and AC together, 1 is wee to the Teftangle.; CE 
tope:her With the ſquare of BC; and therefore the ſquare « of {Ba , 
AG to} Ja that is of ED is greater | 
= than the {quare of BC by the rectangle 
| 7 DC; CE; 10 this rectangle has a given 
ratio to the triangle ABC, becauſe the 
angle BAC is given, the adjacent 8855 
CAD: is = en; and each of the angles 
ADC, DCA is given, for each of them is £* 
2.8.5 32.1, the half * of the given angle BAC; there- 
b. 43. 3 the triangle ADC is given b in ſpe- 
; eies; and AF is drawn from its vertex to the baſe in a given angle, 
- 6: 36. Date vhercfore the ratio of AF to the baſe CD is given ©, "and 25 co 
4. 1.6. to AF, fois d the rectangle DC, CE to the rectangle AF, CE; an 
e 41 r, the ratio of the rectang fo AF, CE to its half © the triangle ACE 1s: 
5 given; therefore the ratio of the rectangle DC, CE to the triangle 
7.7. ACE, that is f to the triangle ABC is given s. and the rectangle DC, 
CE is the exceſs of the ſquare of BA, AC together above the {quare 
of BC; thercſore the ratio of this excels to the triangle ABC is given. | 
The ratio which the rectangle DC, CE has to the triangle "ABC 
is found thus, take the ſtraight line GH given in poſition and mag- 
nitude, and at the point G in GH make the angle HCK equal | 
| OR PTY . the 


1 


the 


draw GL perpendicular to it. then the ratio of IK to the half ot 
GL is the ſame with the ratio of the rectangle DC, CE to the tri- 
angle ABC. becauſe the angles HGK, DAC at the vertices of the . 
Voſceles triangles GHK, ADC are equal to one another, theſe i. 


is the rectanple AF, CE to its half TY I is the triangle ACE, ar 


Con. And if a triangle have a given angle, the ſpace by wich 


bendicular AD drawn to the baſe BC, have a given ratio to it; the 
ib role ABC is given in ſpecies. 


its: angles be g given, the delt are alſo given; ; and therefore ke: SA 
Angle is given in ſpecics, without the conſider ation of the ratio o 
the perpendicular to the baſe, which in this caſe 18 IVC n by Prop? to, 


DATA, ey 
the given ale CAD, and take GK 8 0 to GH, join EH, and 


angles are ſimilar. and becauſe GL, AF are perpendict lar to my | 
baſes HK, DC, as HK to GL, fo is h (DC to AF, and fo is) th h. 44 + 
angle DC, CE to the retangſe AF, CE; but as GL to its hat „ 2 gs: 
the triangle "ABC; therefore, ex aequali, H K is to the half 85 

the ſtraight line GL, as the rectangle DC, CE is to the triangle 

„55 , | | 


the ſquare of the ſtraight line which is the difference of the ſides 
which contain the given angle is leſs than the ſquare of the third 
fide, ſhall have a given ratio to the triangle. this is demonſtrated the 
lame way as the preceeding Propoſition, by help of the ſecond caſe 
of the Lemma. D N | ES | 


PROP. ILXXVII. . 
F the perpendicular drawn from a given angle of a tri- de N. 
male to the oppoſite fide, or baſe, has a gixen ratio tg 
the baſe; the triangle is given in ſpecies. 


3 


Let the tria 81 e ABC have the given ang le BAC, and let the per- 


IE AB C be an Uofceles triangle, it is evident is that if any one oA 5. 8 222. 


85 . E O H M r 


But when ABC is not an Loſceles triangle, take any ſuaight luue 


EF given in poſition and magnitude, and upon it deſeribe e the ſeg⸗ 


d 3 3 | ment 


422 


EUCLID? 


ment of a circle EGF containing an angle + to the oven angle 


BAC; draw GH biſecting EF at right angles, and join EG, Gp. 


then ſince the angle EGF is equal to the angle BAC, and that 


EGF is an Iſoſceles triangle and ABC is not, the angle FEC is not 
qual to the angle CBA. draw EL making the angle FEL equal to 
the angle CBA, join FL, and draw LM per pendicular to EF. then 


becauie the triangles ELF, BAC are equiangular, as alſo are the tri 


angles MLE, DAB, as ML to LE, ſo is DA to AB; and as LE Io 


d. 2. Dat. 


C. 30. Dat. 


d. 31. Dat. 


EF, fois AB to BC; wherefore, ex acquali, as LM to EF, b iS 
AD to BC. and 2 the ratio of AD to BC is given, therefore 
the ratio of LM to EF is given; and EF is given, wherefore Þ 15 
alto is giv en. complete the parallelogram LMFR, and becauſe LM 
is given, FK | is given in magnitude; it is alſo given in poſition, and 
the Fein F is given, and conſequently © the n K and becaute 
thro' K the ſtraight 11 me KL is drawn parallel to EF which 15 given in 
poſition, therefore KL is given in pol: tion; and the Cironmborouee 


5 


5 FL _— WV 


e. 28. Dat. ELF is given in poſition, therefore the Lo int Li is given e. and be⸗ 


7-29. Dat. 
g. 423. Dat. 


cauſe the points L, E, F are given, the ſtraight lines LE, EE, FL 
are given in magnitude; therefore the triangle LEF is Given in 
pecies 5, and the tr tangle ABC 1 15 ſimilar 0 LEF, wherctore 5 allo 
ABC is given in ſpecies. 


Becat aſe LY 1s lefs than GH, 2 ratio of LM to EF, chat 1 18 FD 


given ratio of AD to BC muſt be leſs than the ratio of GH to EF 
which the ſtraig Iht line, in a ſegment of a circle containing an angle 


SO 


_ equal to the given angle, that bilects the baſe of t the ſegment at 


Goh right angles, Ras unde th V 


Cook. 1. If two tr jangles ABC, LEF h dave one angle B AC equal 


to one angle ELF, and if the perpendicular AD be to the bale BC, 


1 
, ff 
becauſe the angle 5 ENF, ELF: are equal, and that the angle EFN is 


as the Perpendicular LM to the bale EF; the triangles ABC, LEF | | 
e ſimilar, | 


Deſcrive the hols EGF about the tr FED ELF, and draw IN N 
to EF . FN, NF, and draw NO perpendicular to EF. 


eg nal 


15 4 "0D A T "Bo: 
| equal to the alternate angle FNL, that is to the angle © FEL in the 


. fame ſegment, therefore the triangle NEFF is ſimilar to LEF, and in 
i the ſegment EGF there can be no other triangle upon the baſe EF 
WW which has the ratio of its perpendicular to that baſe the ſame with the 
5 ratio of LM or NO to EF, becauſe the perpendicular mult be greater 
„or leſs than LM or NO. but, as has been ſhewn in the preceeding 
MW Gqcnonfiration, a triangle ſimilar to ABC can be deſcribed in the fc g- 
o mat EGF upon the baſe EF, and the ratio of its perpendicular to 
LY the baſe is the fame, as was there ſhewn, with the ratio of AD to 
8 BC, that is of LM to EF. therefore that triangle muſt be (itlicr 
4 LEF, or NEF, which therefore are ſimilar to the triangle ABC, _ 
1 Con. 2. If a triangle ABC has a given angle BAC, and if the 
d 1 ſtraight line AR drawn from the given angle to the oppoſite fide 
„ WW BC, in a given angle ARC, has a given ratio to BC; the triangle 
in ABC is given in ſpecies. | 
” Draw AD perpendicular to BC; therefore the tr 8 . 
given in ſpecies; wherefore the ratio of AD to AR is given ; and t! 
ratio of AR to BC is piven, and conſecuently b the ratio of AD t to! 
BC i is given; and the triangle ABC is therefore given in fpecies i. 
Com; 3. If two triangles ABC, LEF have one angle B. \G phos as 
to one angle ELF, and if ſtraight lines drawn from theſe angles 0 
the baſes, making with them given and equal angles, have ke fame 
ratio to the baſes, each to ex ach; then the triangles are Emir or; 
„ baving drawn per] pendiculars to the baſes from the equal angles, as 
. dne perpendicular 1 is to its baſe, ſo is the other to it 5 bale * k. Where- k. 
in MW fore, by Cor. 1. the triungles are ſimilar, 2 5 
6— 1 A triangle fa to ABC may be found thus; having deſcribed 
mme he ſegment EGF and drawn the ſtraight line GH as was directed in 
ic MW the Propoſition, find FK which Hus to EF the e given ratio of AD to 
F WH BC; and place FK at right angles to EF from the point F. then be- 
le cauſe, as has been hewn: the ratio of AD to "BO. that is of FR to EF, 
5 f muſt de leſs than the ratio of GH to EF,; therefore Kis less than GH:; 
ad conſequently the parallel to EF drawn thro” the Doin 748 R walt 
al meet the circumference of the ſegment in two points. let L be either 
2 of them, and join EL, LF, and draw LM perpendicular to EF. the: 
F WW Þcciuſe the angle BAC is equal to the angle ELF, and that AD is 
TT | to BC, as KF, that! is LM to EF, the triangle ABC! is in tar to tri- 
N aka LEF. ferns | Ree 
Fr. EL - EL, PROP. 
s 


3 Dat. 
. 


a. 41. 1 


b. Cor. 62. 
Dat. 


e. 77. Dat. 


angle AD, Bc, or the rect- 
angle BK, AC, which is e- 


angle BA, Ae, as the 


EJS LE-I-D”S 


PROP. LXXVIII. 
Fa triangle have one angle given, and if the ratio gf 


the rectangle of the ſides which contain the given 
angle to the ſquare of the third me be given; the tri- 
angle is given in ſpecies. 


Let the triangle ABC have the given angle BAC, and let the 16. 
tio of the rectangle BA, AC to the {quare of BC be given; the tri. 
angle ABC is given in ſpecies. 

From the point A draw AD per pendicular to BC; the ret 
angle AD, BC has a given ratio to its half the triangle ABC, and 
becauſę the angle BAC is given, the ratio of the trian;e ABC to 
the rectangle BA, AC is given b; and, by the hypotheſis, the ratio 


of the rectangle BA, AC to the ſquare of BC is given. therefore © 


the ratio of the rectangle AD, BC to the qua Ire of BC, that is d the 
atio of the ſtraight line AD to BC is given. Mhercfore the tri- 
angle ABC is given © in ſpecies. | I 

A triangle limilar to ABC may be found thus; take a Arai) Nt 


line EF given in poſition and magnitude, and make the angle PECO 


equal to the gien angle BAC, and draw FH pei] pendicular to EG, 


and BR perpend ieular to AC; there! ore the triangles | ABR, EFH 


* BY b 


j 
1e imilar n 148 rcct- 


qual 10 it, is to the reck- 


ſtraight line BK to BA, that + 
is as FH to ES] let the g1- 
ven ratio. of t ie reang)o BA, AC to the ſquare of B % be the ſame 


ith the ratio of the ſtraight line EF to FL; therefore, ex aequ 82 | 
55 ratio of the rectangle AD, BC to the fans of BC, that is the _- 
ratio of the ſtraight line AD to BC, is the fame with the ratio of 
HE to F L. and be cauſe AD is not greater than the ſtraight line MN 


in the ſeg 2nt of the circle deſcribed about the tr tangle ABC, which 


bi ccts BC at right angles s; the ratio of AD to BC, that is of HF 


to FL, muſt not be greater er than the ratio of MN to BC. let it be 
io, and by the 77 Dat. 03 a tr angle OP which has one of its 


angles . to the given angle BAC, and the ratio of the per- 


<ndiculir OR, drawn Fu that angle, to the baſe PQ. the ſame | 


with the rati io of HF to FL. then the triangle ABC is ſimilar to 


O 


— +> ry, >, 


{ a 


12 
7 


2 
— 


with the {quare of BC to the Gare: * 1 


D A T A, 47 


Ob. becauſe, as has been ſhewn, the ratio of AD to BC is the 


ſame with the ratio of (HF to FL, that is, by the conſtruction, with 
the ratio of) OR to PQ ; and the angle BAC is equal to the angle 
POQ. therefore the triangle ABC is ſimilar * to the tr langle — 
Otherwiſe, | | 

Let the triangle ABC have the given angle BAC, and! let the ra- 
tio of the rectangle BA, AC to the {quare of BC be given; the tri- 


f. T. Cor. 
„. 


3 angle ABC is given in ſpecies. 


Becauſe the angle BAC is g wen, the Sicc of the ſquare of both 
the ſides BA, AC together above the ſquare of the third ſide BC has No 
2 given * ratio to the triangle ABC. let the figure D be equal to 4% D. 


this exceſs; therefore te ratio of D to the triangle ABC 1s gi- 


ven; and the ratio of the triangle ABC to che rectangle BA, 
AC is given b, becauſe BAC is a given angle; ; and the rectangle B. b. Cor. 62. 


AC has a given ratio to the ſquare f Dat. 

BC; whierefore 0 the ratio of D to the | A +: 554-26 Dat; 
quare of BC is given, and, by compo- ot 
fition 4, the ratio of the ſpace D together I 


of BC is given. but D together with the ſquare of BC is e- 


| qual to the ſquare of both BA and AC. together therefore the 


ratio of the ſquar e of BA, AC together to the ſhuare of BC is given; 
and the ratio of BA, AC together to BC is e giren e. and e. 59. Dat. 
the angle BAC is given, wherefore! the triangle ABC 1 is 5 given in £. 75 Dat. 
ſpecies... | 

The 3 of this alc depends vpon thoſo of the 7 6. 
al 48. Propoſitions is more complex than the precceding compoſi- 
tion which depends upon that of FRO! 7 7. Which! is eal . 


PROP, LXXIx. %%% 


F a triangle bave a given angle, and if the ſtraight line See N. 


drawn from thar angle to the baſe, making a given 
angle with it, divides the baſe into ſegments which have 
a given ratio to one another; che triangle is given i. 


: ſpecies, 


Let the SRO ABC hav the given angle BAC, and let the 
fraight line AD drawn to the baſe BC mating the given angle 
ADB, divide BC into the ſegments BD, DC wh ich have a given ra- 
ti to one e another; the triangle ABC 1 is given in ſpecies e 
1 Deſcribe 


420 


a, 5. 4. 
b. 20. 3. 


0. 44. Dat. 
di. 7. Dat, 


E UC LI DSC 


Deſcribe the circle BAC about the triangle, and from its cen. 


ter E draw EA, EB, EC, ED. becauſe the angle B AC is given, 


the angle BEC at the center, which is the double b of it, is given. 
and the ratio of BE to EC is given, becauſe they are equal to one 
another; therefore © the triangle BEC is given in ſpecies, 2 and the 


ratio of EB to BC given. alto the ratio of CB to BD is given 4 he. 


_ cauſe the ratio of BD to DC is given; therefore the ratio o E 0 


e. 9. Dat. 


F. 47. Dat. 


angle AEC is given. and the ratio of EA to 
EC, which are equal, is given; and the tri- 
angle AE C is therefore given © in ſpecies, 
and the angle ECA given. and the angle 


. 41. Dat. 


the angle DEC is given, becauſe each of the 


BD is given®. and the angle EBC is given, wherctore the triangle 
EBD is given © in ſpecies, and the ratio of EB, that is of EA to #Þ 


is therefore given, and the angle EDA is given, becauſe each of ihe 


angles BDE, BDA is given. thetefore the triangle AED is cven 
in ſpecies, and the angle AED given; alſo A 


angles BED, BEC is given; therefore the 


ECB is given, Wherefore the angle ACB is given. and the angle 


BAC 1 is alſo given; therefore s the triangle ABC is given in ſpecics. 


A triangle ſimilar to ABC may be found, by taking a ſtraight 
line given in poſition and magnitude, and dividing it in the given ra- 


tio which the ſegments BD, DC are required to have to one ano- 
ther; then if upon that Qraicht line a ſegment of a circle be deſcri- 
bed containing an angle equal to the given angle BAC, and 3 


ſtraight line be POSE from the point of diviſion in an angle e- 
Jual to the given angle ADB, and from the point where it meets 


the circumference, ſtraight lines be drawn to the extremity of the 
firſt line, theſe together with the firſt line ſhall contain a en ſi· 
milar to ABC, as may eaſily be ſleẽwvn. 


From that angle to the baſe has a given ratio to the bale : 
the rriangle i is ur in 0 


The Demonſtration may be alſo made in the manner of that of the 
- 7 5 aa and ont of the 7 7- my be made i in the manner of this. 


PROP. - LAX. 


LF the des ont an angle af a FOI have a given ra- 


tio to one another, and if the perpendicular drawn 


| = 


et 


hape a given ratio to one another, and let the per pendicular AD have 


perpendicular AD biſects“ the baſe BC. and the 4. 26. 1. 
ratio of AD to BC, and therefore to its half DB is 

giren; and the angle ADB is given. whereſore | 

his triangle * ABD and conſcqueniiy the WARE. - — — 9.43. Dat: 

ABC is given b in ſpecies. | p 9 0 b. 44. Dat. 


therefore © the ratio of AD to BE is given; and 
the ratio of BE to EA was ſhown 0 be "ee! 4 
wherefore the ratio of AD to AF is; 


"cies, and the angle AEB give en; the ratio of BE to EA is likewiſe 


CAE: is given; therefore the me. AC is given, and the angle 


and to find it hey more eafily i in the other caſe, it is to be obſerved _ 

chat if the ſtraight line EF equal to EA be placed! in EB towards B, 

the point F dirides the baſe BC into the ſegments BF, FC which 

have to one another the ratio of the ſides BA, AC, becauſe BE, EA, 
or EF, and EC were ſhewn to be proportionals, therefore * BF is 85 19. . 
to FC, as BE to EF, or EA, that! is as BA to AC. and AE cannot 
be leſs than the altitude of the triangle ABC, but it may be equal to 

it; which if it be, the triangle, in this caſe, as alſo the ratio of the 


D A T A, > 427 1 
Let the ſides BA, AC, about the angle BAC of the triangle ABC 


a given ratio to the baſe BC; the triangle ABC is given in ſpecies. 
Firſt, let the ſides AB, AC be equal | to ane another, therefore the 


But let the ſides be unequa), and BA be greater than AC; and 
make the angle CAE eq jual to the angle ABC. becauſe the angle 
AEB is common to the trianples AEB, CEA, they are ſimilar ; 
therefore as AB to BE, ſo is CA to AE, and, by permutation, as 
B to AC, fois BE to EA, and ſo is EA to EC. and the ratio of 
EA to ACHE given, therefore the ratio of BE to EA, and the ratio 
o: EA to EC, as alſo the ratio on BE to EC is given ©; _ Whercfore c. 9. Dat. 
the ratio or EB to BC is given d. and the ra- Hy  Þ d. 6. Dat. 
tio of AD to BC is given by the Hypothiclts 
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ADE i is a right angle. therefore the triangle ADE is given in ſpe- e. 46. Dat. 


given, therefore b the triangle ABE is given in ſpecies, and conſe- 
quently the angle EAB, as alſo the angle ABE, that is the angle 


ABC C being alſo given, the triangle ABC is given f ia ſpecies. k. 43. Dat. 
How to find a triangle e which ſh: Ul have: the things which are , 
mentioned to be given in "he Propoſition, is cvident in the frſt caſe. 
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hides, may be thus found, having given the ratio of the nee 
cular to the baſe. take the firatght line GH given in politian and 
magnitude, for the baſe of the tr langle | to be tound ; and let the” ; 
_ given _— 


® "_ 


equal 5 to the ſquare of 
ML; therefore as GM to 
ML, fo is ML to MH, and 
the triangle LG Mis h there- 
fore equiangular to HLM, 


| and the angle HLM equal G NCH M P = 


E U C L I D'S. 


given ratio of the perpendicular to the baſe be that of the ſtraight 
line K to GH, that is, let K be equal to the perpendicular; and fas 


poſe GLH to be the triangle which is to be found. therefore hav. 


ing made the angle HLM equal to LGH, it is required that LM he 
perpendicular to GM and equal to K. and becauſe GM, ML, Mit 
are proportionals, as was ſhewn of BE, EA, EC, the rectangle GM 
is equal to the ſquare of ML. add the coinmon ſquare ot NH, 
(having biſected GH in N) and the ſquare of NM is equal 5 to the 
ſquares of the given ſtraĩght lines NH and ML, or K. therefore the 
ſquare of NM, aad its fide NM, is given, as alſo the point M, viz, 
by taking the ſtraight line NM the ſquare of which is equal to the 


{quares of NH, ML. draw ML equal to N, at right angies to GM, 


and becanſe ML is given in poſition and magnitude, therefore the 


point L is given; join LG, LH, then the triangle LGH js that 


which was to be found. for the ſquare of NM 1s equal to the 
ſquares of NH and ML, and ling away the common ſquare of 


NH, the rectangle GMI is 


„„ P — 


AL R — 


to the angle: LGM, and the 


ſtraight line LM, drawn from the vertex of f the triangle. naking the 

angle HLM equal to LGH, is perpendicular to the baſc and e Sh 0 
the given ſtraigut Ine K, as was required. and the ratio of the ſides 
GL, LH is the fame with the ratio of GM to ML, that is Wi th the 
ratio of the ſtraight line which is made up of GN the half of the 
given bale and of NM the ſquare of which is equal to the 1 arcs 
N of GN and E, to the ſtraight line K. 
And whether this ratio of GM to ML is greater or l. than the 
ratio of the ſides of any other triangle upon the baſe GH, and of 
which the altitude is equal to the firaight line K, that is, the vertex 
of which is in the parallel to GH drawn thro! the point L, may be 

thus found. Let OGH be any ſuch triangle, and draw OP making 
the angle HOP equal to the angle OGH; therefore, as before, GP, 

PO, PH are proportionals. and PO cannot be equal to LM, becauſe 
the rectangle GPH, would be equal to the rectangle GMH, which is 


Ie, tor the point P cannot fall upon M, becaule Q wo 
x tht A 
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a DATA. 


then fall on L; nor cen PO be leſs than LM, therefore it is greater; i 
and onfequently the rectangle GPH is greater than the rectangle 
GMH, and the ſtraight line GP greater than GM. therefore the 


2tio of GM to MH is greater than the ratio GP to FH, and the ra- 8 
tio of the ſquare of GM to the ſquare of ML is therefore i greater * Be Hos = 
than the ratio of the ſquare of GP to the ſquare of PO, and the 


ratio of the ſtraight line GM to ML, greater than the ratio of GP 
to PO. but as GM to ML, fo is GL to LH; and as GP to PO, fo 
is GO to OR; therefore the ratio of GL to LH i is greater than the 
ratio of GO to OH; wherefore the ratio of GL to LH is the 
greateſt of all others; and conſequently the given ratio of the 
greater ide to the leſs muſt not be greater than this ratio. 

But if the ratio of the ſides be not the ſame with this greateſt ra- 
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20.3, 


tio of GM to I., it muſt necciſarily be leſs than it. Let any leſs 


ratio be given, and the fame things being ſuppoſed, viz. that GH is 


the baſe, and K equal to the altitude of the triangle, ic may be found 
15 foliows. Divide GH in the point Q, fo that the ratio of GQ to | 


QH may be the fame with the given ratio at -the-liges 3 ages 


GQ to QH, fo make GP to PQ_ V, and fo will © PRE to PH; 


here ſore the ſquare of GP is to t. 5 qua nere of PQ , as i the ſtraight 
ine GP to PH. and becauſe GM, Afl., Ii are proportionels, the 
fuare of GM is to the ſquare of ML, as i the ſtraight line GM to 


. but the ratio ef GQ to H, that is the ratio > Gp to PD 
i; lels than the ratio of GM to. ML; and therefore the ratio 255 


ae of GP to the ſquare of PQ is eſs than the ratio of the ſquare 


f GM to that of ML ; and conſeque atly the ratio of the ſtraight 


ine GP to PH is 1c than the ratio of GM to MH, and, by diviſion, 


the ratio of GH to HP is leſs than that of GH to HM; whereforek 
tie ſtraight liue HP 13 greater than HM, and the rectangle GPH, 


that is the fu; are of PO, greater than the rectangle GMH, that is 
than the ſquare of ML, and the ſtraight line PQ is the efore greater 


* 10. 9 


than ML, draw LR parallel to GP, and from P draw PR at rig ght 


angles to GP. becauſe PQ is greater than ML, or PR, the circle 


deſcribed from the center P, at the diſtance Pa, muſt neceſſar ily = 
cut LR j in two points; let theſe be O, 8, and join OG, OH; SG; > 
$H; each of the triangles OGH, SGH have the things mentioned | 


to bs given in the Propoſition, join OP, SP; and becauſe as GP to 
PQ, or PO, ſo is PO to PH, the triangle OG is equiangular to 


HOP; as, therefore, OG to GP, fo is HO to OP, and, by permu-, 
ai, as GO. to OH, 1o is GP to PO, or F 1 and fo is % 
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QU. therefore the triangle OGH has the ratio of its ſides GO, Of! 
the ſame with the given ratio of G to Q; and the perpendicular 


E UC LIS 


has to the baſe the given ratio of K to CH, becauſe the perpendicu- 


lar is equal to LM, or K. the like Fg be _—— in the lame way of 
the triangle SGH. 


This conſtruction by which the triangle OGH is found: is ſhorter 


/ 


than that which would be deduced from the Demonſtration of the 
Datum; by reaſon that the baſe GH is given in poſition and magni. 


tude, which was not ſuppoſed in the Demonſtration, the ſame thing 
is to be obſerved in the next Propoſition. 


— : 


PR OP. LXXXI. 


Ir the ſides about an angle of a triangle be anequal and 
have a given ratio to one another, and if the perpen- 


ele from that angle to the baſe divides it into ſegmenis 


pendicular AD to the 1045 BC divide it into the ſegments BD, DS 


| b. 9. Dat. 


Da _ 5 theratio of EC to CB is given. and the ra- 


, 7. Dat. 


that have a given ratio to one another ; the triangle is 
| given in ſpecies. | 


Let ABC be a triangle the ſides of which about the angle BAC 
are unequal and have a given ratio to one another, and let the per- 


which have a giv En ratio to one another; : the tr angle ABC is giver 


in ſpecies. L 
Let AB be greater than AC, and make: the angle CAE equa 1 to 
| the angle ABC; and becauſe the angle AEB is common to the tri- 
angles ABE, CAE, they are * equiangular to one another. there» 
fore as AB to BE, fois CA to AE, and, by = + 
_ permutation, as AB to AC, ſo BE to EA, 
and fois EA to EC. but the ratio of BA to 
AC is given, therefore the ratio of BE to 
EA, as alſo the ratio of EA to EC 1 is giren; 


wherefore b the ratio of BE to EC, as alſo 0 


tio of BC to CD is given d, becauſe the ra- 


tio of BD to DC is given; therefore b the c "KLH N 3 
ratio of EC to CD is given, and conſequently 4 the ratio of DE to I 


EC. and the ratio of EC to EA was ſhewn to be given, therefore b 


, the ratio of DE to FA is given. and ADE is a right angle, where- 
e. 46. Dat. fore © the wiangle ADE is given in Ipecies, and the angle AED gi- 


ven: , 


yen, and the ratio of CE to EA is given, therefore f the triangle f. 44. Dat. 
AEC is given in ſpecies, and conſequently t the angle ACE is given, 


] 

: 2s fo the adjacent angle ACB, in the ſame manner, becauſe the 
of ratio of BE to EA is given, the triangle BEA is given in ſpecies, 

| and the angle ABE is therefore given. and the angle ACB is Siren; + 

at wherefore the triangle ABC is given s in ſpecies. g. 43: Dat. 

e But the ratio of the greater ſide BA to the other AC mult be 
1 {5 Uun the ratio of the greater ſegment BD to DC. becauſe the 
Ty ſquare of BA 1s to the ſquare of AC, as the ſquares of BD, DA to 

the fquares of DC, DA; and the ſquares of BD, DA have to the 
ſquares of DC, DA a lefs ratio than the ſquare of BD ha as to the 
ſquare of DC 4, becauſe the ſquare of B D is greater than the 
ſquare of DC; tnerefore the ſquare of BA has to the ſquare of AC 

0 a leſs ratio than the ſquare of 10 has to that of DC. and conſe- 
hy quently the ratio of BA to AC is lefs ak the ratio of BD to DC. | 
8 This being niet a triangle which ſhall have the things men- 
18 tioned to be given in the Propoſition, and to which the triangle 

ABC is ſimilar, may be found thus. take a ſtraight line GH given 
n poſition and magnitude, and divide it in K ſo that the ratio of 

C & to KH may be the ſame with the given ratio of BA to AC; di- 
r- dude allo GH in L ſo that the ratio of GL to LH may be the ſame with 
1 the g giren ratio of BD to DC, and draw LM at right angles to GH. 
en and! becauſe the ratio of the ſides of a triangle is leſs than the ratio 

W of the ſegments of the baſe, as has be en ſewn, the ratio of GK to 

to MW Ki is leſs than the ratio of GL to L J, wherefore the point L muſt 
ri- WM fill betwixt K and H. allo make as GK to KH, ſo GN to NK, and  _ 
ic- b hall» NK be to NH. and from the center N, at the diſtance h. 29. 3. 

M deſcribe a circle, 1855 let its circumference meet LM in O, and 

f join OG, Off; then OGH | is the triangle which was to be deſeribed. 

5 becauſe GN is to NK, or NO, as NO to NH, the triangle OGN 1s 
* equiangular to HON; therefore as OG to GN, fo is HO to ON, 
3 and, by permutation, as GO to OH, lo is GN to NO, or NK, that 

is as * to > KH, that i is in 1 the given ratio of the tides, and, by the | 
J.. 3 41 1f 1 greater . B, * [Can D. but as 4 is to B. 1 A and C to * 


N third magnitude; then A and C toge- | and D; and A and C have to Band Ca 
2M ther have to B and C together a leſs ra- ; | leſs ratio than A and C have to B and D. 


3 tlo than A has to B. | | | becauſe C is greater than D. therefore 8 
eb 4 Let A be to Bas 0 to D, and beer A and C have to B and Ca lebs ratio than | 
re- 4 A is greater than B. C is greater n 1 to B. | 
" rr en Tn "conftruQtion, 
en. ; 5 | i 
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A. 


FUCLID'S 


cConſti uction, GL, LH have to one another the given ratio of che 
3 of the baſe, 


PR 9 FP. EXE: - 
"P a parallclogram g given in ſpecies and magnitude be en- 
- creaſed, or diminiſhed by a gnomon g given in magui— 
1 the ſides of the gnomon are given in 1 magnitude. 


Firſt, let the parallelogram AB given in n ſpecies aud magnitude 
be encreaſed by the given gnomon ECBDFG ; 5 of the ſtraight 
Ines CE, DF is given. 

Becauſe AB is given in ſpecies and magnitude, and that the gno- 


mon ECBDFG is given, therefore the whole ſpace AG is given in 
et. 
), and magnitude. but AG is alſo given in ſpecies, becauſe it is ſimilar t 
24. 6. AB; therefore the ſides of AG are given b. each of the ftr aight lines 
b. 60.*Dat, AE, AF is therefore given; ; and each of the 
©. 4: Dat. ſtraight lines CA, AD is given b, therefore cach | 
of the remainders EC, DF is given ©, 


Next, let the parallelogram AG given in ſpe- 


_ cies and magnitude be diminiſhed by the given F 8 
gnomon ECBD FG; cach of the ſtraight 3 
CE, PF is given. N 5 


OE Eg 
e. 26. 6. 
are found. and in like manner they may be found in the other ce, 


in which the given figure H muſt be leſs than the figure FE from 
. it is to be taken. | 


Becauſe the par: liclooram AG is given, as alſo e 
its gaomon ECBDFG; the remaining ſpace AB is given in Magn 


- tude. but it is alſo given in ſpecies; becauſe it is ſimilar to A; 


therefore b its ſides CA, AD are given. and each of the fſtraizit 


lines EA, AF is given; therefore EC, DF are each of them given. 


The gnomon and its ſides CE, DF may be found thus in the fir? 


caſe, let H be the given ſpace to which the gnomon muſt be made 
equal, and find d a parallelogram fimilar to AB and equal to the 
| figures AB and H together, and place its ſides AE, AF from the 
point A, upon the ſtraight lines AC, AD, and complete the paralle- } 


logram AG, which is about the ſame diameter © with AB, becauic 


therefore AG is equal to both AB and H, take away the common 
: Part AB, the remaining gnomon ECBDFG is equal to the remain- 


ing figure H. therefore a gnomon equal to H, and its ſides CE. DF 
e 


PROP. 


bout the ſame diameter b with DL; 


5 ATA. 


P R 0 p. 'LXXXII. 
Ir a parallelogram equal to a given ſpace be applied to 


ven in ſpecies; the ſides of the defect are given. 


Let the parallelogram AC equal to a given ſpace be pp to 
the given ſtraght line AB, deficient by the parallelogram BDCL. 


giren in ſpecies; each of the ſtraight lines CD, DB are given. 
Biſect AB in E; therefore EB is given in magnitude. upon EB 
deſcribe a the parallelogram EF ſimilar to DL and Inilarly Placed; 
therefore EF is given in ſpecies, and is a- 
GC HF 


let 
BCG be the diameter, and conſtruct the Ny = 
figure. therefore becauſe the figure EF gi- [ | | K | * 1.5 
ven in ſpecics is deſcribed upon the given 5 | 


ſtraight line EB, EF is given © in magnitude, 


a given ſtraight line, deficient by a parallelogram gi- 0 


a. 18. 6 


43 


4 


b. 26,6, 


e. 56. Dat, 


d. 36. and 
43. 1. ; 


C | aud the gnomon ELH is equal to the gi- A E. 5 B 
— ven figure AC, therefore © ſince EF is diminiſhed by the given g gno- 


A mon ELH, the ſides EK, FH of the gnomon are giv en. but EK is 

equal to DC, and FH to DB; wher efore CD, DB are each of them 

given. 
8 This Demonſts ation is the FR is of the Pr oblem in the 28. 
mi- Prop, of Book 6. the conſtruction and Demonſtration of which 
G Propoſition is the Compoſition of the Analyſis. and becauſe the gi- 
8 ven ſpace AC or its equal the gnomon ELH is to be taken from the 
v. figure EF deſcribed vpon the half of AB ſimilar to BC, therefore 
Fett AC muſt not be greater than EF, as is ſhewn in the 27 2 B. 6. 
Ade | 
the PROP. IXXXIV. 59. 
the I a parallelogram equal to a given ſ pace be applied to a 
lle. given ſtraight line, excceding by a parallelogram g g 
= ren in ſpecies; the ſides of the exceſs are given. 
ain- Let the parallelogram AC equal to a given ſpace be applied to 
DF "I given {ſtraight line AB, exceeding by the parallelogr am el 
ale, given in ſpecies; each of the ſtraight lines CD, DB are giv 
rom Biſect AB in E; therefore EB is given in magnitude. upon EB „ 

| @efcribe © the parallelogram EF wilt to LD, and ſimilarly placed; 2. 18.6, 

P. iacrefore EP is given in ſpecies, and is about the { ame diameter with b. 26. % 


E e 


I.. 
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LD. let CBG be the diameter, and con- 
ſtruct the ſigure therefore becauſe the fi- 
gure EF given in ſpecies is deſcribed upon Ar 


the given ſtraight line EB, EF is given in 
e. 56, Dat. magnitude e. and the gnomon ELH ; is e- 
125 af aa qual to the given figure 4 AC; wherefore K L C 
9 fſince Ef is encreaſed by the given gnomon ELH, its ſides EK, FH 
e. 82. Dat. are given. but EK is equal to CD, and FH to BD; therefore CD, 
D are each of them given. 
This Demonſtration is the Anith {is of the Problem i in the 29, 
Prop. Book 6. the conſtruction and Demonſtration of which is the 
Compoſition of the Analyſis, 

Cor. If a parallelogram given in ſpecies be applied to a 085 
ſtraight line, exceeding by a parallelogram equal to a given ſpace 
the ſides of the paraticlogram are given. 

Let the parallelogram AD CE given in . be applied to the gi- 
ven ſtraight line AB exceeding by the parallelogram BDCG equal to 
a given ſpace; the ſides AD, DC of the parallelogram are given. 

Draw the diameter DE of the parallelogram AC, and conſtruct 
2. 43. 1 en becauſe the parallelogram AK is equal * to BC which is 
| ziven, therefore AK is given. and BK is ES 


. 24. 6. Ami b O AC, therefore BK is glren in 0 
| ſpectcs. and ſince the varallelogram AK Te | 
given in magnitude is applied to the given E — | 74 
E. 
ſtraight l ne AB, exceeding by the paralle- FN 
logram BK given in ſpecics, therefore, by Y | B D 


this Propolition, BD, BK the ſides of the 
exceſs are given. and the ſtraight line AB is given, therefore the 
whole AD, as alſo DC to which" it has a given ratio is given. 


BN ON. 


T 2 apply a parallelogram ſimilar to a given one to a given Qtraight 


line AB, exceeding by a par altelogram equal to a given ſpace. 


e 29. 6. TO the given fraight line AB apply © the par allelogram AK e-. 


qual to hes given e, exceeding by the oarnllcloarinn BK ſimilar 


to the one given. draw DF the diameter of BK, and thro' the point 


A draw AE parallel to BF meeting DF produced 1 in E, and e com- 
plete the parallelogram Ac. 

The parallelogram BC is equal 1 to AK, that is to the given 
pace; and the parallelogram AC is ſimilar b to BE. therefore the 
e 4 AC is applied to the ſtraight line AB ſumilar to the 


ODC 
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one given and exceeding by the parallelogr am BC which is equal to 
the gue ſpace. 


PROP. IXXXV. 34. | 
Ir two ſtraight lines contain a parallelogram given in | 
magnitude, in a given angle; if the difference of the * 
N Rraight lines be given, they ſhall each of them be given. | 
I Let AB, BC contain the parallelogram AC given in magnitude, i 
in the given angle ABC, and let the exceſs of BC above AB be gt- x | 
p ven; each of the ſtraight lines AB, BC is given. if 
e Let DC be the given exceſs of BC above BA, A E 
therefore the remainder BD is equal to BA, / _/ 4 
n WW complete the parallelogram AD, and becauſe | 
m is equal to BD, the ratio of AB to BD is 1. : 
— given, and the angie ABD is given, therefore B UC | 
i- WW the parallclogram AD is given in ſpecies. and becauſe the given pa- 
8 rallelogram AC is applied to the given ſtraight line DC, exceeding by 
the parallelogram AD given in ſpecies, the ſides of the exceſs are 
ti WM given*; therefore BD is given. and DC is given, wherefore the a. 84. Dal. 
is whole BC is given. and AB is given, therefore AB, BC are each of 8 
chem given. 1 1 „ 
8 b Oer vi. 1 
4 LF two ſcraight lines contain a parallelogram g glven in 1335 
> magnitude, in a given angle; if both of them toge- 
YL ther be given, they ſhall each of them be given. 
| Let the two ſtraight lines AB, BC contain the parallelogram AC | 
the MW gvenin magnitude, in the given angle ABC, and let AB, BC to- 
| gether be given; each of the ſtraight lines AB, BC is given. 
—— Produce CB and make BD equal to BA, and complete the pa- 8 
ht | rallelogram ABDE. becauſe DB is equal to BA, and the angle _ ; 
WM fiven, becauſe the adjacent angle ABC is given; E_ _A_ 
de. WM the parallelogram AD is given in ſpecies. and / = 
ilar WW becauſe AB, BC together are given, and AB is = 2 
oint equal to BD; therefore DC is given. and be- 3 
om- aauſe the given parallelogram AC is applied to * B * 
wle given ſtraight line DC, deficient by the parallelogram AD giv en 5 
iven in ſpecies, the ſides AB, BD of the defect are given a. and DC is 2. 82. Des. 
the W given, wherefore the remainder BC is given; and each of the 
the | fraight lines AB, BC is theretore given, 1 


or RD TE PROP, 
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F two ſtraight lines contain a parallelogram given in 
1 magnitude, in a given angle; if the exceſs of the 
ſquare of the greater bots the ſquare of the leſſer be gi- 
ven, each of the ſtraight lines ſhall be given. 


el the two ſtraight lines AB, BC contain the given narallelo- 
gram AC in the given a agle ABC; if the exceſs of the ſquare of 


0 above the iquare of BA be given AB and BC are each of 


them given. 
Let the given exceſs of the ſquare of BC above the "II of BA 
be the rectangle CB, BD; take this from the ſquare of BC, the re- 
2. 2.2. minder, Which! is * ihe rectangle BC, CD is equal to the ſquare of 
A. and becauſe the angle ABC of the parallelogram AC is given, 
the ratio of the rectangle of the ſides AB, BC to the paraliciogram. 
b. 62. Dat. AC is given b; and AC is given, therefore the rectangle AB, BC is 
. given; and the rectangle CB, BD is given; PS hs the ratio of 
e. 1. 6. the rectangle CB, BD to the rectangle AB, BC, that is © the ratio 
d. 54. Dat of the firaig gh: ine DB to BA is given; therefore d the ratio of the 
-. fquare of DB to the {quare of BA is given. 
and the ſquare of BA is equal to the "as 
| 5 angle BC, CD; wherefore the ratio of the 
k rectangle BC, CD to the ſquare of BD is — dk ——. 
gien, as allo the ratio of four times the rect- B PDC: 
e. 7. Dat. angle BC, CD to the ſquare of BD; and, by compoſition e, the ra- 
tio of four times the rectangle BC, CD together with the e of 
B BD to the ſquare of BD is given. but four times the rectangle BC, 
f. 8. 2. CD together with the ſquare of BD is equal f to the ſquare of the 
= firajofit lines BC, CD taken together; therefore the ratio of the | 
ſquare of BC, CD together to the ſquare of BD is given; where- | 
58. Dat. fore 8 the ratio of the ſtraight line BC together with CD to BD is 
given. and, by com -oſition, the ratio of BC together with CD and 
DB, that is the ratio of twice BC to BD is given; therefore the ra- 
tio of BC to BD is given, as alfo © the ratio af the ſquare of BC to 
the rectangle CB, BD. but the rectangle CB, BD is given, being 
che given exceſs of the ſquares of BC, BA; therefore the ſquare of 
BC, and the ſtraight line BC is given, and the ratio of BC to BD, 
b. 9. Dat. a8 allo of BD to BA has been ſhewn to be given; therefore h the 
ratio of BY to BA is given; and BC is given, whereſore BA 1s 
Wen. | The | 


— a — — — — 


DATA. 


The preceeding Demonſtration is the Analyſis of this Problem, 
vie. 

A parallelogram AC which has a given angle ABC being g given 
in magnitude, and the exceſs of the ſquare of BC one of its ſides 


above the {qu are ol the other BA being 3 given; to find the ſides, | and 


The Compoſition is as follows. | 
Let EFG 8 be the given angle to which the angle ABC is required 


o be equal, and from any point E in FE draw EG perpendicular 


0 68; let the rectangle EG, GH be 
the given ſpace to which the paralle- M 
logram AC is to be made equal; and \ 
the rectangie HG, GL be the given 
excels of the {quares of BC, BA. 71. 8 

Take, in the ſtraight line GE, GK 5 
equal to FE, and make GM double of F 6 L 0 HN 
GK; join ML, and in GL produced take Lid cow to LM. biſet 


437 


GN in O, and between GH, GO find a mean proportional BC. às 


08 to GL, ſo make B to BD; and make the angle CBA equal to 


GFE, and as LG to GK, 0 Sinks DB to BA; and complete the pa- 


rallelogram AC. AC is equal to the refedngle E G, GH, and the ex- 
ceſs of the ſquares of CB, BA is equal to the rectangle EG, GE. | 


—_ 
' Becauſe as CR to BD, ſo is OG to GL, the ſquare of CB is to 
the rectangle CB, BD, as * the rectangle HG, GO to the rectangle 


HG, GL. and the ſquare of CB is equal to the rectangle HG, GO, 
becauſe GO, BC, GH are proportionals; therefore the rectangle 


CB, BD is equal b to HG, GL. and wats as CB to BD, ſo is 


00 to GL, twice CB is to BD, as twice OG, that is GN, to GL; 
aud, by diviſion, as BC wether with CD is to BD, ſo is NL, that 
LM, to LG. therefore © the {quare of BC together with CD is 

to the ſquare of BD, as the ſquare of ML to the ſquare of LG. 
but the ſquare of BC and CD together is equal d to four times the 
| retangle BC, CD together with the ſquare of BD ; therefore ſour 
times the rectangle BC, ED W with the ſovare of BD is fo 
the ſquare of BD, BY the ſquare of ML to the ſquare of LG. and, | 
by diviſion, four times the rec tangle BC, CD is to the ſquare of BD 


as the ſquare of MG to the ſquare of GL; wherefore the rectangie 


BC, CD is to the ſquare of BD, as (the are of KG the half of 
MG to the ſquare of GL, that is as) the ſquare of AB to the ſquare 
of BD, becauſe as LG to GK, ſo DB was made to BA. therefore > _ 

Ws * BC, CD is 32 al to the {quare of AB; to each of theſe 


. 5 


1 | e 
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given, 


: {-wares, as is evident from the 7. Prop. B. 2. Elem. B 
therefore twice the given ſpace, to which ſpace the 
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add the refflungle CB, BD, and the ſquare of BC becomes equal to 
the ſquare of AB together with the rectangle CB, BD. therefore 
this rectangle, that is the given rectangle KG, GL is the exceſs of 
the ſquares of BC, AB. from the point A draw AP perpendicular 
to BC, and becauſe the angle ABP is equal to the angle EEG, the 
triangle ABP is equiangular to EFG. and DB was made to BA, ag 
LG to GK, therefore as the rectangle CB, BD to CB, BA, ſo is the 


red tangle HG, GL to HG, EE 3 and as the rectangle CB, BA to 


Fi 5 3 


3 PD C 4 3 


Ab, BC, fo is (the ſtraight line BA to AP, and ſo is FE or GK to 
EG, and fo is) the rettingle HG, GK to HG, GE; therefore, e 
aequali, as the rectangle CB, BD to AP, BC, ſo is t 4 
HG, GL to EG, GH. and the rectangle CB, BD is equal to! 


GL, therefore the rectangle AP, BC, that is the Parallciog ram * 


18 equal to the given rectangle EG, GH, 


5 P R O P. LXXXVIII. 
IF two d lines contain a oaraliclogtam glven in 
magnitude, in a given angle; if the ſum of the ſguares 


of its ſides be given, the ſides thall each of them be gi- 


Let the two ſtraight lines AB, BC contain the parallclogram | 


ABC given in magnitude in the given angle ABC, and let the ſum 


of che 1quares of AB, BC be given 3 -AB, BC are each of them 


Firſt, let ABC be a right aa: and ll twice the rectangle : 


contained by two equal ſtraight lines | is equal to both their quarcs; 


but if two ſtraight lines are unequal, twice the rect- 
angle contained by them is leſs than the {um of their A. . 


(2. 
rectangle of which the ſides are to be found, is equal, muſt not be 


greater: than the given ſum of the i iquares of the ſides. and if twice 
that 


therefore AF is given d in poſition. and the 
rectangle AC, BE is given, as has been 


given in magnitude, as allo AF which is 
equal to it; and AF is allo given in poſi- 5 
tion, and the point A is given; whereforef T—_—_ HI. f. 30. Dat, 


-D A T A. 3 
that ſpace be aig to the given ſom of he {quares, the ſides of the 


£23 


rectangle mult neceſſarily be equal to one another. therefore in this 


caſe deſcribe a ſquare ABCD cqual to the given rectangle, and its 
ſides AB, BC are thoſe which were to be found. for the rectangle 
AC is equal to the given ſpace, and the ſum of the ſquares of its 
ſides AB, BC is equal to twice the rectangle AC, that is, by the 
hypotheſis, to the given ſpace to which the ; ſam of the ſquares was 
required to be equal, 1 

But if twice the given rectangle be not equal to the given ſum 
of the ſquares of the ſides, it muſt be leſs than it, as has been 


ſhewn. Let AB CP be the rectangle, join A C and draw BE 


perpendicular to it, and complete the rectangle AE BF, and de- 


- * 


ſcribe the circle ABC about the triangle ABC; AC is its dia- a. Cor. 15 4. 


meter *, and becanſe the triangle ABC is ſimilar Þ to AEB, as AC b. 8. 6, 
to CB, fo is AB to BE; therefore the rectangle AC, BE is e- 

qual to AB, BC; a the rectangle AB, BC is given, where- 

fore AC, BE is given. and becauſe the ſum of the ſquares of AB, 

BC is given, the 0 uare of AC which is equal © to that fum is gi. c. 4 1. 


ven; and AC wr is therefore given in magnitude. let AC be like- 
wiſe given in poſition, and on tut A's 


ſhewn, and AC is given, wherefore © BE is 


the point F is given, and the {tr aight line & „„ 11 


FB in poſition 5, and the circumſcrence ABC is given in poſition, g:. 


U 
— 
— 
© > 
. 


wherefore h the point B is given. and the points A, C are given; h. 28. Dat. 
therefore the ſtraight lines AB, , ÞO are given! in pol don and mag- i. 29. Pat. 
nitude. 55 


The ſides AB, BC of the g may + be Band thus; ; let the 


rectangle GH, GK be the given ſpace to which the recta ag] le AB, 
BC is equal; and let GH, GL be the given rec Nangle to which th 
ſum of the ſquares of AB, BC is equal. find k a ſquare equal to K. 14. 2. 
the rectangle GH, GL, and let its fide AC be given in po lition; 
upon AC as a diameter deſcribe the ſemicircle ABC, and as AC. 5 22 
GH, fo make GK to AF, and from the point A place AF at. ms = 
angles to AC. therefore the rectangle CA, AF is equal l to GH, I. 16.6. 
__ GK; and, by the hypotncls, twice the rectanglc Gi), GE i i5 14 5 


E 2 4 | | | | than 


m. 34. 1. 
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b. 8. 6. 


e. 47. 1. 


lel to AC mutt meet the circumference in SR 


join AB, BC and complete the rectangle 
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than GH, GL, that is than the ſquare of AC; wherefore twice the 
rectangle CA, AF is leſs than the ſquare of AC, and the rectangle 
CA, AF itſelf leſs than half the ſquare of AC, that 3 is than the ett. 
angle contained by the diameter AC and its 


half; : Wherefore AF is leſs than the ſemidia- 7 8 = —— 
7668 


meter of the circle, and conſequently the £ . 


ſtraight line drawn thro' the point F paral- FR 


two points. let B be either of them, and 


ABCD; ABCD is the rectangle which was G * H — 
to be found. draw BE per pendicular to AC; therefore BE 1s e- 
qual ® to AF, and becauſe the angle ABC in a ſemicircle is a right 
angie, the reftangle AB, BC is equal b to AC, BE, that js to the 
rectangle CA, AF which 1s equal to the given rectangle GH, GK, 

J the {guares of AB, BC are together equal © te the iquare of AC, 


| th it is to The given rectangle GH, GL. 


But if the given Agde ABC of the paral! \eloor am AC be not a 


right ang le, in this caſe becauſe ABC is a given angle, the rat: 10 Of 


the recta 12] Jul contained by the {ides AB, BC 0 the P 1 ral! elogt: an 1 


AC is given n; and AC is given, therefore the rectangle AB, BC is 
given. and the ſum of the quar es of AB, BC is giv en; thereto: E 


the ſides AB, BC are given by the preceeding caſe. 
The ſides AB, BC and the parallelogram AC may be fot ind thus. 


let EFG be the given angle of the parallelogram, and from any 
point E in FE draw EG per pendicular to FG. and let the rectangle 
EG, FH be the given ſpace to which the par 3 is to be made 
equal, and let EF, FK be the given rectangle 


to be equal. and, by the preceeding caſe, find 


to which the ſum of the ſquares of the ſides is = 5 


the ſides of a rectangle which is equal to the 


given rectangle EF, FH, and the ſquares of the B L 1 
ſides of which are together equal to the given | . 
rectangle EF, FK. therefore, as was ſhew in ” 1. 
that caſe, twice the rectangle EF, Fj muſt not 


be greater than the rectangle EF, FK; let it be // = 
fo, and let AB, BC he the ſides of the rectangle F 1 G K 


joined in the angle ABC equal to the given 
angle EFG; And complete the parallelogram ABCD, which will be ; 


that which 4 was to be tound, nw AL perpendicular to BC, and 
becauſe 


. 
d . 
ſe 


ABC, as alſo BEA is given, the triangle ABE is 

given Þ in ſpecies, and the ratio of AF to AB 
given. and becauſe the ratio of the rectangle _< | 
BC, CD, that is of the {ſquare of BF to the B ED "E: 

ſquare of BA is given, the ratio of the ſtr raight line BF to BA is =Y 
ven e. and the ratio of AE to AB is given, wherefore 9 the ratio of 
AE to BF is given, as alſo the ratio of the rectangle AE, BC, that 
is of the parallelogram AC to the rectangle FB, BC; and AC is 


becauſe the angle ABL is equal to EFG, the triangle ABL is equi- 


angular to EFG. and the parallelogram AC, that is the rectangle 
AL, BC is to the rectangle AB, BC as (the ſtraight line AL to AB, 


that is as EG to EF, that is as) the rectangle EG, FH to EF, FH, 


and, by the conſtruction, the rectangle AB, BC is equal to EF, FH, 
therefore the rectangle AL, BC, or, its equal, the parallelogram AC 
is equal to the given rectangle EG, FH, and the ſquares of AB, BC 
are tOgetner equal, by canines, to the given rectangle EF, 

FK. 


P R O P. LXXXIX. 


JF two ſtraight lines contain a given parallelogram! in a 
given angle, and if the exceſs of the ſquare of one of 


A 


chem above a given Pare has a given ratio to the ſquare 
of the other; each of the ae ox lines fall be given. 


Let the two ſtraight lines AB,1 BC contain 1 the given parallelogram 


Ac in the given angle ABC, and let the excels of the ſquàre of BC 
above a given {| pace have a given ratio to chef quare ot AB; each of 


the iraight] lines AB, BC is given. 
Becauſe the exceſs of the ſquare of BO al zove a given ſpace has a 


given ratio to the ſquare of BA, let the rectangle CB, BD be the 
given ſpace; take this from the ſquare of BC, the remainder, to wit, 


the rectangle * BC, CD has a given ratio to the ſquare of BA. draw 
AE perpendicular to BC, and let the ſquare of BF be equal to the 
rectangle BC, CD. then becauſe the angle 


given, wherefore the rectangle FB, BC is given. and the exceſs of 
the ſquare of BC above the ſquare of BF, that is above the rect- 


angle BC, CD is given, for it is equal“ to the given rectan _ CB, 
BD. therefore becauſe the rectangle contained by the ſtraight lines 


8 


441 


—— — — — 
— — — - — — - 


* FAT 8 1 * 
5 — , => = =: 20S: 


E IF. 


. 4. A. 


c. 5 8. Dat. 
d. 9. Pat. 


e. 33. I. . 


FB, BC 1 is given, and ou the exceſs of the Four of BC above the 
ſquare. 
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. 87. Dat. ſquare of BF; FB, BC are each of them given f. and the ratio of 


F B to BA is given; therefore AB, BC are given. 

Ihe Compoſition is as follows. 
\ Let GHEK be the & given angle to which the angle of the para]! ds. 
gram is to be made equal, and from any point G in HG draw C 
perpendicular to HK ; let GK, HL be the 


made equal, and let LH, HM be the rectangle 


: 3.22. 6. 


: . 6. 


rectangle to which the parallelogram is to be 8 I 


equal to the given {pace which is to be taken 
from the ſquare of one of the fides; and let the ti NM 1s 


ratio of the remainder to the {quare of the other fide be the fame 
with the ratio of the ſquare of the given ttraight line BeH to the 
| ſquare of the given ſtraight line HG, 


By help of the 87. Dat. find two ſtraight lines BC, BF which 
contain a rectangle equal to the given reftangle NH, HL, and tuch 


that the exceſs of the jquare of BC above the pp 
ſquare of BF be equal to the given rectangle xz DS 
LH, HM; and join CB, BF in the angle FRC /| 1 « 
equal to the given angle GHK. and as NH to 4 8 / 
HG, ſo make FB to BA, and complete the pa- B E 5 oy 
rallelogram AC, and draw AE perpendicular to BC. then AC is 
equal to the rectangle GK, HL; and if from the ſquare of BC, the 
given rectangle LH, HM be taken, the remainder ſhall have to the 
ſquare of BA the ſame ratio | which the iquare of NH has to the 


+ 


ſquare of HG, 
_ Becauſe, by the conſtruction, the ſquare of BC 3 is equal to the 


ſquare of BF together with the rectangle LH, HM; if from the | 
{quare of BC there be taken the rectangle LH, HM, there remains | 


the ſquare of BF which has s to the ſquare of BA the ſame ratio 


which the ſquare of NH has to the ſquare of HG, becauſe as NH to 
HG, ſo FB was made to BA; but as HG to GK, fois BA to AE, | 
| becauſe the triangle GHK is equiangular to ABE; therefore, ex ae- |} 
quali, as NH to GK, fois FB to AE, wherefore h the rectangle 


NI, HL is to the rectangle GK, HL, as the rectangle FB, BC to 


| k. 14. 5. 


AE, BC. but, by the conſtruction, the rectangle NH, HL is equal 
to FB, BC; therefore k the rectangle GK, HL is equal to the rect - 
angle AE, BC, that is to the parallelogram AC. f 
The Analyſis of this Problem might have been made as in the 
8 6. Prop. in the Greek, and the compoſition of it may be made as | 
1 that which is in Prop. 1. of this Edition. 


PROP. | 


Jo. 


Oy 


together with the {pace which has a given ratio to the 


gether with the {pace which has a given ratio to the ſquare of AB; 


AE perpendicular to BC, 


DATA - ” a 
FR OF. XC. 0. 
F two ſtraight lines contain a given parallelogram in a 


given angle, and if the ſquare of one of them be given 9 l 


{quare of the other; 
given. 


each of the ſtraight lines ſhall be 


Let the two ſtraight lines AB, BC contain the given parallelogram 
AC in the given angie ABC, and let the ſquare of BC be given to- 


1 BC are each of them given. 
Let the iquare of BD be the ſpa ice which has the given ratio to 
the ſquare of AB; therefore, by the hypotheſis, the ſquare of BC 
together with the ſquare of BD | is given, from the point A draw 
and becauſe the angles ABE, BEA are gi- 
ven, the triangle ABE is given a in ſpecies; therefore the ratio of a. 43. Dat. 
BA to AE is given. and becauſe the ratio of the ſquare of BD to e 
the ſquare © of BA is given, the ratio of the ſtraight line BD to BA is 
given ; and the ratio of BA to AE is given, tharefore* the ratio of b · 58. Dat. 
AE to BD is given, as allo the ratio of the rectangle AE, BC, that ec I: 
is of the parallelogram AC to the rectangle DB, BC. and AC is i- 
ven, therefore hs rectangle DB, BC is given; ; and the ſquare of BC 


B E 6 H = 1 
together with the . of BD is given. therefore d becauſe the d. 88. Dat, 
rectangle contained by the two mraight lines DB, BC is given, and 
the ſum of their ſquares is given; the ſtraight lines DB, BC are 
each of them given. and the ratio of DB to BA! is given; ; therefore 
AB, BC are given.“ : | | 

The Compoſition | is as 1 3 
Te FGH be the given angle to which the angle of the parallelo- 
gram is to be made equal, and from any point F in GF draw FH 
perpendicular to GH; and let the rectangle FH, GK be that to 


which the parallelogram i is to be made equal; and let the reftangle _ 
XG, GL be the 7 to which the * of one of the ſides of the 
* 


— —— — — — — = * 
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_ parallelogram together with the ſpace which has a given ratio to the 
| ſquare of the other ſide, is to be made equal; and let this given ra- 


tio be the fame which the ſquare of the given ſtraight line MG has 
to the ſquare of GF. 


By the 88. Dat. find two ſtraight lines DB, BC which contain 4 


rectangle equal to the given reftangie MG, GK, and fuch that the 


ſum of their ſquares is equal to the given rectangle KG, GL. there- | 
fore, by the determination of the Problem in that Propoſition, twice | 
the rectangle MG, GK muſt not be greater than the rectangle KG, 


GL. let it be ſo, and join the ſtraight lines DB, BC in the angle 


DRC equal to the given angle FCH. and as MG to CF, ſo make 


; wy 0 | 5 


D 


DB to BA, and complete the parallelogram AC, AC is equal to 
the rectangle FH, GK; and the ſquare of BC together with the 
_ ſquare of BD which by the conſtruction has to the ſquare of PA 
the given ratio which the ſquare of MG has to the ſquare of GF, is 


equal, by the conſtruction, to the given e KG, GL, Draw 
AE perpendicular to BC. 


_ Becauſe as DB to BA, fo is MG to GF; and as BA to AF, f-| 
GF to FH; ex aequali, as DB to AE, ſo is MG to FH. therefore 


as the rectangle DB, BC to AE, BC, fo is the rectangle MG, GR 


to FH, GK. and the rectangle DB, BC is equal to the rectangle f 
MG, GK; therefore the rectangle AE, BC, that is the parallelo- ; 
. 185 AC, is Ow. to the reftangle FH, GK. 


PROP. KCl. 


IF: a ſtraight tins drawn Wichin a nei given in magni- | 
; E tude cuts off a ſegment which contains a given angle; 
: the ſtraight line is given in magnitude. 


in the circle ABC given in 8 let the frraight fine AC 


be drawn cutting off the ſegment AEC which contains the giren 


2. 1. 3. 


angle AEC; the ſtraight line AC is given in magnitude. 


2 ake D the center of the circle *, Join ; AD and mote it to E, 
an 


„ „«„“k„4 „ 


Jn i- : 


"DATA; 


ad join EC. the angle ACE being a right Þ 
angle is given; and the angle AEC is given; 
therefore © the triangle ACE is given in ſpe- 
cies, and the ratio of EA to AC is therefore 
given. and EA is given d in magnirude, be- 
cauſe the cir cle! is given in magnitude; AC is 
therefore given © in magnitude. 


PR OP. XCIL 


Fa ſtraight line given in magnitude be drawn within a 
circle given in magnitude; it ſhall cut oll a legment 
containing a given angle. 


„Let the ſtraight line AC given in magnitude be wa within the 
circle ABC given in magnitude; it ſhall cut off a ſegment contain- 


ing a given angle. 


Take D the center of the cir cle, join AD 
and produce it to E, and join EC. and be- 
cauſe cach of the ſtraight lines EA, AC is gi- 
ven, their ratio is given *; and the angle ACE 
js a right angle, therefore the triangle ACE is 
given b in ſpecies, and conſequently the: angle 
A* 18 given. | 


PROP. Xell. 


a. 1, Dat. 


L b. 46. Dat. | 


90. 
I feat any point in the cecumference. of a circle glren 
in poſition two ſtraight lines be drawn meeting the 


circumference and containing a given angle; if the point 
in which one of them meets the circumference again be 


given, the point in whi ch the other meets it is alſo given. 


From any point Al in the circumference of a circle ABC given in 


poſition, let AB, AC be drawn to the circumference making the gr N 


ven angle BAC; if the point B be given, the "©; 
point C is allo given. 

Take D the center of the dies; and Jobs 1 
BD, DC. and becauſe each of the points B, 
Dis given, BD is given? in poſition. and be- 
cauſe the angle BAC is given, the angle BDC 
is given b. therefore becauſe the ſtraight line 


| C 
n 
s - 
- 4 


b. 20. 3. 
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Do is drawn to the given point D in the ſtraight line BD given in 

e. 32. Dat. poſition in the given angle BDC, DC is given © in poſition. and the 

d. 28. Dat. circumference ABC is given in x poſition, therefore 9 the point C is 
+ ; | 


PROP. xclv. 


Ir from a given point a ſtraight line be drawn touching 
a circle given in poſition; the ſtraight line is Yiyen in 
poſition and magnitude. 


Let the ſtraight. line AB be drawn from the given point A touch- 


ing the circle BC given in N AB is s given in 8 and 


magnitude. 

Take D the center of the circle, and j join DA, DB. becanle each 

of the points D, A is given, the ſtraight 

5. 29. Dat. line AD is given“ in poſition and magni- 

d. 18. 3. tude. and DBA is a right b angle, where- / 
e. Cor. $. 4. fore DA is a diameter © of the circle DBA 

deeſcribed about the triangle DBA; and \ 

4.6. Def. that circle is therefore given 4 in 60. 353 

and the circle BC. is given in poſition, there- 


e. 28. Dat. fore the point B is given e. the point A is alſo given; therefore tlie 


fraight line AB is giv cn * in poſition and magnitude, 


PROP. xXcv. 


'F a Araight line be drawn from a given point without a 
circle given in poſition ; the rectangle contained by 


the ſegments betwixt the point and the circumference of 4 


the circle is given. 


Let the ſtraight line ABC be drawn from the given point A with: 1 


out the circle BCD given in poſition, cut- 

ting it in B, c; the TRA: BA, AC is 
given, - 
4. . 3. From the point A r a AD touching © — 
b. 94. Dat. the circle; therefore AD is given b in poſi- S 
tion and magnitude. and becauſe AD is 
e. 56. Dat. given, the ſquare of AD is given © which is 


d. 36. 3. equal © to the 12 BA, A. therefore the reftangle BA, AC : 4 


18 rd.” 


PROP. 


below BC the baſe of the ſegment, is gi= 


DA TA. 
I 3 Os Fg cm 
F a ſtraight line be drawn thro? a given point within a 
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93 g's 


circle given in poſition, the rectangle contained by the 


ſegments betwixt the point and the circumference of the 


Ci ircle i is given. 


Let the ſtraig ht line BAC be drawn thro the given point A with: 


in the circle BCE given in poſition; the e BA, AC is given. 


Fake D the center of the circle, join AD 
and produce it to the points E, F. becauſe 
the points A, D are given, the ſtraight line 
AND is given“ in poſition; and the circle BEC 
j3 given in poſition; therefore the points E, 
F are given b. and the point A is ny 


therefore EA, AF are each of them given“ 


and the rectangle EA, AF is ec given; and it 18 en, a to 
the rectangle BA, AC which conſequently; is 5 giv en. 


PROP * XCVII. 


Ir A ſtraight liek 85 drawn within 4 ies given in mag- 


a. 29. Dat, 
b. 28. Dat. 


c. 35. Je 


94 


nitude cutting of a ſegment containing a given angle; | 


which contain the given angle ſhall both of them together 


if rhe angle in the ſegment be biſected by a ſtraight line 
produced vl i it meets the circumference, the ſtraight lines 


have a given ratio to the ſtraight line which biſects the 
angle. and the rectangle contained by both theſe lines to- 
gether which contain the given angle, and the part of the 


biſe&ing line cut of below the baſe of the legment, ſhall 
be given. : 


Let the ſtraight] line BC be drawn within the decks ABC Hoes | 


in magnitude cutting off a ſegment containing the W angle B A AC, 
and let the angle BAC be biſected by the F 5 | 
ſtraight line AD; BA together with Ac 


has a given ratio to AD; and the rect 
angle contained by BA and AC together, 
and the ſtraight line ED cut off from AD 
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Join BD; and becauſe BC is drawn within the circle ABC giver! 


in magnitods cutting off the ſegment BAC containing the given 
a. or. Dat. angle BAC; BC is given * in magnitude, by the ſame reaſon BD 


b. 1. Dat. is given; therefore > the ratio of BC to BD is given. and becauſe 


c. 3. 6. the angle BAC is biſected by AD, as BA to AC, ſois © BE to EC; 
4. 12.5, and, by permutation, as AB to BE, ſo is AC to CE; wherefore 4 


as BA and AC together to BC, ſo is AC to CE. 24 becauſe the 


angle BAE is equal to EAC, and the F 
e. 21. 3, angle ACE to® ADB; the triangle ACE 
zs equiangular to the triangle ADB; 
therefore as AC to CE, ſo is AD to DB. 
but as AC to CE, ſo is BA together with 
AC to BC; as therefore BA and AC to 
BC, ſo is AD to DB; and, by permuta- 5 5 
tion, as BA and AC to AD, ſo is BC to BD. and the ratio of BC 


to BDis given, therefore the ratio of BA together with AC to AD 


1s given. 


Alſo the rectangle contained by B A and AC together, and DE bs -- 


given. 
Becauſe the triangle BDE! 18 equiangular to the a ACE, as 


BD to DE, ſo is AC to CE; and as AC to CE, ſo is BA and AC to 
BC; therefore as BA and AC to BC, ſo is BD to DE. wherefore | 
the rectangle contained by BA and AC together, and DE is equal to 


the rectangle CB, BD. but CB, BD is given; therefore the rect. 
angle contained by BA and AC together, and DE 1 is given, 
Other wiſe. 


produce CA and make AF equal to AB, 40 join BF. wd be- 


2. 5. and 3a. cauſe the angle BAC is double * of each of the angles BFA, BAD, 


Ao the angle BFC 1s equal to BAD; and the angle BCA is equal to 


BDA, therefore the triangle FCB is equiangular to ADB. as there- 
tore FC to CB, ſo is AD to DB, and, by permutation, as FC, that 
is BA and AC together to AD, ſois CB to BD. and the ratio of CB 

to BD is given, therefore the ratio of BA and AC to AD is given. 

And becauſe the angle BFC is equal to the angle DAC, that is 


to the angle DBC, and the angle ACB equal to the angle ADB; | 


the triangle FCB is equiangular to BDE, as therefore FC to CB, ſo 


is BD to DE; therefore the rectangle contained by FC, that 1s 
BA and AC together, and DE is equal to the rectangle CB, BD 
Which is given, and therefore the Tomy — by BA, AC 


together, and DE 18 given. oe 


| PROP. 


ſon BD is given, becauſe the angle 
BAD is equal to the given angle 


7, ATA. 


P R 0 EF: xXcnI. 


IF a ſtraight Tins be drawn within a circle given in | mag- 


nitude cutting off a ſegment containing a given angle; 
if the angle adjacent 10 the angle in the ſegment be bi. 


ſected by a ſtraight line produced till it meet the circum- 
ference again and the baſe of the ſegment; the exceſs of 


the ſtraight lines which contain the given angle ſhall have 


a given ratio to the ſegment of the biſecting line which is 


within the circle; and the rectangle contained by the 
fame exceſs and the ſegment of the biſecting line betwixt 


the baſe produced and the point where it again meets the 


circumference, Hall be given. 


Let the ſtraight line BC bs dion within the circle ABC given 
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in magnitude cutting off a ſegment containing the given angle BAC, 


and let the angle CAF adjacent to BAC be biſected by the ſtraight 


line DAE meeting the circumference again in D, and BC the baſe 


of the ſegment produced in E; the exceſs of BA, AC has a given 


ratio to AD; and the rectangle which is contained by the ſame ex- 
ceſ; and the ſtraight line ED, is given. | 


Join BD, and thro' B draw BC par alle! to DE meeting AC pro- 


duced in G. and becauſe BC cuts off from the Cir cle ABC given in 


magnitude the ſegment BAC contain- 'D 


ing a given angle, BC is therefore gi- 
ven * in magnitude. by the ſame rea- 


EAF; therefore the ratio of BC to 
BD is given. and becauſe the angle 
CAE is equal to EAF, of which . 


CAE is equal to the alternate angle. AGB, ad F AV to the. 10. 
terior and oppoſite angle AB G; therefore the angle AGB is 
equal to ABG, and the ſtraight the AB equal to AG ; fo 1 
GC is the excels of BA, AC. and becauſe the angle DG C is. 


equal to GAE, that is to EAF, or the angle BAD; and that the 


E 15 „„ angular 


angle BCG is equal to the oppolite interior angle BDA of the qua- 
| Uilateral BCAD 1 in the circle; therefore the triangle BGC i is equi- 


* 
* 
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angular to BDA. therefore as GC to CB, ſo is AD to DB, and, by 


permutation, as GC, which is the exceſs of BA, AC to AD, ſo is 


C to BD. and the ratio of CB to BD D 


ceſs of BA, AC to AD is given. 


angle BCG equal to BDE; the tri- B 


therefore as GC to CB, ſo is BD to = 
DE, and conſequently the rectangle GC, DE is equal to the rect- 


is given; therefore the ratio of the ex- 


And becaule the angle GBC is equal | 
to the alternate angle DEB, and the \ 


angle BCG is equiangular to BDE, 


angle CB, BD whichis given, becauſe its ſides CB, BD are given. 
therefore the rectangle contained by the excels of BA, AC and the 
ſtraight line DE is en. | 


PROP. XIX. 


Tr from a giren point in the diameter of a circle given in 
polition, or in the diameter produced, a ſtraight line 

be dra wn to any point in the circumference, and from 
that point a ſtraight line be drawn at right angles to the 
firſt, and from the point in which this meets the circum- 


ference again, a ſtraight line be drawn parallel to the firſt; 


the point in which this parallel meets the diameter is gi- 


ven; and the rectangle contained by the two barallels 15 


| given. 


In BC the diameter of the circle ABC given in poſition, or in 
BC produced, let the given point D be taken, and from D let a 
ſtraight line DA be Jrawnr to any point Ain the circumference, and 
let AE be drawn at right angles to DA, and from the point E where 

it meets the circumference again let EF be drawn parallel to DA 
Meeting BC i in F; the point F is given, - as allo the werken AD, 
Produce EF to the e in 8. +} join A8. 3 


4 cor. 5. 4. GEA is a right angle, the ſtraight line AG is * the diameter of the 


circle ABC; and BC is alſo a diameter of it; therefore the point H 
' where they meet is the center of the circle, and conſequently H is 


given, aud the point D is given, wheretore DH! is given in magni · 
tude. 


1* 


DATA. 
tude. and becauſe AD is parallel to FG, and GH equal to HA; DH 
is equal b to HF, and AD equal to GF. and DH is given, there- b. 4. 6. 


fore HF 3 is given in magnitude; and it it is alſo given in | poſition, d 
the point H is given, therefore e the point F is given. N Dat, 
And becauſe the ſtraight line EFG is drawn from a given point 
F without or within the circle ABC given in poſition, therefore 4 95. or 
the rectangle EF, FG is given. and GF is equal to AD, wherefore 2 Das. 
the rectangle AD, EF is given. N N e 


PROP. „ . 5 
FF from 4 given point in a ſtraight line given in poſition, | 
a ſtraight line be drawn to any point in the circumfe- 
rence of a circle given in poſition; and from this point a 
ftraight line be drawn making with the firſt an angle e- 
qual to the difference of a right angle and the angle con- 
tained by the ſtraight line given in poſition, and the 
ſtraight line which joins the given point and the center of 
the 1 and from the point in which the ſecond line 
meets circumference again, a third ſtraight line be 
drawn making with the ſecond an angle equal to that 
which the firſt makes with the ſecond. the point in which FS 
this third line meets the ſtraight line given in poſition is 
given; as alſo the rectangle contained by the firſt ſtraight 


line and the ſegment of the third betwixt the circumfes - 
_ rence and the ſtraight line given in poſition, i is given. 


Let the ſtraight line CD be drawn from the given lat C in the 
ftraight line AB given in poſition, to the circumference of the circle 
SF given in poſition of which G is the center ; join CG, and 


N 2 | from 


EV CLEID'S DATA. 


from the point D let DF be drawn making the angle CDF equal 
to the difference of a right angle and the angle BCG, and from the 


1 F let FE be drawn makiug the angle DFE equal to CDF, 


cular to DF; and let DC meet the cir- 


qual to one another, the circumferences 


eting AB in H. the point H 18 given; as alſo the rectangle CD, 
FH. ng 
Leet CD, FH meet one another! in the 
point K from which draw KL per pendi- 


cumference again in M, and let FH meet 
the ſame in E, and join MG, GF, GH. 
zecauſe the angles MDF, DFE are e- 


MF, DE are equal“; and adding or \ 7 Pd 1 
taking away the common part ME, the | l 3 
circumference DM is equal to EF; there- 04 
fore the ſtraight line DM is equa! to the 9 _ 
{firaignt line EF, and the angle GMD to LT WG 
the angle > GFE; and the angles GMC, 2 \ Y 
3FH are equal to one another, - becauſe 8 N \ 


| becauſe the angles KDL, LED are toge- 


c. 32.1. 


5 d. 26. 1. 


the; are either the lame with the angles 
GMD, GFE, or adj, cent to them. and 


ther equal © to a right angle, that is, by 
tne hypotheſis, to the angles KDL, GCB; 

the angle GCB or cl is equal to the 5 . 
angle ( KD, that is to the angle) Lk F or GEII. therefore ti be 
points C, K, H, G are in the circumference of a circle; and he 


| angle GCK is therefore equal to the angle GHF; and the angle 


GMC is equal to GFH, and the ſtr aight line GM to Gb; therefore! 
CG is equal to 8 H, and CM to HF. and becauſe CG is equal to 
GH, the angle GCH 15 equa! to GHC; but the angle GCH is given, 


therefore GHO is given; and conſequently the angle CGH is given. 


e. 32. Dat and CG is given in 5 and the point G; therefore © GH is 


given in poſition ; 5 and C B 1s alſo yen m poſition, wherefore the 
point H is given. e 


And becauſe TIF is equal to CM, the rectangle Do FH! is equal 


f. oc er 96. 0 PC, CM. but DC, CM is given f, becauſe the point C is given; 


Vat. | 


therefore tae rectangle DC, FH is . 


N 


o W ” 
EUCETDS DAFT A. 


DEFINIT] 0 N l. 


7 IIS is 1 more explicit than in the Greek text, to pre- 


vent a miſtake which the Author of the ſecond Demonſtra- 


tion of the 24th Propoſition in the Greek Edition has failen into, 


of thinking that a ratio is given to which another ratio is ſhewn to 
be equal, tho' this other be not exhibited in given magnitudes. See 


the Notes on that Propoſi [ton Which is the 13th in this Edition. 
beſides by this Definition, as it is now given, ſome Propoſitions are 
demonſtrated, which! in the Greek are not ſo well done by help of 
| EIOP- 2. ens 

D E T. IV. | 

In the Greek text Det. 4. is has wi Points, lines, ſpaces and 


CC 


angles are ſaid to be given in poſition which have always the ſame 


“ ſituation.“ but this is imper fect and uſclefs, becauſe there are in- 


numerable caſes in which things may be given according to this De- 
finition, and yet their poſition cannot be found. for iuſtance, let 


the triangle ABC be g 2 in poſition, and let it be P! op to 
draw a ſtraight line BD from the angle at 
B to the oppoſite fide AC which ſhall cut 
off the angle DBC which ſhall be the ſe- 
venth part of the angle ABC. ſuppoſe this 2 eee 
is done, therefore the ſtraig ht line BD 1s „„ S 


invar 1able in its poſition, that! is, has ag he 3 ſituation ; ho * 


any other ſtraight line drawn from the point B on either es of B 
cuts off an angle greater or leſſer than the ſeventh part of the angle 


ABC; therefore, according to this Definition, the ſtraight I. BD 


is given in poſition, as alſo * the point D in which it meets the a, 


ſtraight line AC which is given in poſition, but from the mange 
here given, neither the ſtraight line BD nor the point D can be 
FH 3 found 
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2. 1. Def. 


b. 2. Def. 


NOTES ON 
found by the help of Euclid's Elements only, by which every thing 
in is Data is ſuppoſed may be found. this Definition is therefore of 
no uſe. we have amended it by adding © and which are cither ac- 
* tually exhibited or can be found ;” for nothing is to be reckoned 


given, Which cannot be found, or is not actually exhibited. 


The Definition of an angle given by poſition is taken out of the 
4th, and given more diſtinctly uy itfelt | in the Definition marked A. 


D E F. 1. XII. XIII. XIV. Xv. 

The 1 1th and 1 2th are omitted becauſe they cannot be given in 
Engliſh fo as to have any tolerable ſenſe, and therefore wherever the 
terms defined occur, the words which expreſs their meaning are 
made ute of in their place. 

"The-13. T4. 1.5; are omitted as being of no aſe, 

It is to be obſerved in general of the Data in this book, that 


they are to be underſtood to be given Gcometrically, not always 
Arithmetically. that is, they cannot always be exhibited in numbers; 
for inſtance, if the ſide of a ſquare be given, the ratio of it to its 
. Dat. diameter is given b geometr ically, but not in numbers; and the dia- 


meter is given ©, but tho' the number of any equal parts in the ſide 
be given, for example 10, the number of them in the diameter can- 


not be given. and the like holds in many other | calcs, 


PROPOSITION LE 
* this 1 it! is ſhewn that A is to B, as C to D, from this that A; 15 


to C, as B to D, and then by permutation; but it follows directly, 
without thele two o ſteps, lrom „ 


p R 0 p. „ 
The limitation added at the end a this Propoſition between the 


inverted commas is quite neceſſary, becauſe without it the Propoſi- 
tion cannot always be demonſtrated. for the Author having ſaid * 


* becauſe A is given, a magnitude equal to it can be found *, let 
„this be C; and becauſe the ratio of A to B is given, a ratio 
© which is the ſame to it can be found >” adds, ler it be found, 


and let it be the ratio of C to A,” Now from the ſecond Definiti- 


on nothing more follows than that ſome ratio, ſuppoſe the ratio of 
E to 2, can be found, which is the ſame with the ratio of A to B; 


and when the Author ſuppoſes that the ratio of C to 4, which | 5 


8 See Pr. Gregory! C Eden of the Data, 


alſo 


EUCLID'S DATA, 
alſo the ſame with the ratio of A to B, can be found, he neceſſarily 
| ſuppoſes that to the three magnitudes E, Z, C a fourth proportio- 
nal A may be found; but this cannot always be done by the Ele- 
ments of Euclid; from which it is plain Euclid muſt have under- 


ſtood the Propoſition under the limitation which | is now added to 


his text. An Example will make this 
clear; let A be a given angle, and B 
another angle to which A has a given 
ratio, for inſtance, the ratio of the given 
ſtraight line E to the given one Z, then, / 
having found an angle C equal to A, 
how can the angle A be found to which 
C has the {ame ratio that E has to Z? , 
certainly no way, until it be ſhewn how. / 
to find an angle to which a given angle 


has a given ratio, which cannot be Jone by Euclid's Elements, nor 
probably by any Geometry known in his time. Therefore in all 


the Propoſitions of this book which depend upon this ſecond, the 
above mentioned limitation mult be underſtood, tho' it be not ex- 
plicitly mentioned, OS | 


PROP. » 


The order of the "ENF ENT in tne Greek t text hetween Pr OP. 4. 
and Prop. 25. is now changed into another which is more natural, 
buy placing thoſe which are more ſimple before thoſe which are 

more complex; and by placing together thoſe which are of the 


ſame kind, ſome of which were mixed among others of a different 
kind. thus Prop. 12. in the Greek is now made the 5. and thoſe. 


which were the 22. and 23. are made the 11. and 12, as they are 


more {imple than the Propoſitions concerning magnitudes the exccis 
of one of which above a given magnitude has a given ratio to the 
other, after which theſe two were placed ; and the 24. in the G: eK 


text is, for the ſame reaſon, m__ the I 3. 


PROP. VI. vii. 


T ele are univerſally true, tho' in the Greek text they are de- 


| monſtrated by Prop. 2. which has a limitation; they a are therefore 
now ſhewn Without! it. 


1 PROT: 


NOTES ON 
PR OF. XII. 


In the 23. Prop. in the Greek text, which here is the 12. the 
words © ui Tvs wry; & ” are wrong tranſlated by Claud. Hardy in 


his Edition of Euclid's Data printed at Paris Ann. 1 62 5, Which was 
the firſt Edition of the Greck text; and Dr, Gregory "ollcwa him 
in tranſlating them by the words * eth non caſdem,“ as if the 
Greek had been & % ws 7v5 arr as in Prop. 9. of the Greek text. 


Euclid's meaning is that the ratios mentioned in the Propoſition. 
muſt not be the fame; for if they were, the Propofition would not 
be true. whatever ratio the whole has to the whole, it the ratios of 


the parts of the firſt to the parts of the other be the ſame with this 
ratio, one part of the firſt may be double, triple, &c. of the other 
part of it, or have any other ratio to it, and conſequently cannot 


have a given ratio to it. Wherefore theſe words muſt be rendered 
by “non autem caſdem,“ but not the ſame ratios, as Zamber tus has 


| tranſlated them in Bis Edition. 


PROP. XIII. 


Some very ignorant Editor has given a ccond Demonſtration of 5 
: this: Propoſition in the Greck text, u hich has been as ignor antly . 
kept in it by Claud. Hardy and Dr. Gregory, and has been retained 
in the tran{lations of Zambertus and others; Car olus Renaldinus 


gives it only. the author of it has thought that a ratio was given 


if another ratio could be thewn to be the ſame to it, tho' this laſt 
ratio be not found. but this is altogether abſurd, becauſe from it 


would be deduced that the ratio of the ſides of any two ſquares is 


given, and the ratio of the diameters of any two cir cles, &c. and 


it is to be obſerved that the moderns frequently take given ratios, 


and ratios that are always the ſame for one and the ſame thing, and 
Sir Iſaac Newton has fallen into this miſtake in the 17th Lemma of 


: his Principia, Ed. 171 3. and in other places. but this ſhould be 
by carefully Acid, as it may lead into other « er rors. : 


PROP. XIV. XV. 


Euclid | in this bock has ſeveral Propoſitions. concerning magni- 
tudes, the exceſs of one of which above a given magnitude has a 
given ratio to the other; but he has given none concerning magni- 
tudes whereof one tovether with a given magnitude has a given ra- 
tio to the other; tho' theſe laſt occur as frequently in the ſolution 
of Problems as the firſt, the reaſon of which is, that the laſt may be 


ms 
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ail demonſtrated by help of the firſt; for if a magnitude together 
with a given magnitude. has a given ratio to another magnitude; the 
exceſs of this other above a given magnitude ſhall have a given ratio 
to the firſt, and on the contrary; as we have demonſtrated in Prop. 
14. and for a like reaſon Frop. 15. has been added to the Data. 


one example will make the thing clear; ſuppoſe it were to be de- 
monſtrated, That if a magnitude A together with a given magni- ; 
tude has a given ratio to another magnitude B, that the two magni- 
tudes A and B, together with a given magnitude have a given ratio 
to that other magnitude B; Which is the ſame Propoſition with re- 


ſpect to the laſt kind of maguitudes above mentioned, that the firſt 


part of Prop. 16. in this Edition is in retpect of the firſt kind, this 
is ſhewn thus; from the hypotheſis, and by the firſt part of Prop. 1 4. 


| the exceſs of B above a given magnitude has unto A a given ratio; 

and therefore, by the lirſt part of Prop. 17. the excels of B above a 
given magnitude has unto B and A together a given ratio; and by 
the ſecond part of Prop. 14. A and B together with a given mag- 


nitude has unto B a given ratio; which is the thing that was to be 
demonſtrated. in like manner the other Propoſitions cc concerning che 


5 lat kind of magnitudes may be ſhewn. 


PROP. XVI. XVII. | 
1a the third part of Prop. 10. in the Greck text, wh ich! is the 


8 I 6 in this Edition, after the ratio of EC to CB has been thewn to 


148 


be g given; from this, by inver ſion and converſion, the ratio of BC 
to BE is demonſtrated to be given; but, without theſe two ſteps, 


the concluſion ſhould have been made only by citing the 6. Propoſi- 


tion, and in like manner, in the firſt part of Prop. 1 1. in the Greek, 
which in this Edition is the 17. from the ratio of DB to BC being 


given, the ratio of DC to DB 18 ſhewn to be given, by inverſion 


and Compoſition, inſtead of citing Prop. 7. and the lame tault oc- . 


curs in the ſecond pan of the lame Prop. l wy 


P R 0 . XXI. XXII. 


T heſe a are now added, as being wanting to complete the ſubjeRt 


treated ge. in the four preceeding Propoſitions. | 


P R 0 p. XXIII. 


This Which! is Prop. 20. in the Greek text, was s ſeparated from _ 


Propp. 1 5 15.1 6. in that text, alter which | it ſhould have been im- 


mediately 
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mediately placed, as being of the ſame kind. it is now put into its 
proper place. but Prop. 21. in the Greek is left out, as en the 


fame with Prop. 14. in that text, which is here Prop. ES: 
PR O P. XXIV. | 
By his, which is Prop. 13. in the Greek, is now put into its pro- 


| per place, having been disjoined from the three following it in this : 
: 1 which are of the ſame kind, | 


P R OP. XXVII. 


This which in the Greck text is Prop 2 5. and ſeveral of the 
. following Propoſitions, are there deduced from Def. 4. which is not 
ſufficient, as has been mentioned! in the Note on that Detinition Y 
"_ are therefore now ſhewn more explicitly. 


p R O p. XXXIV. XXXVI. 
Each of theſe has a Determination, which is now added, w hic! * 


occaſions a change in their Demonſtrations. 


P R O P. XXXVI. XXXIX. XI. XII. 


The 35. and 3 6. Propoſitions in the Greek text are joined into 
one, which wks the 39. in this Edition, becauſe the tame Enun- 
tiation and Demonſtration ſerves both. and for the ſame reaton 
Propp. 375 38. in the Greek are 5 into one which here is 
the 40. es 5 
. 37. is added to the Data, as it 1 occurs in the ſo- 

& tion of Problems. and Prop. 41. is added to complete the relt. | 


R OF. XL, 


| This! 18 Prop. 39. in the Greek text, where the 0 hole Sadr 0g | ; 
| of Prop. 22. of Book 1. of the Elements is mt without need into | 


the Demonſtration, but is now only cited. 
ns TTY 9 (7. 


T bis 1s ; Prop. 42. in the Greek, where the | three ſtraight ws 4 
5 made uſe of in the conſtruction are ſaid, but not ſhewn, to be 
ſuch that any two > of them is e than x the * which 1 is now 
done. „ | 


-Þ R 0 P. XILVII. 


bis! is Prop. 44. in the Greek text, but the Pecncnſiration ” ] 
It is changed into another wherein the ſeveral caſes of it are ſhewn, ] 
- which, tho? ee is not done in the Greek. 8 | 


PRO P. XLVIII. 


_ There are two por” ay in this — ar 10 from the two | 
"I of the 3d part of Prop. 47. on which the 48. depends. Tr 6 
un the Compolition theſe two Giles are > cxplicitly . 


RO. 


in 


1 


FC 


EUCLID? _- DATA, 


| PROP. III. | 
Abe Conſtruction and Demonſtration of this which is "IE 48. 
in the Greek, are made ſomething ſhorter than in that text, 
NO. Ei. 


Prop. 63. in the Greek text is omitted, being only a caſe of 
8 tpn 49. in that text, which is Pr op. 53. in this Edition. 


R F ei. 


kdis is not in the Greek text, but its Demonſtration is con- 
_ tained in that of the firſt part of Prop. 54. in that text; which 
Propoſition is concerning figures that are given in ſpecies; this 5 8. 
is true of ſimilar figures, tho' they be not given in ſpecies, and as 
it frequently occurs, it was neceſſar y to add it. 


FO EIN 
This is the 54. in the Greek; and the 77. in the Greek, being 


the very fame with it, is left out. and a ſhorter Demonſtration is 
Sir en of W 61. - 


PROP. LXII. 
This which is moſt frequently uſeful is not in the Greek, and is 


neceſſary to Propp. 87. 88. in this Edition, as alſo, tho' not men- 


tioned, to Propp. 8 6. 87. in the former Editions. Prop. 66. in 


15 the Greek text is made a Cor ollary to it. 


Pp R O P. LXIV. 


This contains both Prop. 7 4. and 73. in the Gieck t text; the 
firſt caſe of the 74. is a repetition of Prop. 56. from which it is [e- 
parated in that text by many Propoſitions ; and as there! is no order 
in theſe Propoſitions, as they ſtand in the Greek, they are now Put 
into the order which ſeemed moſt convenient and natural, 
The Demonſtration of the firſt part of Prop. 7 3. in the C Greek is 
groſsly vitiated. Dr. Gregory ſays that the ſentences he has inclofed 
betwixt two ſtars are ſuperfluous and ought to be cancelled ; but he 
has not obſerved that what follows them is abſurd, being to prove 
that the ratio [ſee his figure] of A to K is given, which by the 
Hypotheſis at the beginning of the Propoſition is expreſſy given: 
ſo that the whole of this art. Was to be tered, which is ene in 
5 this Prop. . 


p R O P. Lvl LXVIII. 


. Prop. 70. in the Greek text is divided into theſe two, for the 8 
7 fake of diſtinctneſs; and the Demonſtration of the 67. is rendered 
ſhorter than that of the firſt part of Prop. 70, in the Greek by” 
means of Foſs 23.4 of Book 6, of the Elements. 5 


PROP. 
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This is prop. 62 in the Greek text; Prop. 7 8. in that text is 
only a particular caſe of it, and is therefore omitted. 


Dr. Gregory in the Demonſtration of Prop. 62. cites the 49. 


Prop. Dat. to prove that the ratio of the figure AEB to the paral- 
lelogram AH is given, whereas this was ſhewn a few lines before; 
and beſides the 49 Prop is not applicable to theſe two figures, he 


_ cauſe AH is not given in ſpecies, but is, by the ſtep tor which the 


Citation is brought, proved to be given in ſpecies. 

PR O P. I. XXII. 

Prop 83. in the Greek text is neither well enuntiated nor de- 
monſtrated. the 7 3. which in this Edition is put in place of it, is 
really the ſame, as will appear by conſidering [ſce Dr. Gregory's 
dition] that A, B, I, E in the Greek text are four proportionals, and 
that the Propoſition is to ſhew that 4, which has a given ratio to 
E, is to P, as B is to the ſtraight line to which A has a given ratio; 
or, by inverſion, that I is to 4, as the ſtraight line to which A has 
a given ratio is to B; 


E has a given ratio, as the ſtraight line to which the third A has a 
given ratio is to the fourth B; which is the Enuntiation of this 73. 
and was thus changed that it might be made like to that of Prop. 7 2. 
in this Edition, which is the 8 2. in the Greek text. 


Elements. 
. 0 p. LXXVII. 
This i. is put in place of Prop. 79. in the Greek text which. is not 


A Datum, but a Theorem premiſed as a Lemma to Prop. 80. in 
that text. and Prop 79. is made Cor. 1. to Prop. 77. in this Edi- 


e Hardy in his Edition of the Data takes notice, that, in 


| Prop. 80. of the Greek text, the parallel KL in the figure of Prop. | ; 
77. in this Edition muſt meet the circumference, but does not de- 
monſtrate it, which is done here at the end of Cor. 3. 0f Prop. T7»: N 


in ne Conſtruction for finding a triangle ſimilar to ABC. 
. ED. PR OP; LEXVIE =. | 


F he 8 of this which is Prop. 80. in the Greek i is ; 


rendered a 2 deal ſhorter by help of . 7 2 
| PROP. 


that is, if the proportionals be placed in this 
order, viz. IT, E, A, B, that the firſt F is to A to which the ſecond 


and the De- F 
monſtration of Prop. 7 3. is the ſame with that of Prop. 725 only | 
making uſe of Frop- 23.1 inſtead of Prop. 22. of Book 5: of the 


Or 
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PR OP. LXXIX. LXXX. LXXXI. 
Theſe are added to Euclid's Data, as Propoſitions which are of- 


ten uſcful 1 in the ſolution of Problems. 


P R O P. LXXXIL 


This which is prop. 60. in the Greek text is placed before the 
83. and 84. which in the Greek ate the 58. and 59. becauſe the 


Demonſtration of theſe two in this Edition is deduced from that of 


ha 8 82. from which they naturally follow. 


P R OP. LXXXVIII. n 
r Gregory in his preface to Euclid's Works which he publiſhed 
at Oxford in 1703, after having told that he had ſupplied the de- 


fects of the Greek text of the Data in innumerable places from ſe- 
veral Manuſcripts, and corrected Cl. Hardy's tranſlation by Mr. Ber- 
nard's, adds, that the 8 6. Theorem © or Propoſition,“ ſcemed to 


be remarkably vitiated, but which could not be reſtored by help of 


the Manuſcripts; then he gives three different tranflations of it in 
Latin, according to which he thinks it may be read; the two firſt 
have no diſtincr: meaning, and the third which he ſays is the beſt, 


tho” it contains a true Propoſition which is the 90. in this Edition, 


has no connexion in the leaſt with the Greek text, and it is ſtrange | 
that Dr, Gregory did not obſerve, that if Prop. 86. was changed 
Into this, the Demonſtration of the $6. muſt be cancelled, and ano- 
ther put in its place. but, the truth is, both the Envntiation and the 
Demonſtration of Prop. 86. are quite entire and right, only Prop. | 
87. which is more ſimple, ought to have been placed before it; and 
the deficiency which the Poctor juſtly obſerves to be in this part of 
Euclid's Data, and which no doubt is owing to the careleſſneſs and 
ignorance of the Greek Editors, ſhould have been ſupplied, not by 
changing Prop. 86. which is both entire and neceſſary, but by adding 5 
the two e which are the 8 8. and 90. in this Edition. 


N. XCVIII. . 


| ' Theſe were ar to me by two excellent Geotheters, 
the firſt of them by the Right Honourable the Earl Stanhope, and 
the other by Dr. Matthew Stewart to which I have added the De. 
monſtrations. _ : 
Tho' the order of hs Pts has ah in many places chüs⸗ 
and from that! in former Editions, yet this will be of little diſadvan- 
tage, as the antient Geometers never cite the Data, and the Mo- | 


rus "ay rarely. 


AS 


Sg 
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NOTES ON 


A that part of the Conipoliticn of a Problem which is its 


Conſtruction may not be ſo readily deduced from the Ana- 


lyſis by beginners ; for their ſake the following Example is gi- 
ven in which the derivation of the ſeveral parts of the Conſtructi- 
on from the Analyſis is particularly ſhewn, that they may be aſſiſted 
7 to do the like in other Problems, | 
N R OB L. E M. 


Having given the magnitude of a parallelogram, the angle of 


which ABC is given, and alſo the exceſs of the ſquare of its fide _ 
BC Dove the ſquare of the ſide AB; To find its ſides and de- 


: ſcribe it. 


The Analyſis « of this is the ſame with the Demonſtration of the 


87. Prop. of the Data. and the Conſtruction that is given of the 
Problem at the end of that N is thus derived fr om the 
Analyſis. 


Let EFG be equal to the given angle ABC, ad beranle 4 in the 


Analyſis it is faid that the ratio of the rectangle AB, BC to the pa- 
rallelogram AC is given by the 62. Prop. Dat. therefore from a 
point in FE, the perpendicular EG is drawn to FG, as the ratio of 
-FE- to EG is the ratio of the Tg AB, BC to the Parallelogram 


B PD 6 


. AC by what | is ſhewn at the end of Pos Ps Next the magnitude 
of AC i is exhibited by making the rectangle EG, GH equal to it, 
and the given exceſs of the ſquare of BC above the ſquare of BA, 
to which exceſs the rectangle CB, BD is equal, is exhibited by the 1 
= rectangle HG, GL. then in the Analyſis the rectangle AB, BC is 
| ſaid to be given, and this is equal to the rectangle FE, GH, becauſe 


the rectangle AB, BC is to the parallelogram AC, as (FE to EG, 


that is as the rectangle) FE, GH to EG, GH; and the parallelo- 
gram AC is equal to the rectangle EG, GH, therefore the rectangle © 
AB, BC is equal to FE, GH. and conſequently the ratio of the reft- 

5 8 angle CB, BD, that is of the rectangle HG, GL, to AB, BC, that 
is of the ſtraight line DB to I 18 s the ſame with the ratio (of the } 

. rectangle 3 
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rectangle GL, GH to FE, GH, that is) of the ſtraight line GL to 
FE, which ratio of DB to BA is the next thing ſaid to be given in 
the Analyſis, from this it is plain that the ſquare of FE is to the 
ſquare of GL, as the ſquare of BA which is equal to the rectangle 
BC, CD is to the ſquare of BD, the ratio of which ſpaces is the 
next thing ſaid to be given. and from this it follows that four times 

the ſquare of FE is to the ſquare of GL, as four times the rectangle 
BC, CD is to the ſquare of BD; and, by Compoſition, four times 


the ſquare of FE together With the ſonire of GL is to the ſquare of 5 


GL, as four times the rectangle BC, CD together with the ſquare 
of BD, is to the ſquare of BD, that is £8. 6.] as the ſquare of the 
ſtraight lines BC, CD taken together is to the ſquare of BD, which 


ratio is the next thing {aid to be given in the Analyſis, and becauſe 


four times the ſquare of FE and the ſquare of GL are to be added 
together, therefore in the perpendicular EG there is taken KG equal 
to FE, and MG equal to the double of it, becauſe thereby the 


ſquares of MG, GL, that is, joining ML, the ſquare of ML is equa} 


to four times the ſquare of FE and to the ſquare of GL. and be- 
cauſe the ſquare of ML is to the ſquare of GL, as the ſquare of the 
ſtraight line made up of BC and CD is to the ſquare of BD, there- 


fore [2 2. 6.] ML is to LG, as BC together with CD is to BD, 


and, by Compoſition, ML and LG together, that is, producing GL, 


to N, ſo that ML be equal to LN, the ſtraight line NG is to GL, as 


twice BC is to BD; and by raking GO equal to the half of NG, 


0 is to GL, as BC to BD the ratio of which is laid to be given in 


the Analyſis. and from this it follows, that the rectangle HG, GO 


is to HG, GL, as the ſquare of BC is to the rectangle CB, BD 
I which is equal to the rectangle HG, GL, and therefore the ſquare 
IJ of BC is equal to the rectangle HG, GO, and BC is conſequently 
I found by taking a mean proportional betwixt HG and GO, as is e 
in the Conſtruction, and becauſe it was ſhewn that GO is to GL, _ 


as BC to BD, and that now the three firſt are found, the fourth BD 3 
is found by 1 2. 6. it was. likewiſe ſhewn that LG is to FE, or 


GK, as DB to BA, and the three firſt are now found, and thereby 


the fourth BA. make the angle ABC equal to EFG, and complete 


E the par allelogram of which the ſides are AB, BC, and the conſtruc- 
3 tion 1s finiſhed; the reſt of the Compoſition contains the | Demon- | 


ſtration. 185 . 
3 
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2.24. | Dat. EF is given; 


-& 85. Dat. fore the ſides AB, AH are given 9, 
cauſe the ratios of AB to CD, and of AHL to EF ; are : given ; ep 


from AB, which is done, as plainly appears from Prop. 24. Dat. 


NOTES ON 


A d the Propoſitions from the 13. to the 28. may be thought by 
beginners to be leſs uſeful than. the reſt, becauſe they cannot 
 ſoreadily ſee how they are to be made uſe of in the ſolution of Pro- 
blems; 
ſhew that they are equally uſeful with the other Propoſitions, and 


on this account the two following Problems are added, to 


from which it may eaſily be judged that many other Problems de- 
pend upon theſe ee 


PROBLEM I. 


1 find three ſtraight lines ſuch, that the ratio of the 
” and if a given ſtraight 


flirſt to the fond i is given; 
line be taken from the ſecond, the ratio of the remainder 
to the third is given; 
firſt and third 1 1s given. 


Let AB be the firſt ftratght line, o the ſecond, and EF the 


third, and becauſe the ratio of AB to CD is given, and that if * 


given ſtraight line be taken from CD, the ratio of the remainder to : 
therefore a the excels of the firſt AB above a given 
- Roe line has a given ratio to the third EF. Let BH be that gi- 


ven ſtraight line, therefore AH the excels of.” 


55 A above it has a given ratio to EF; and * H B 
b. 1. 6. conſequently b the rectangle B A, Al Jas a 
given ratio to the rectangle AB, EF, which 0; G D 
laſt rectangle is given by the Hypotheſis; E EF. 
e. 2. Dat. therefore © the rectangle BA, AH is given, 
and BH the exceſs of its ſides is given: where- EK 1 N M L. 0 ; 


2 3 — 2 8 


aud be- 


and EF are © given. 7 
T be Ge e 


fee the given ratio of KL to KM be that which AB } is required 
to have to CD; and let DG be the given ftraight line which is to | 
be taken from CD, and let the given ratio of KM to KN be that 


which the remainder muſt have to EF; alſo, let the given rectangle 


8 KO be that to which the N AB, EF is required to | 
find the given ſtraight line BH which is to be taken ö 


be equal. 


alto the rectangle contained by tbe 
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by making as KM to KL, ſo GD to HB. to the given ſtraiglit line 
BH apply © a rectangle equal to LK, KO exceeding by a ſquare, and e. 4 9. C. 
let BA, AH be its ſides. then is AB the firſt of the ſtraight lines re- 
quired to be found, and by making as LK to KM, ſo AB to DC, 
DC will be the ſecond. and laſtly, make as KM to KN, ſo CG to 


= EF, and EF is the third. 


For as AB to CD, ſo is HB to GD, ah of theſe ratios being 
the ſame with the ratio of LK to KM; therefore f AH is to CG, f. 29. 55 
as (AB to CD, that is, as) LK to KM; and as CG to EF, fois 
KM to KN; wherefore, ex aequali, as AH to EF, ſo is LK to KN, | 
and as the rectangle BA, AH to the rectangle BA, EF, ſo is s the g. 2. 6. 
rectangle LK, KO to the rectangle KN, KO. and, by the Conſtruc- 
tion, the rectangle BA, AH is equal to LK, EO, therefore h the b. 14. 4. 
rectangle AB, EF is equal to the given rectangle NK, KO. and AB 
has to CD the given ratio of KL to KM; and from CD the given 
ſtraight line GD being taken, the remainder CG has to EE the e gl- | 

ven ratio or KM to KN. E. D. 


p R O B. I. 1 
0 find three ſtraight lines ſuch, that the ratio 5 of the 
firſt to the Seed is given; and if a given ſtraight 
. Live be taken from the ſecond, the ratio of the remainder 
do the third is given; alſo the ſum of the ſquares of the 
5 firſt and third is given. 


e e AB be the firſt traight line, BC the ſc cond, and BD the | 
. third. and becauſe the ratio of AB to BC 1s given, and that if a gi-⸗ 
ven ſtraight line be taken from BC, the ratio of the remainder”: to 


0) is given; therefore * the exceſs of the firſt AB above a given =. 24. Date 


ſtraight line has a given ratio to the third BD. let AE be that gi- 
ven ſtraight line, therefore the remainder EB has a given ratio to 
BD. let BD be placed at right angles to EB, and join DE, then 


the triangle EBD is b given in ſpecies; wherefore the angle BED b. 4 44 Da. 


is given, let AE which is given in magnitude be given als in poſi- 
tion, and the {traight line ED will be given © in poſition. Join AD, e. 32. bar. 


and becauſe the ſum of the ſquares of AB, BD, that i is d, the ſquare 4. 47. „ 


I of AD i is given, therefore the ſtraight line AD is given in magni- 

tude; and it is alſo given e in poſition, becauſe from the given e. 34. Dat. 

4 point A it is drawn to the ſtraight line ED given ia poſition, there- 

5 fore the 28 D in 1 Which the two ſtraight Enes AD, ED yiven in _ 
Ee» | "0 _ poſition 
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g. 28. Dat. poſition cut one another is given r. and the ſtraight line DB which 
g. 33. Dat. is at right angles to AB is given s in poſition, and AB is given in 
poſition, therefore f the point B is given. and the Points A, D are 
b. 29. Dat. gin en, wherefore h the ſtraight lines AB, BD are given. and the 
2. Dat. ratio of AB to BC is given, and therefore | BC i is given. 
| The Compoſition. 5 
Let the given ratio of FG to GH be that which AB is required 
to have to BC, and let HK be the given ſtraight. line which is to 
be taken from BC, and let the ratio whic h the remainder is required 
to have to BD be the given ratio of BG to GL, and place GL at 


righ t angles to FH, and join LF, LH. Next 8 G3 is to GF 15 make 


H. & to AE; proc duce AE to N ſo that AN be the ſtrai; aht line to the 
iquare of wh ich the ſam of the ſquares of AB, B D, 13 required 0 
bee equal; and make the angle NED equal to the angie GFL. from 


the center A at the diſt ince AN deſcribe a circle, and ter its circum- 
- | 


ference meet ED in D, and craw DB perpendicular to AN, and 
DM making the angle BDM equal to the angle GLH. laſtly, pro- 
dyuce BM to C fo that MC be equal to HK. 


bet fou ind. £5 SO 
For the triangles EBD, FGL, as iſo PBM, LGH being equi- 

angular, as EB to BD, ſo] 18 FG to GL; and as DB to BM, ſo is 

LG to GH; therefor, ex aequali, as EB to BM, ſo is (FG to GH, 


k. 12.5. and ſo is) AE to HK or MC; wherefore k AB is to BC, as AE to | 
5 HR, that is, as FG to GH, that} is, iN the given ratio. and from the | 
frrajoht line BC taking MC which is equal to the given ſtraight line 


N Hk, the N BM has to BD the given ratio of HG to GL. 


aa the ſum of the ſquares of AB, BD is equal 4 to the ſquare of _ 
4.47. 1. AD or AN which is the given ſpace. OS 


E. D. 


l believe it would be in vain to try to deduce the preceding Con- 
ſtruction from an Algebraical Solution of the Problem. 
e HIS T N 1. 8. 


Cy x \ | 
word - * = nds _—_ — 3 5 


then is AB the lirkr, 
BC the ſecond and BD tet third oi the ſtraight lines that were to 


| 
| 
| 


red 
Al. 


